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Introduction

This book is the third and final volume of a full and detailed course in the
elements of real and complex analysis that mathematical undergraduates
may expect to meet. Indeed, I have based it on those parts of analysis that
undergraduates at Cambridge University meet, or used to meet, in their first
two years. I have however found it desirable to go rather further in certain
places, in order to give a rounded account of the material.

In Part Five, we develop the theory of functions of a complex variable. To
begin with, we consider holomorphic functions (functions which are complex-
differentiable) and analytic functions (functions which can be defined by
power series), and the results seem similar to those of real case. Things
change when path-integrals are introduced. To use these, a good under-
standing of the topology of the plane is needed. We give a careful account
of this, including a proof of the Jordan curve theorem (every simple closed
curve has an inside and an outside). With this in place, various forms of
Cauchy’s theorem and Cauchy’s integral formula are proved. These lead on
to many magical results. Chapter 25 is geometric. A single-valued holomor-
phic function is conformal (that is, it preserves angles and orientations). We
consider the problem of mapping one domain conformally onto another, and
end by proving the celebrated Riemann mapping theorem, which says that
if U and V are domains in the complex plane which are proper subsets of
the plane and are simply-connected (there are no holes) then there exists a
conformal mapping of U onto V. In Chapter 26, we apply the theory that
we have developed to various problems, some of which were first introduced
in Volume 1.

In Volume I, we developed properties of the Riemann integral. This is very
satisfactory when we wish to integrate continuous or monotonic functions,
and is a useful precursor for the complex path integrals that we consider
in Part Five, but it has serious shortcomings. In Part Six, we introduce

ix



X Introduction

Lebesgue measure on the real line. Abstract measure theory is a large and
important subject, but the topological properties of the real line make the
construction of Lebesgue measure on the real line rather straightforward.
With this example in place, we introduce the notion of a measure space,
and the corresponding space of measurable functions. This then leads on
easily to the theory of integration, and the space LP of p-th power inte-
grable functions. These results are used to construct Lebesgue measure in
higher dimensions, using Fubini’s theorem. Properties of the Hilbert space
L? are then used to give von Neumann’s proof of the Radon-Nikodym the-
orem, and this is used to establish differentiability properties of measures
and functions on R?. Almost all measures that arise in practice are defined
on topological spaces, and we establish regularity properties, which show
that such measures are rather wellbehaved. A final chapter uses the the-
ory that we have established to obtain further results, largely concerning
Fourier series (first considered in Volume I), and the boundary behaviour of
harmonic functions on the unit disc.

The text includes plenty of exercises. Some are straightforward, some
are searching, and some contain results needed later. All help develop an
understanding of the theory: do them!

I am again extremely grateful to Zhuo Min ‘Harold” Lim, who read the
proofs and found many errors. Any remaining errors are mine alone. Cor-
rections and further comments can be found on a web page on my personal
home page at www.dpmms.cam.ac.uk.


http://www.dpmms.cam.ac.uk

Part Five

Complex analysis






20

Holomorphic functions and analytic functions

20.1 Holomorphic functions

Suppose that f is a continuous complex-valued function defined on an open
subset U of the complex plane C. Recall that the set U is the union of
countably many connected components, each of which is an open subset of
U (Volume II, Proposition 16.1.15 and Corollary 16.1.18). The behaviour
of f on each component does not depend on its behaviour on the other
components. For this reason, we restrict our attention to functions defined
on a connected open subset of C; such a set is called a domain.

We begin by considering differentiability: the definition is essentially the
same as in the real case. Suppose that f is a complex-valued function on
a domain U, and that z € U. Then f is differentiable at z, with derivative
f'(z), if whenever ¢ > 0 there exists 6 > 0 such that the open neighbour-
hood Ns(z) = {w : |w — z| < ¢} of z is contained in U and such that if
0 < |w—z| < ¢ then

In other words,

flw) = ()

— f(2) as w — z.
w—z

Thus if f is differentiable at z, then the derivative f’(z) is uniquely
determined. The derivative f’(z) is also denoted by %(z).

Proposition 20.1.1 Suppose that [ is a complex-valued function on a
domain U, that Ns(z) C U, and that | € C. The following statements are

equivalent.

627



628 Holomorphic functions and analytic functions

(i) f is differentiable at z, with derivative .
(i1) There is a complex-valued function r on N§(0) = Ns(0)\ {0} such that

f(z+w) = f(z2)+1lw+r(w) for 0 < |w| < ¢

for which r(w)/w — 0 as w — 0.
(iii) There is a complez-valued function s on Ns(0) such that

fz+w) = f(z) + (L + s(w))w for |w| <o
for which s(0) =0 and s is continuous at 0.

If so, then f is continuous at z.

Proof  This corresponds to Volume I, Proposition 7.1.1, and the easy proof
is essentially the same. O

If f is differentiable at every point of U, then we say that f is holomorphic
on U. If U = C, then we say that f is an entire function. Although the
form of the definition of differentiability that we have just given is exactly
the same as the form of the definition in the real case, we shall see that
holomorphic functions are very different from differentiable functions on an
open interval of R.

Example 20.1.2 Let f(z) =1/z for z € C\ {0}. Then f is holomorphic
on C\ {0}, with derivative —1/22.

For if 0 < |w| < |z], then z +w # 0 and

fe+w) —fz) -1 2—(z+wz+twiz+w) w
w 2 wz?(z + w) C 22(z+w) -0

as w — 0.

Proposition 20.1.3 Suppose that f and g are complez-valued functions
defined on a domain U, and that f and g are differentiable at z. Suppose
also that A\, € C.

(i) Nf + pg is differentiable at z, with derivative \f'(z) + ug'(z).
(i1) The product fg is differentiable at z, with derivative f'(z)g(z) +
f(2)g'(2).

Proof  An easy exercise for the reader. O

Theorem 20.1.4 (The chain rule) Suppose that f is a complex-valued
function defined on a domain U, that h is a complex-valued function defined
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on a domain V and that f(U) C V. Suppose that f is differentiable at z
and that h is differentiable at f(z). Then the composite function ho f is
differentiable at z, with derivative h'(f(2)).f'(z).

Proof  There are two possibilities. First, there exists § > 0 such that
Ns(z) CU and f(z+w) # f(z) for 0 < Jw| < 0. If 0 < |w| < ¢ then

h(f(z+w)) —h(f(z) _ (h(f(Z+W)) —h(f(Z))> (f(Z+W) —f(Z))
w fz4+w) — f(w) ' w '

Since f is continuous at z, f(z+w) — f(z) = 0 as w — 0, and so

hf(z +w)) = h(f(2))
fz+w) = [(2)

Since (f(z+w) — f(2))/w — f'(z) as w — 0, the result follows.

Secondly, z is the limit point of a sequence (z,)5°; in U \ {2z} for which
f(zn) = f(2). In this case it follows that f’(2) = 0, and we must show that
(ho f)(z) = 0. We use Proposition 20.1.1. Let b = f(z). There exists n > 0
such that N,(f(z)) C V and a function ¢ on N, (0), with ¢(0) = 0, such that
h(b+k) = h(b) + (h'(b) + t(k))k for k € N, (0) and such that ¢ is continuous
at 0. Similarly, there exists 6 > 0 such that Ns(z) C U and a function s on
Ns(0), with s(0) = 0, such that f(z +w) = b+ s(w)w for h € N5(0) and
such that s is continuous at 0. Since f is continuous at z, we can suppose
that f(Ns(z)) C Ny(b). If 0 < |w| < § then

— W (f(2)) as w — 0.

h(f(z+w)) = h(b+ s(w)w) = h(b) + (1'(b) + t(s(w)w))s(w)w

so that
i+ wzl)) — h{/(2)) = (K'(b) + t(s(w)w))s(w) — 0 as w — 0,
since s(w) — 0 and t(s(w)w) — 0 as w — 0. 0

This is essentially the same proof as in the real case. But, as we shall
see (Theorem 23.1.1), the second case can only arise if f is constant on U:
complex differentiation is in fact very different from real differentiation.

Corollary 20.1.5 Suppose that g is a complez-valued function on U,
which is differentiable at z. If g(z) # 0 then there is a neighbourhood
Ns(z) € U such that g(w) # 0 for w € Ns(z). The function 1/g on
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Ns(2) is differentiable at z, with derivative —g'(2)/g(2)?. Furthermore f/g
is differentiable at z, with derivative

' F(2)g(2) — f(2)g'(2)
=) (2) = 5 .
9 (9(2))

Proof  Since g is continuous at z, there is a neighbourhood Ns(z) C U
such that g(w) # 0 for w € Ns(z). Then g(Ns(z)) € C\{0}. Let h(z) = 1/z
for z € C\ {0}. Then the first result follows from the chain rule, and the
second from Proposition 20.1.3. O

For example, if p(z) = ap + --- + a"2™ is a polynomial function, then p
is an entire function, and p/(z) = a1 + 2a2z + - - - + na,z" ! Similarly, if p
and ¢ are polynomials, and U is an open set in which ¢ has no zeros then
the rational function r(z) = p(2)/q(z) is holomorphic on U, and

q(2)p'(2) — ¢'(2)p(2)
q(2)? '

r(2) =

Exercises

20.1.1 Suppose that f is a holomorphic function on N (i) and that (f(z))® =
z for z € Ny(i). What is f/(i)?

20.1.2 Suppose that f is a holomorphic function on D = {z € C: |z| < 1}.
Show that the set {n € N : f(1/(n+ 1)) = 1/n} is finite.

20.2 The Cauchy—Riemann equations

Suppose that f is a complex-valued function on a domain U, and that z =
x+1iy € U. We can write f(z) as u(z,y) +w(z,y), where u(z,y) and v(z,y)
are the real and imaginary parts of f(z). The functions u and v are real-
valued functions of two real variables. How are differentiability properties of
f related to differentiability properties of v and v?

Let us make this more explicit. Let k : R?> — C be defined by setting
k((x,y)) = x + iy; k is a linear isometry of R? onto C, considered as a real
vector space. Let j : C — R? be the ' inverse mapping. If f is a complex-
valued function on U, let f =jofok; f is a mapping from the open set j(U)

into R2. If f(x,y) = (u(z,y),v(z,v)), then f(z + iy) = u(z,y) + wv(z,y):

k1 ]

(w,y) L (ulz,y), v(,y))
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Theorem 20.2.1 Suppose that f is a compler-valued function on a

domain U, and that zg = xg + iyg € U. With the notation described above,
the following are equivalent:

(i) f is differentiable at zp;

(ii) the function [ : (z,y)— (u(z,y),v(z,y)) from j(U) to R? is differ-
entiable at (x9,y0), and the partial derivatives satisfy the Cauchy—
Riemann equations:

ou ov ou v

a—$($o7yo) = a—y(wo,yo) and @(3707%) = —a;(xo,yo)-

If so, then

d ou Ov ov ou
d—];(zo) = a;(xo,yo) +18—$(3fo,y0) = a—y(fo,yo) - Za—y(fo,yo)c

Proof  Suppose first that f is differentiable at zy. Then

df B f(z0 +x) — f(20)
45 (70) = lim .
~ him u(zo + x,y0) — u(wo, yo) i lim v(zo + x,y0) — v(wo, yo)7
x—0 x z—0 x

so that the partial derivatives (Qu/dz)(xq, yo) and (Ov/0z)(xo, yo) exist, and

df ou Ov
E(ZO) = %(a?o,yo) - Z%({L'o,yo).
But also
df .+ . flzo+iy) = f(z0)
dZ(ZO) - 5% Zy
= —7 lim u(zo, yo +y) — u(zo, o) + lim v(xo,yo +¥y) — v(o, yo)
y—>0 y y_)O y
= g—Z(xo,yO) ig—(ﬂfo,yo),

so that the partial derivatives (0u/9y)(xo, yo) and (Ov/dy)(zg, yo) exist, and

df v Ou
E(zo) = a—y(xo,yo) - Za—y(xo,yo)-

Thus the partial derivatives satisfy the Cauchy—Riemann equations.
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Suppose that z € U. Using these equations, we see that the real part of
(2 — 20)f'(20) is

(2 = 20) e, o) + iy = 30) (5 (. 0)

ou ou
= (v — $0)%($0,y0) + (y — yo)a—y(l“o,yo),

so that if we set

r{e3) = ul,y) — ulan, ) — (@ 20) g, ) = (4~ ) 50 (500

then r(z,y) is the real part of f(z) — f(z0) — (2 — 20)f'(20). Consequently,
u is differentiable at (zg,yo). An exactly similar argument shows that the
same is true for v.

Conversely, suppose that (ii) holds. Let

= 0 g, 0) + 602 g, o) = O (0, 0) — o, o)
g*(% 0,Y0 o 0> Y0 —ay 0> Y0 dy 0,Y0)-

Suppose that z € U. Let f(z) — f(z0) — (2 — 20)g = h(2) +ik(z). Then easy
calculations show that

B+ i9) = ule ) — u(eo, o) — 2 = 50) 520, 0) = (0 = w0) 5 0. o),

k(e i) = o(z.) = vlan, ) — (@ = 20) 5 o, o) — (0 = 90) 5o, ),

so that
fC) = fl) M)+
Z— 20 Z— 20
as z — zp; hence f is differentiable at zg, with derivative g. O

Corollary 20.2.2 If f is holomorphic and twice continuously differen-
tiable on U then u and v are harmonic functions; that is

u u_ o o
0x?  oy2 0z 0y2
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Proof  For

0%u 9% 0% 0%u

ox? Oxdy B oyor  ox?’
Po__Fu_ Fu_ o
0z2  O0xdy  Oxdy  Ox?’ -

We shall see later that every holomorphic function is infinitely differen-
tiable. Harmonic functions in Euclidean space were considered in Volume 11,
Section 19.8.

This result suggests a rather different approach. Suppose that f is dif-
ferentiable at (zo,y0). Let f = f ok, so that f(z,y) = f(z + iy). We

set
_1(/of Of\ =, Ll[of .of
8f§<%_za_y>’af§<%“a_y>'

-~ 2\\oz Oy oxr 0Oy))’

so that f is differentiable at 2o if and only if 9f(z0) = 0. If this is so, then

oftea) = 5 ( (G2 + 50 ) v+ (52 = 52 ) o) ) = 7o)

We can use the Cauchy—Riemann equations and the differentiable inverse

Then

mapping theorem to prove an inverse mapping theorem for holomorphic
functions. An injective holomorphic function on a domain U is said to be
univalent: that is, it takes each value at most once on U.

Theorem 20.2.3 Suppose that f is a univalent function on a domain
U, with continuous derivative f’, and suppose that f'(z) # 0 for all z €
U. Then f(U) is an open subset of C, the mapping f : U — f(U) is a
homeomorphism, the inverse mapping f~': f(U) — U is holomorphic, and

if £(2) = w then (1Y (w) = 1/1'(2).
Proof  Suppose that z =z + iy € U. Let r = | f’(2)]. Since

0 0
f(2) = S @y) +ig (@),
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ou 2 ov 2
2 __ _
so that there exists 0 < 0 < 27 such that

ou ov ou v .
%(x7y) - a_y(xay) - 7400897 (r_)_y(x7y) - _%(x7y) = —rsinf.

it follows that

Hence f'(z) = r(cosf + isin6). Thus the Jacobian J(f)) of the mapping f
from j(U) to j(f(U)) is
dot TC?SQ —rsinf _2s.
rsinf rcosf
By the differentiable inverse mapping theorem (Volume II, Theorem 17.4.1),
j(f(U)) is an open subset of R?, and the inverse mapping f~!: j(f(U)) —
j(U) is differentiable, with derivative

—1 —1 .-
~ 4 ~ _1 r~tcosf r~-sinf
DF o) = (D) @y) :[_Tlsine Teost |-

Consequently, the Cauchy-Riemann equations are satisfied by f~!, and f~!
is holomorphic; if w = s + it = f(z) € f(U) then

_of!
 Os

,(3}:_1 _cosf —ising 1
(s,t) +1 T (s,t) = . _f/(z)' -

(f71) (w)

At first sight, this looks like a strong and useful result. In fact, as we
shall see, two of the hypotheses are redundant. First, the derivative of a
holomorphic function on a domain is always continuous (Corollary 22.6.6),
and secondly, if f is a univalent function on a domain U, then its derivative
cannot take the value 0 on U (Theorem 23.6.8).

Exercises

20.2.1 Why was the chain rule not used to prove the Cauchy—Riemann
equations?

20.2.2 Suppose that f is holomorphic on a domain U and that |f| is constant
on U. By considering | f|? and using the Cauchy-Riemann equations,
show that f is constant on U.

20.2.3 Suppose that f is a non-constant holomorphic function on a domain
U. Show that if ¢ € R then {z € U : |f(z)| = ¢} has an empty
interior.
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20.2.4 Suppose that f is an entire function and that v and v are its real and
imaginary parts. Show that if u(z) +v(z) > 0 for z € C, then f is
constant. Show that if u(z)v(z) > 0 for z € C, then f is constant.

20.2.5 Suppose that u is a harmonic twice-differentiable function on an open
neighbourhood N,.(zo,y0) of (wo,y0) in R2. If (x,5) € N,(z0,y0) let

T ou Y ou
) == [ Gt ds+ [* i
Show that w and v satisfy the Cauchy—Riemann equations. If zg =
xo+iyo and z = x+iy € N,(29), let f(z) = u(x,y)+iv(x,y). Then f
is a holomorphic function on N, (zp). The function v is the harmonic
conjugate of u.

20.3 Analytic functions

So far, we only have a meagre supply of examples of holomorphic functions.
When we considered functions of a real variable, we used a power series to
define the exponential function and the circular functions. We shall see that
power series not only enable us to do the same in the complex case, but also
play a fundamental role in the theory of functions of a complex variable.
First we consider power series quite generally.

Recall that a compler power series is an expression of the form
>0 o an(z — z0)", where (a,)22 is a sequence of complex numbers, z is a
complex number, and z is a complex number, which we also allow to vary.
Here are some of the fundamental results that were established in Volume
I, Sections 4.7 and 6.6.

e Suppose that Y > a,(z — z9)" is a complex power series. There exists
0 < R < oo (the radius of convergence) such that Y 02 jan(z — 2)"
converges locally absolutely uniformly on {z : |z—2p| < R} to a continuous
function fon {z : [z—zy| < R}; thatis, if0 < S < Rthen ) ° jan(z—20)"
converges absolutely uniformly to f on {z : |z — 29| < S}. If |z — 29| >
R, then the sequence (an(z — 20)")52 is unbounded, so that the series
certainly does not converge. All sorts of things can happen on the circle
of convergence {z : |z — 29| = R}.

e Suppose that >~ a,(z—20)" is a power series with radius of convergence
R. Let A = limsup |a,|"/™. If A = 0 then R = oco. If A = 0o then R = 0.
Otherwise, R = 1/A.

o If D77 jan(z — 20)" and Y7 by (2 — 20)™ are power series, we can form
the formal product > 3% cn(z — 20)", where ¢, = 377 jajb,—j. If Y27%
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an(z — 2z9)" has radius of convergence R and > 7 b,(z — 2z)" has
radius of convergence R, then the power series > 7 ¢, (2 — z)" has
radius of convergence greater than or equal to min(R, R'). If |z — zo| <

min(R, R) then

(i) (Sniemar) - St

e Provided that their radii of convergence are positive, different power
series define different functions. Suppose that each of the power series
Yoo an(z—20)" and Y07 bp(z — 2z0)™ has radius of convergence greater
than or equal to R > 0. Let f(z) = > .2 an(z — 20)" and g(z) =
Yol obn(z — 20)", for |z — 2| < R. Suppose that (wy)72, is a null
sequence of non-zero complex numbers in {z : |z| < R} such that
f(20 + wi) = g(z0 + wg) for all k € N. Then a,, = b, for all n € Z™.
This means that if we obtain two power series for the same function, we
can ‘equate coefficients’.

e Suppose that the power series ZZO:() an(z — zp)" has positive radius of
convergence R; if |z — 29| < R, let f(z) = > °an(z—20)". Suppose that
0 < S < R, and that f has no zeros in {z : |z — 29| < S}. Then there
exists a power series Y ¢n(z —20)" with positive radius of convergence
T such that, if g(z) = Y07 cn(2—20)" for |z—z0| < T, then f(z)g(z) =1
for |z — 29| < min(S,T).

What about the differentiability of power series?

Theorem 20.3.1 Suppose that the power series y .- | an(z — 29)" has

radius of convergence R. Then the power series Y oo nan(z — 20)" "1 has

radius of convergence R. If f(z) = > 07 g an(z — 20)" for |z — 20| < R, then
[ is differentiable on the set {z € C: |z — 2| < R}, and

o0 oo
= Z nap(z — 29)" = Z(n + Dapt1(z — 20)".
n=1 n=0

In other words, we can differentiate a power series term by term within
its circle of convergence.

Proof ~ We can clearly suppose that zy = 0. Since (log(n + 1))/n — 0 as

n — oo, (n+1)/" — 1 as n — oo, and so
limsup((n + 1 Un 1 1/n
D((+ Dlans 1) = lim sup an| "

Thus the power series Y ° ((n + 1)an412" has radius of convergence R.
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Figure 20.3.

Suppose that |z| = r < R. Choose s and t with r < s < t < R, and
let M = sup,, |an|t"; then M < oo. Let 6 = s —r and let Bs = {w € C:
|lw—z| <é}; Bs C{w : |w| < s}.

We use the identity

a"—b" = (a—b)(a"t +ba" 24+ D" 2a+ 0",
If w € Bs, let

Q1(w) - 1a
gn(w) = (z+w)" P+ 2z +w)" 24 2 (2 w) + 2

for n > 1. Then ¢,(0) = nz""!, and ¢, (w) = ((z + w)" — 2")/w for w # 0,
so that

n=1

w

Now if [w| < § then |g,(w)] < n(|z| + |w])"~! < ns""1, so that

sup{langa(w)] : w € By} < ns""! (t%) _ (ﬂ> (2)".

S

Since Y02 n(s/t)™ < oo, the series Y 7 | angn(w) converges absolutely and
uniformly on Bj. Consequently, the function Y | angy, is continuous on By,
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and so

f(Z%-U) . . n—1
Z an‘]n —> Z an‘]n(o) = Z nanz
n=1 n=1

as w — 0. O

Corollary 20.3.2 f(z) is infinitely differentiable on the set {z € C :
|z — 20| < R}, and

S . kD
) =Yk + 1)k +2) - (k+ flars27 =) i At 2
7=0 7=0

Proof For we can apply the result inductively to f’, and to the higher
derivatives of f. O

Corollary 20.3.3 a, = f™(z)/n!, so that

> f(n)
=3 e
n=0 ’

is the Taylor series expansion of f.

Corollary 20.3.4 If |z — z9| < R then

Thus if a power series has positive radius of convergence, it defines a
holomorphic function within the radius of convergence, and this function is
infinitely differentiable.

This leads to the following definition. Suppose that f is a complex-valued
function on a domain U. f is analytic on U if for each w € U there exists a
power series Y > an(w)(z —w)"™ with positive radius of convergence R(w)
such that f(z) = > 7% an(w)(z —w)" for all z € N, (w) NU.

Corollary 20.3.5 If f is analytic on a domain U, then f is holomorphic,
and indeed is infinitely differentiable on U.

We shall see later (Theorem 22.6.5) that the converse holds: a holomorphic
function on a domain is analytic.

Theorem 20.3.6 Let A(U) denote the set of all analytic functions on a
domain U. If f,g € A(U), then f+g € A(U) and fg € AU). If f € A(U)
and f(z) #0 for z€ U then 1/f € A(U).
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Proof  These results follow directly from the properties of power series
listed at the beginning of this section. O

Corollary 20.3.7 The function J(z) = 1/z is analytic on C\ {0}.

Proof  For the function f(z) = z is analytic on C\ {0}, and f(z) # 0 on
C\ {0} 0

It is instructive to obtain the power series expansion of J.

Proposition 20.3.8 If zg # 0 then

I 1w T (—w)™ N
20+w 2 Zg zg'H ’

for |w| < |z0|, and the power series has radius of convergence |zg|.

Proof  Suppose that |w| < |z|. Using the formula

L=y +y+-+y") =1-y"",

with y = —w/zp, we find after a little manipulation that
1 I (—w)" (—w)"tt
Zo+w oz 22 Zptl 20 (20 +w)
Now .
(—w)”+1 1 |w| n+
P < — — 0 as n — oo,
o tw)| Tl — Tl \ol

and so the series converges. It follows directly from the definition that the
radius of convergence of the power series is |zp|. O

Proposition 20.3.9 Suppose that f is an analytic function on a domain
U, and that there exists zy € U such that f%)(z9) = 0 for all k € N. Then
f is constant on U.

Proof  We use the connectedness of U. Let
A={zeU: f®(z) =0 for all k € N}.

If k € N then f*) is continuous on U, so that {z € U : f(¥)(z) = 0} is closed
in U. Since A = NMpen{z € U : f®(2) =0}, Ais closed in U. If w € A,
there exists R > 0 such that Nr(w) C U and

O £(0) (4
flz)=>_ Ll )(z —w)" = f(w) for z € Ng(w).
n=0

n!
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Thus f*)(2) = 0 for z € Np(w) and k € N. Hence Np(w) C A, and A is
open. Since U is connected and A is not empty, it follows that A = U, and
that f is constant on U. O

This means that an analytic function on a domain U is determined by its
values near an arbitrary point of U.

Corollary 20.3.10 Suppose that f and g are analytic functions on a
domain U, and that there exists zo € U such that f*)(z0) = g% (2) for
allk € ZT. Then f = g.

Proof  Apply the proposition to f — g. O

We now show that a power series with positive radius of convergence
R defines an analytic function within its circle of convergence. The Taylor
series expression suggests that it is convenient to consider power series of

the form Y > cn(z — 29)"/nl.

Theorem 20.3.11 Suppose that the power series Y .- cn(z — 29)"/n!
has positive radius of convergence R; for |z — zg| < R let f(z) =
> cn(z — z0)"/nl. Suppose that |{w — zp| = r < R. Then the power series
S o B (w) (2 — w)k /k! has radius of convergence at least R — v, and if
|z —w| < R—r then

2 B (w
= l;) kf )(z —w)k,

Proof  We can clearly suppose that zy = 0. First,

F®) () = Z n(n—1). n'(” —k+ 1)ann—k _ Z B C_"k)'wn—k‘
n==k ’ n=~k ’

We consider absolute values, and change the order of summation. If |z| <
— |w| then

Z FARICOIIET Hz!’“ . i (Z el ,w,n_k> J2*
k)! k!
— Z e <Z n};)lk"w’n k,z‘k>

|cn]
=3 el oy
n=0
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Thus the radius of convergence of the power series > oo f*)(w)2* /k! is at
least R — |w|, and the double sum

—=\= (n—k)! k!

is absolutely convergent for |z| < R—|w|. We can therefore change the order
of summation:

ad f(k)(w)zk oo [ o0 cn )
ZTZZ(Zm“’ k)m

k=0 ) k=0 \n=k

Exercises

20.3.1 Suppose that the power series Y °  a,2" has positive radius of con-
vergence R, and that f(z) =) 2, a,2z" for |z| < R. Show that there
exists an analytic function F on |z| < R such that F'(z) = f(z) for
|z| < R.

20.3.2 Suppose that f is an analytic function on a domain U. Use the con-
nectedness of U to show that there exists an analytic function F' on
U such that F' = f.

20.4 The exponential, logarithmic and circular functions

In Volume I, we used power series to define the real-valued exponential and
circular functions on the real line. We now consider their complex-valued
counterparts, defined on C. First, the power series

2 n
z_ T AT A
R TR TR
has infinite radius of convergence and so defines an entire function. Of
course, the restriction of exp to R is real-valued, and is the function that
we considered in Volume I, Section 7.4. Differentiating term by term, we
see that de®/dz = e*, and multiplying the series for e* and e, we see that
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etV = e*e¥, Consequently, if z = z + iy then e* = e®e". Since —iy = iy it
follows that e=% = e®. Thus

|ezy|2 =eWel = eWe ™ =W =1,

so that || = 1.
The power series

o Z2n 0 Z2n+1
cosz = 1" and sinz = -1
Z( ) (2n)! Z( ) (2n +1)!
n=0 n=0
also have infinite radii of convergence, and inspection shows that
eiz + efiz eiz _ efiz
cosz=———and sinz = ———,
2 21

so that e’* = cos z+isin 2. In particular, if z € R then cos  and sin z are the
real and imaginary parts of e*. Many of the results about the real-valued
circular functions can be deduced from this.

Proposition 20.4.1 The mapping t — €'* = cost + isint from R to

T = {z : |z| = 1} is a continuous homomorphism of the additive group
(R, +) onto the multiplicative group (T,.), with kernel 2wZ.

Proof  The mapping is certainly continuous, and is a homomorphism into
(T,.). If z = x+iy € T then —1 < z < 1; by the intermediate value theorem,

25 =gin2s. If

there exists s € [0, 7] such that 2 = cos s. Then y? = 1 — cos
y = sin s take t = s, and if y = —sin s take ¢t = —s. Then e = z, and so the
mapping is surjective. Finally, e = cost +isint = 1 if and only if cost = 1

and sint = 0, and this happens if and only if ¢t = 27k, for some k € Z. O
Recall that C*, the punctured plane, is the set C\ {0}.

Corollary 20.4.2 The mapping exp : z — €7 is a continuous homomor-
phism of the additive group (C,+) onto the multiplicative group (C*,.), with
kernel {27ki : k € Z}.

Proof  Again, the mapping is certainly continuous, and is a homomorphism
into (C*,.). If w € C* and r = |w| then w/r € T, so that there exists y € R
such that w/r = €. Let = logr. Then r = €%, and so w = e%e¥ = €7,
where z = x + iy; the mapping is surjective. Since ¢ = 1 if and only if
z = 2mki for some k € Z, its kernel is {27ki : k € Z}. O

Thus if w € C*, we can write w = re® with r = |w| and 0 € R, this is the
polar form of w. The number € is not unique; we set Argw ={ € R: w =
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|w|e??}. The set Argw is called the argument of w, and elements of Argw
are called values of the argument. There is a unique 6 € Argw N (—m, 7};
this is the principal value of the argument, and is denoted by argw. Then
Argw = {argw + 2k7 : k € Z}.

In the same way, if w € C* we set Logw = {z € C : ¢* = w}, so that
Logw = log |w|+iArg w. Thus Log is a set-valued function on C*: an element
of Log w is called a wvalue of Log w. We define the principal logarithm of w
to be log |w| 4 iarg w, where arg is the principal value of the argument.

The strip {z = x + iy : —m < y < 7} is a connected open subset of C,
and the restriction of exp to the strip is a univalent map of the strip onto
the cut complex plane

Co=C\ (00,0 = {w =re?? : 7 >0, -7 < 0 < 7}

Then the restriction of log to Cg is the inverse mapping from the cut
complex plane Cy onto the strip {z =z +iy : —7 < y < 7}. It is also a
univalent mapping, and log’ w = 1/w, as in the real case.

Proposition 20.4.3 If |z| < 1 then log(1 +z) = Y22 (—1)""12"/n.

n=1

Proof  For the power series on the right-hand side has radius of conver-
gence 1; if |z < 1, let I(2) = >_°°  (—1)""12"/n. Then

n=1

Fos(1+2) 1) = 5 =3 =0

so that log(1 + 2z) — I(2) is constant on {z : |z| < 1}. But log1l = 0 = {(0),
and so log(1 + z) = I(2), for |z| < 1. O

The complex function log and the real function arg cannot be extended
to continuous functions on C*, or on T, since

lim log(—r + 2y) = logr + 47 and lim log(—r + ty) = logr — im.
lim g( y) = log lim g( y) = log

We can cut the complex plane in other ways. If —7m < 8 < 7, let
Cs=C\{-re?:0<r<oot={w=re? :r>03-71<0<p+n}

Cj is a cut plane, cut along a ray in the direction opposite to B Ifwe Cs
there exists a unique 0 € ArgwnN (8 —m, f+7), which we denote by arg (BW-
Similarly, if w € Cg, we set log (g w = log |w| + iarg g w. Then log g is a
holomorphic function on Cg.
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Care is needed when working with principal values. If w; = €'°2%" and
wy = €!°82 are in C*, then

wiwy = elogwlelong _ eloglerlogwg’
so that logw; + logwsy € Log (wiws), but logw; + log ws need not equal
log(wyws). For example, if w =i — 1 then

w = /2634 so that 2logw = log 2 + 3mi /2,
whereas
w? = —2i, so that log(w?) = log2 — 7i/2 # 2log w.

We can use the exponential and logarithmic functions to define complex
powers. If w € C* and « € C, we define {w®} to be the set {exp(az): z €
Log w}; any element of {w®} is then a value of w®. The principal value of

wOé

is obtained by taking the principal value of logw. If —7 < 8 < 7, and
w € Cg, we set w(j = exp(alog(gyw). Then the function w — Wi is a

holomorphic function on Cg.

Exercises
20.4.1 The functions cosh z and sinh z are defined as
Z -z Z_ %
coshz = % and sinh z = %

Write down their power series. Show that cos z = coshiz and isin z =
sinh ¢z, and prove the inequalities

|sinhy| < |sinz| < coshy, |sinhy| <|cosz| < coshy

for z =x + iy € C.

20.4.2 Find the zeros of cosh z and sinh z, and of cos z + sin z.

20.4.3 Suppose that f is a complex-valued function on a domain U which
does not contain 0, and that f(re®®) = wu(r,0) + iv(r,0). Show that
the Cauchy-Riemann equations become

ou 10v ov 10u
= and — = ———

or  rof or ro

20.4.4 Suppose that w € C*, and that argw = —f. Find the power series
for logs) (w + z) in a neighbourhood of w. What is its radius of
convergence?

20.4.5 Evaluate 7’

20.4.6 Define the function z® on the cut complex plane Cgp, and show that
it is holomorphic. What is its derivative? What happens as z — 07
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20.5 Infinite products

We now use properties of the complex functions exp and log to consider
infinite products of the form [[7Z,(1 + a;), where a; € C and |a;| < 1 for
7 € N. We need the following inequality.

Proposition 20.5.1 Suppose that zi,...,z; are complex numbers for
which E?:l |2j| <o < 5. Then

[l +2) -1 <o

1—-20.
Proof  1If |z| <1 then
S - 2l I
s+ = -3 O < 3 g < S0 =
7j=1 7j=1 J 7j=1
and
z — 2/ - Ell |2| = j ||
R SE1 S i RS
Pl Al e i) st — ||
Thus
k k
H(l—{—zj)—l = |exp log(1+25) | —1
j=1 g=1

k

< exp Zlog(l—i—zj) -1
j=1
k

< lexp Z|log(1+2j)| -1
j=1
SE]

J

<om |3 2L | <1< elo/ - ) 1
7=1

<o/(1-20).

The following result corresponds to Corollary 14.2.10 of Volume II.
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Proposition 20.5.2 [Weierstrass’ uniform M-test for complex products]
Suppose that (X, ) is a topological space and that (f;)52, is a sequence
of bounded continuous complez-valued functions on X. If ||f;||l., < M; for
each j € N, and >772, M; < oo, then the infinite product [[7Z,(1 + f;(z))
converges uniformly to a bounded continuous function on X.

Further, if 3272, Mj =0 < L then T2, (1 + fi(2) — 1] < 20.

Proof  First we show that the finite products are uniformly bounded. If
k€ N and x € X, then

Thus there exists K > 1 such that | H?Zl(l + fj(x))| < K for all k € N and
all z € X.

Suppose that 0 < e < 1/2. There exists jo such that 3 72, M; < ¢/2K.
By Proposition 20.5.1,

‘Hé‘:kﬂ(l + fi(x)) - 1‘ <e
K I

and so

l k
H1+f] H1+fj ’
j=1 J=1

< €.

l
-\1— T 1+ 5

j=h+1

k
=[]+ £i()
j=1

Thus the products converge uniformly on X.
The final statement follows by applying Proposition 20.5.1 to the product
of k terms, and then letting k tend to infinity. O

20.6 The maximum modulus principle

Theorem 20.6.1 (The maximum modulus principle)  Suppose that U is
a bounded domain and that f is a non-constant continuous function on U
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whose restriction to U is analytic. If zg € U then

| (20) < sup{|f(2)| : z € OU}.

Proof  Since U is compact and |f| is continuous on U, |f| is bounded on
U.Let M =sup{|f(z)|: 2€ U}. Then L ={z € U : |f(z)| = M} is a closed
non-empty subset of U.

We must show that L N U is empty. Suppose not, and suppose that zy €
LNU. There exists 6 > 0 such that Ns(z9) C U. Since f is analytic on U,
there exists a power series > > jan(z — 2)" which converges to f(z) for
z € Ns(zp). Note that ag = f(29), so that |ag| = M. By Proposition 20.3.9,
there is a least index k in N for which a; # 0. Thus

f(2) = ag + ap(z — 20)¥ + s(2)(z — 20)*, where s(z) = Z ak1n(z — 20)",
n=1

for z € Ns(2p). Then s(z) — 0 as z — 2¢, and so there exists 0 < 7 < § such
that |s(2)| < |ax|/2 for |z — 20| < n. Now consider f(zo+ne®), for t € [0, 27):

fz0 +ne) = ag + n*e*ay +n"s(zo + ne'),

so that
| (z0 +ne™)| > ao + n"e* ar| — n¥|a| /2.

Now Arg(n*et**a;) = (Argay) + kt, and so we can choose t € [0,2n) such

that Arg(n*e’**ay) = Argag; ag and nFe**a;, point in the same direction.

Thus
lao + n"e*ay| = |ao| + [n"e* ar| = |ao| + n¥|ax,

and so |f(z0+ne™)| > |ag|+nF|ax|/2 > |ag| = M. This gives a contradiction,
and so LNU = . O

In particular, if f is not constant, |f| has no local maxima in U.

Corollary 20.6.2 If |f(z)| is constant on OU, then f has a zero in U:
there exists zy € U for which f(z) = 0.

Proof  Let ¢ be the value of |f(z)| on OU. By the maximum modulus
principle, ¢ > 0. Suppose that f(z) # 0 for z € U. Then the function g = 1/ f
is continuous on U, and its restriction to U is analytic. But if zg € U then
lg(z0)| > 1/c = sup{|g(z)| : z € U}, contradicting the maximum modulus
principle. O

We shall improve on this in Corollary 20.6.6. As an application, let us
give the first of several proofs of the fundamental theorem of algebra.
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Corollary 20.6.3 (The fundamental theorem of algebra) Suppose that
p(z) = ap+-- -+ anz™ is a non-constant complex polynomial function on C.
Then there exists z1 € C such that p(z1) = 0.

Proof  Suppose not. Then ag = p(0) # 0. Since p is not constant, n > 0,
and we can suppose that a,, # 0. If 2 # 0 let

A a
p(z) = 2" (an + nz L z_2> = 2"h(z).
Then h(z) — a, as z — oo, and so |p(z)| — 0o as z — o0o. Thus there exists
R such that |p(z)| > 2|ag| for |z| > R. Let

V={z¢€C:|p(z)| < 2|agl}.

V' is a non-empty bounded open subset; let U be a connected component.
Then |p(2)| = 2|ag| for z € OU (justify this!). Then p has a zero in U, by
the previous corollary. O

Corollary 20.6.4 If a,, # 0 there exist 21, ..., 2z, such that

p(z) =an(z—21)...(2 — zp)
Proof A straightforward induction argument. O

Theorem 20.6.5 (The open mapping theorem) If f is a non-constant
analytic function on a domain U, and if V' is an open subset of U, then
f(V) is an open subset of C.

Proof  Suppose that zg € V. Let g(z) = f(z) — f(z0). Arguing as in Theo-
rem 20.6.1, there exists § > 0 and m > 0 such that Ms(zp) = {2z : [z — 20| <
0} C U and such that |g(z)] > m for |z — z9] = 0. Suppose now that
|C — f(20)] < m/2. Let h(z) = f(z2) — (. Then |h(z)| > m/2 for z € Ts(z0),
and |h(z0)| < m/2. Let W = {z € Mj(z0) : |h(2)| < m/2}. Then W is a
non-empty open set, and W N Ts(z) = 0, so that W C Nj(z). Let X be a
connected component of W. As before, |h(z)| = m/2 for z € 0X, and so, by
Corollary 20.6.2, there exists w € X such that h(w) = 0. Thus f(w) = (,
and so f(Ns(20)) D Nyyj2(f(20)). This implies that f(V') is open. O

Corollary 20.6.6 Suppose that U is a bounded domain and that f is a
non-constant continuous complex-valued function on U which is analytic on
U. If | f(2)| takes the constant value ¢ on U, then

fU)=A{z:1]z] <c} and f(OU) ={z: |z| = c}.
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Proof  Theset f(U) is compact, and is therefore closed in C. Since f(U) =
FO)N{w: Jw| < ¢}, fF(U) =n{w : |w| < ¢} in the subspace topology. But
f(U) is open in {w : |w| < ¢}, by the open mapping theorem. The set
{z :]z| < ¢} is connected, and so f(U) = {z : |z| < ¢}. Since f(U) is closed,
it contains f(U) = {z : |z| < ¢} and so

fOU) ={z: |z = ¢}.

O

Compare the open mapping theorem with Theorem 20.2.3. We give
another proof of the open mapping theorem in Section 23.5.

Exercises

20.6.1 Suppose that f is analytic on a bounded domain U and that

lim sup (z%w:zGU)‘f(Z)‘ <K

for each w € OU. Show that |f(z)| < K for each z € U. [Hint: Show
that if L > K and V = {2z € U : |f(z)| > L} then V is a compact
subset of U]

2062 Let U ={z=a+iy: —n/2 <y < 7/2} and let f(z) = exp(e?), for
z € U. (You may assume that f is analytic.) Show that

lim sup (z—)w:zEU)|f(Z)| =1

for each w € OU, but that f is unbounded on U.
20.6.3 Suppose that f is analytic on an unbounded domain U, that

lim sup (z%w:zGU)‘f(Z)‘ <K

for each w € QU and that limsup ,_,o|f(2)| < K. Show that |f(z)| <
K for each z € U.

20.6.4 Let A, g be the annulus {z € C;r < |z| < R}. Show that if p is a
polynomial then sup{|p(z) — 1/z| : z € A, g} > 2(1/r — 1/R). The
function J(z) = 1/z cannot be approximated uniformly on A, g by
polynomials.
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The topology of the complex plane

21.1 Winding numbers

The complex analysis that we have so far developed is essentially a straight-
forward development of ideas from real analysis. In the next chapter, we
consider path integrals, and things will change dramatically. For this, we
need to establish some of the topological properties of the complex plane C.
Since the mapping (x,y) — z + iy is an isometry of R? onto C, these
properties correspond to topological properties of R2.

Suppose that (X, 7) is a topological space and that f is a continuous
mapping from X into C*. A continuous branch of Arg f on X is a continuous
mapping 6 of (X, 7) into R such that 6(x) € Arg f(z) for each z € X. We
shall be concerned with the question of when continuous branches exist.
Note that continuous branches are functions on X, and not on f(X). As a
particular case, if X C C* and f(z) = z, then a continuous branchof Argz
on X is a continuous branch of the inclusion mapping of X into C*.

For example, the principal value mapping z — argz is a continuous
branch of Arg z on the cut plane Cy. Similarly, the mapping z — arg,z
is a continuous branch of Arg z on the cut plane C,.

Proposition 21.1.1 Suppose that f : (X,7) — C* is continuous and
that 6 is a continuous branch of Arg f on (X,7), that xg € X and that

to € Arg f(zo).

(i) If g is a continuous mapping of a topological space (Y,o) into (X,T),
then 6og is a continuous branch of Arg (fog) onY . In particular, if Y
i a subset of X, then the restriction of 6 to Y is a continuous branch
of Arg f on'Y.

(i) There exists a continuous branch 0y of Arg f on (X, d) with Oy(xq) = to.

650
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(iii) If (X, d) is connected, the continuous branch 6y of Arg f on (X, d) with
Oo(xo) = to is unique.

Proof (i) follows directly from the definition. For (ii), let 0y = 0 + (to —
0(xq)); 6o satisfies (ii). If 61 also satisfies (ii), then (fp—6;)/27 is a continuous
integer-valued function, which vanishes at xg; thus if X is connected, then
(90 — 91)/27‘( =0, so that 6y = 6;. a

Corollary 21.1.2 There is no continuous branch of Arg z on T = {z :
|z] = 1}.

Proof  Suppose that a continuous branch existed on T. Since T is con-
nected, there would be a unique branch a on T with a(1) = 0. But T\ {-1}
is connected, and so the restriction of a would be the principal value of
the argument. But, as we saw in Section 20.4, arg has no continuous
extension to T. O

Recall that a path ~ in C is a continuous mapping from a closed interval
[a,b] into C'. v(a) is the initial point of the path, and ~(b) is its final point,
and 7 is a path from a to b. The image v([a,b]) is called the track from
v(a) to y(b), and is denoted by [y]. A path ~ is closed if v(a) = v(b); we
return to our starting point. A path v : [a,b] — C is simple if v is an
injective mapping from [a,b] into C. A simple closed path v : [a,b] — C is
a closed path whose restriction to [a,b) is injective. If v : [a,b] — X and
: [e,d] — X are paths, and v(b) = d(c), the juztaposition vy V § is the path
from [a,b + (d — ¢)] into X defined by vV 6(z) = y(z) for = € [a,b] and
yVé(x) =d(x+(c—b)) for x € [b,0+ (d—c)]. If v : [a,b] — X is a path, the
reverse v (t) is defined as v (¢t) = v(a+b—t) for t € [a,b]. If v : [a,b] = X
and ¢ : [¢,d] — X are paths, v and § are similar paths, or equivalent paths, if
there exists a homeomorphism ¢ : [¢,d] — [a, b] such that ¢(c) = a, ¢(d) = b
and § = yo¢. Properties of paths are established in Volume II, Section 16.2.

Theorem 21.1.3 If v : [a,b] — C* is a path in C* then there exists a
continuous branch of Arg ~y on |a,b].
If « and o are two such continuous branches, then a(b) — a(a) = o' (b) —

a/(a).

Proof (i) We use the fact that [a,b] is connected. If s,¢ € [a,b], set s ~ ¢
if there is a continuous branch of Arg v on [s,t]. We show that this is an
equivalence relation on [a,b]. Clearly ¢t ~ ¢, and t ~ s if s ~ t. Suppose
that s ~ t and ¢ ~ wu, and that 6 is a continuous branch of Arg -~y on
[s,t], @ a continuous branch of Arg v on [¢,u]. Let k = 6(¢t) — 0'(t), and let
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O(v) = 0'(v) + k, for v € [t,u]. Then 6 is a continuous branch of Arg v on
[s,u], so that s ~ w.

Suppose that s € [a, b], and that argy(s) = a. Then ~(s) € C,. Since 7 is
continuous, there exists 6 > 0 such that v(Ns(s)N[a,b] C C,. Then arg , 0y
is a continuous branch of Arg v on Ns(s) N [a,b], and so the equivalence
classes of ~ are open. Since [a, b] is connected, there is just one equivalence
class, namely [a, b], and so there exists a continuous branch of Arg + on [a, b].

(i) The function (o — o’)/27 is a continuous integer-valued function on
the connected set [a,b], and is therefore constant. O

Suppose that v : [a,b] — C is a path and that w does not belong to the
track [y] of 7. Then v — w is a path in C*, and so there exists a continuous
branch 6 of Arg (v —w) on [a, b]. The winding number n(y,w) of v about w
is defined to be

0((y = w)(b)) — 0((y —w)(a)) _ 0(v(b) —w) — 0(v(a) —w)

It follows from Theorem 21.1.3 that this is well defined. In fact, we shall
be principally concerned with the case where v is a closed path, so that

v(a) —w = v(b) — w, and n(y,w) is an integer.

As an easy example, let y(t) = w + re'* for t € [0,2n], where r > 0
and k € Z. Then kt is a continuous branch of Arg(y — w) on [0,27], and
so n(vy,w) = k. This accords with common sense: the path winds k times
round w. But note that k& can be positive, negative or zero; if £ > 0 then
winds £ times round w in an anti-clockwise sense, and if £ < 0 then + winds
|k| times round w in a clockwise sense.

Here are some basic properties of winding numbers.

Proposition 21.1.4 Suppose that v : [a,b] — C is a path, and that
w ¢ [7].

(i) If v is a constant path then n(vy,w) = 0.
(ii) If v = aV B is the juztaposition of two paths then n(y,w) = n(a,w) +

n(B, w).
(iii) If s : [e,d]— [a,b] is continuous, and s(c)=a, s(d)=0b then n(y o
s, w) =n(y,w).

(iv) If s : [c,d] — [a,b] is continuous, and s(c) = b, s(d) = a then n(y o

s,w) = —n(y,w).
Proof  The easy proofs are left as worthwhile exercises for the reader. O

Corollary 21.1.5 If v and § are similar paths, or similar closed paths,
then n(y,w) = n(d,w).
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Corollary 21.1.6 n(y“,w) = —n(y,w).
We can rotate, dilate and translate C without changing winding numbers.
Proposition 21.1.7  Suppose that~ : [a,b] — C is a path, and that w & [7].

(i) If 0 € R then n(e?y, ePw) = n(y,w).
(i) If X > 0 then n(\y, \w) = n(y,w).
(i1i) If b € C then n(y + b,w + b) = n(y,w).

Proof  More easy exercises for the reader. O

Proposition 21.1.8 Suppose that v : [a,b] — C is a closed path.
(1) If w & [v], and if there exists o € (—m,m| such that

—a & Arg (y(t) —w) fora <t <b,

then n(y,w) = 0.
(ii) Suppose that § : [a,b] — C is a closed path for which

[0(t) — ()| < |v(t) —w| 4+ |0(t) — w]| for all t € [a,b].
Then w & [y] U [0] and n(d,w) = n(y,w).

Proof (i) The track [y — w] is contained in C, and arg , is a continuous
branch of Arg z on C,. Then

n(y,w) = arg,(y(b) — w) — arg ,(y(a) —w) = 0.

(ii) Translating and rotating if necessary, we can suppose that w = 0 and
that (a) is real and positive. Then the inequality implies that 0 & [y] U [{]
and that 6(t) # —Ay(t), for some X\ > 0. Let 6, be a continuous branch of
Arg~y on [a,b] with 0,(a) = argy(a) = 0, and let 65 be a continuous branch
of Argd on [a,b] with 6s5(a) = argd(a). Since d(a) is not real and negative,
—7m < 65(a) <, so that |05(a)—6(a)| < 7. We claim that |05(t)—0(t)] <7
for all t € [a,b]. If not, then by the intermediate value theorem there exists
to € [a, b] with |05(to) — 6+ (to)| = . But then §(t) = —Ay(t) for some A > 0,
giving a contradiction. In particular, |65(b) — 6.,(b)| < m; thus

7(6,0) = n(y,0)] < (165(b) = 0,(b)| + 105(a) — 0,(a)])/2m < 1.
Since n(d,0)and n(v,0) are integers, it follows that n(d,0) = n(vy,0). O

The track [y] of a closed path 7 is a compact subset of C. Its com-
plement C \ [y] is an unbounded open subset of C. It therefore has one
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unbounded connected component, and finitely many or countably many
bounded components.

Corollary 21.1.9 The function n, : C\ [y] = Z defined by n,(w) =
n(y,w) is continuous, and so is constant on each of the connected com-
ponents of C\ [y]. If w is in the unbounded component of C\ [y] then
n(y,w) = 0.

Proof  Suppose that w € C\ [v]. Let

6 = d(w, [7]) = inf{|y(t) —w| : ¢ € [a, b]}.

Since [v] is closed, § > 0. If z € Ns(w) and t € [a, b], then

[(v(#) —w) = (v(t) = 2)| = |w = 2] < |7(t) — wl.

Thus

TL(’)/, Z) = n(7 — 2 0) = TL(’}/ - w,O) = n(%w),
and so n is continuous on C \ [7]. Since n., is integer-valued, it is constant
on each of the connected components of C\ [v].

Let M = sup{|y(t)| : t € [a,b]}. If r > M then —r is in the unbounded
connected component of C\ [v], and [y + 7] N Cy = 0, so that n(y,—r) =
n(y +r,0) = 0. The result follows, since n., is constant on the unbounded
connected component. d

Exercises

21.1.1 Give the details of the proof of Proposition 21.1.7.

21.1.2 Suppose that f is holomorphic on a domain U and that arg f is
constant on U. Show that f is constant on U.

21.1.3 Suppose that v; : [0,1] — C* and 5 : [0,1] — C* are closed paths.
Let v(t) = y1(t)y2(t). Show that n(vy,0) = n(y1,0) + n(y2,0).

21.1.4 Suppose that v : [0,1] — C and 7 : [0,1] — C are closed paths,
and that w & [y1]. By considering the path

() =) el —w

n(t) =1 nt) —w ) —w’

show that if |y (t) — y2(t)| < |71(t) — w| for t € [0,1] then w & [72]
and n(717 w) = n(/727 w)
21.1.5 Give an example of a closed rectifiable path v in C for which

{n(v,w) :w¢ 1]} =2
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21.2 Homotopic closed paths

Proposition 21.1.8 shows that a small perturbation of a path does not change
its winding number about a point. We can obtain further results like this.
In order to do so, we need to introduce the notion of homotopy of closed
paths.

Suppose that g : [a,b] — U and 71 : [a,b] — U are two closed paths in
a domain U. Then =y and ~; are homotopic in U if there is a continuous
mapping I' : [0,1] x [a,b] — U such that

(i) T(0,t) = vo(t) and I'(1,¢) = ~v1(¢) for t € [a, b], and
(i) T'(s,a) =T'(s,b) for s € [0, 1].

Let us set 75(t) = I'(s,t). Then ~, is a closed path in U. As s increases
from 0 to 1, 5 moves continuously from 7g to ;. The function I' is called a
homotopy connecting vy and .

Theorem 21.2.1 Suppose that v : [a,b] — U and 1 : [a,b] — U are
homotopic closed paths in a domain U, and that w € C\U. Then n(vy,w) =

n(y1, w).

Proof  Let I' be a homotopy connecting vy and ;. Since I'([0, 1] X [a, b])
is a compact subset of U, 6 = d(w,I'([0,1] X [a,b])) > 0. Thus |[['(s,t) —
w| > 6 for all (s,t) € [0,1] x [a,b]. The function I' is uniformly continuous
on [0,1] X [a,b], and so there exists n > 0 such that if |u — s| < 7 then
IT(u,t) —T'(s,t)] < for all t € [a,b]. If so, then

Y (t) = 7s(B)] < [75(t) — w| for all ¢ € [a, d].

Thus n(yy, w) = n(vs,w), by Proposition 21.1.8, and so n(ys,w) is a con-
tinuous function of s on [0, 1]. Since n(ys,w) is integer-valued and [0, 1] is
connected, n(vys,w) is constant, and so n(yg, w) = n(y, w). 0

We say that a closed path « in an open subset U of C is null-homotopic
in U if it is homotopic in U to a constant path.

Corollary 21.2.2 Suppose that v is a null-homotopic closed path in U
and that w ¢ U. Then n(vy,w) = 0.

Proposition 21.2.3 If v is a closed path in U and v = v1 V 72, where v
and o are null-homotopic closed paths in U, then v is null-homotopic.

Proof  We can suppose that y; maps [a,b] into U and that ~» maps
[b,c] into U. Let § be the constant path taking the value v;(b). Then ~
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(a)

T'(s,a) = T'(s,b)

70(2) = 7p(b)

(b) d

Ss.0) 8(s,1)

h(s)

v(1)

Q
S

Figure 21.2.

is homotopic to v V d, which is homotopic to § V §, which is homotopic
to 4. O

As an example, let us show that a closed path in a domain U is homotopic
to a dyadic rectilinear closed path.

Proposition 21.2.4 Suppose that v : [0,1] — U is a closed path in a
domain U and that § > 0. Then there is a dyadic rectilinear path 3 : [0,1] —
U, with |B(t) —~(t)| < d fort € [0,1], which is homotopic to 7.

Proof  We can suppose that Ns([y]) C U. By Corollary 16.2.3 of Volume II,
there exists a dyadic rectilinear path g : [0,1] — U with [5(t) —~(t)] < ¢
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for ¢ € [0,1]. Since ~ is closed, we can also suppose that 5(0) = (1). A
homotopy is then given by setting I'(s,t) = (1 — s)y(t) + sp(t). 0

Let us give some applications of Theorem 21.2.1 and its corollary. Suppose
that w € C and that » > 0. Recall that the circular path &, (w) : [0, 271'] — C
is defined as r,(w)(t) = w + re, and that its track T,(w) = {z
|z — w| = r} is the circle with centre a and radius r. Also N,(w) = {

C : |z —w| < r} is the open r-neighbourhood of w, and M, (w) = {z € C
|z —w| < r} is the closed r-neighbourhood of w.

Proposition 21.2.5 Suppose that f is a continuous complez-valued func-
tion on M,(w), and suppose that zo & f(Tr(w)). If n(f ok, (w),zp) # 0 then
the equation f(z) = zo has a solution in N, (w).

Proof  Suppose not. Let U = C\ {zp}. Then f maps M, (w) into U. Let
['(s,t) = f(w + sre'), for (s,t) € [0,1] x [0, 2x].

Then I is a homotopy in U connecting the constant path f(w) to vy = fok,.
Thus f o K, (w) is null-homotopic in U, and so n(f o k,(w), zp) = 0, giving a
contradiction. O

Notice that this result uses the convexity of M, (w).
We use this to give a second proof of the fundamental theorem of algebra.
As in Corollary 20.6.3, it is enough to show that if

p(2) =ap+aiz+ - +ap2", withn >0 and a, # 0,

then there exists z with p(z) = 0. Let f(z) = an2" and let g(z) = ag +
a1z + -+ a,_12""'. Then there exists R > 0 such that |g(z)| < |f(2)| for
|z] > R. Let y(t) = Re®, for t € [0,27], so that f(v(t)) = a,R"e™. Then
n(f o~,0) =n. Since

p(y(1)) = F(v(O)] = lg(y(@)] < [f(v(#)] for ¢ € [0, 2],

n(po~v,0) = n # 0, by Proposition 21.1.8. Thus there exists z € Mpr(0) with
p(z) = 0, by the proposition.

Proposition 21.2.6 Suppose that f : M,(w) — M,(w) is continuous.
Then f has a fized point: there exists z € M, (w) with f(z) =

Proof  Without loss of generality, we can suppose that w = 0. Let

g(z
z — f(z) for z € M,(0). We must show that the equation g(z) = 0

)=
has
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a solution in M, (0). Suppose not. Let () = ,.(0)(t) = re’. Let h(t) =
e"g(y(t)), for 0 <t < 27. Then

[h(t) = | = e g(v(1)) — e4(2)]
=le7"(g(y() =) = [F(y ()] < 7.

Also g(z) # 0 for z € M,(0), and so h(t) # 0 for ¢ € [0,2x]. Thus [h] C {z:
Rz > 0} C Cy, and so n(h,0) = 0. Let 6;, be a continuous branch of Argh
on [0,27]; then the function ¢ — 6y (t) + t is a continuous branch of Argg
on [0,27], so that

(0n(2m) + 2m) — (01(0) 4+ 0)

n(g,0) = o =n(h,0)+1=1.

Thus the equation g(z) = 0 must have a solution in M, (0), by Proposition
21.2.5. O

Corollary 21.2.7 Suppose that C is a compact convex body in R?. If
f:C — C is continuous then it has a fized point.

Proof  For C is homeomorphic to M;(0) (Exercise 18.5.4). O

A continuous mapping f of a topological space (X, 7) onto a subset Y of
X is a retract of X onto Y if f(y) =y for y € Y. Suppose that w € C and
r>0.1If z€ Cand z # w, let

r(z —w)

p(z) =w+ P

p(z) is the unique point in T, (w) N R, -, where
Ry.={w+ Az —w): X>0}

is the ray from w that contains z. The mapping p : C\ {w} — T,(w) is a
retract of C\{w} onto T, (w); it is the natural retract of C\{w} onto T, (w).
The restriction of p to the punctured neighbourhood Mp?(w) = M, (w)\ {w}
is also a retract, of My (w) onto T, (w). We cannot do better.

Proposition 21.2.8 There does not exist a retract f of M,(w) onto
T, (w).

Proof If w+ z € Ty (w), let t(w + 2) = w — 2. t is a homeomorphism of
T, (w) onto itself, called the antipodal map. Suppose that f is a retract of
M, (w) onto T,.(w). Then to f is a continuous mapping from M, (w) to itself
with no fixed point, giving a contradiction. O

The next result is intuitively ‘obvious’, but requires proof.
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Proposition 21.2.9 Let R = [a,b] X [c,d] be a closed rectangle. Suppose
that h = (h1,h2) : [-1,1] = R and v = (v1,v2) : [-1,1] — R are paths for
which hi(—1) = a and hi(1) = b, and va2(—1) = ¢, v2(1) = d. Then [h] N [v]
18 mot empty.
Proof  h is a path which joins the left and right sides of the rectangle R
and v is a path which joins the bottom and top sides. The proposition says
that the paths must meet.

Suppose that they do not, so that h(s) # v(t), for (s,t) € [-1,1] x [-1,1].
We may clearly suppose that R = [—1,1] x [—1,1]. Then R is the closed unit

Is|, |t]). Let

, for (s,t) € [-1,1] x [-1,1].

Thus g(s,t) is the unit vector in the direction h(s) — v(t), and so belongs
to OR. Next, we reflect in the y-axis: let f = (f1, f2) = (—g1,92). f is a
continuous mapping of R into OR. We shall show that f has no fixed point.
This contradicts Corollary 21.2.7.

Suppose that (so,tp) is a fixed point of f. Then (sg,ty) € OR, so that

(s0,t0) = (f1(s0.t0), f2(s0.t0)) = (vi(to) — h1(s0), ha(s0) — va(to))-
Thus
s0 = vi(to) — hi(so) and to = ha(so) — va(to).

The point (sg, tg) lies on one of the sides of the square dR. We consider each
case in turn.

If so = —1 then hy(sp) = —1 and —1=s9=v1(tp) +1 > 0;

if so =1 then hi(sg) =1 and 1 = sg = v1(tp) — 1 <0;

if to = —1 then va(tg) = =1 and — 1 =1ty = ha(sg) +1 > 0;

if t() =1 then Ug(to) =land 1= to = h2(30) —1 < 0.

In each case, we obtain a contradiction. O

Exercises

Homotopy can be defined in a more general setting. In these exercises, some
of the basic theory is developed. Suppose that (X, d) is a metric space and
that zg € X. x¢ is called a base point. Let

L(X,xz9) = {v:7vis a closed path in X with y(0) = v(1) = zo}.
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We define juztaposition in a slightly different way. If v,0 € L(X, x¢), set

(vyVo)(t) =~(2t) for 0 <t <1/2,
=0(2t—1) for 1/2 <t < 1.

If v,0 € L(X,x0), a homotopy connecting v and ¢ is a continuous mapping
h :[0,1] x [0,1] — X such that h(0,t) = v(¢) and h(1,t) = §(¢t) for 0 <
t <1 and h(s,0) = h(s,1) = zg for 0 < s < 1. We set hg(t) = h(s,t).
v is null-homotopic if it is homotopic to the constant map e taking the
value xg.

21.2.1

21.2.2

21.2.3

21.24

21.2.5

21.2.6

21.2.7

21.2.8

21.2.9

21.2.10

21.2.11

Set v ~ ¢ if there is a homotopy connecting ~ and 6. Show that
this is an equivalence relation. Let II; (X, zp) denote the quotient
space of equivalence classes which this defines, and let {7} be the
equivalence class to which ~ belongs.

Suppose that 71 ~ v and d; ~ d5. Show that 1 V §; ~ 72 V d2. Use
this to define a law of composition * on II; (X, xo).

Prove associativity: show that

({va}* {r2h) * {9} = {m} * ({re} * {as}h)-

Let e = {¢} be the equivalence class of null-homotopic maps. Show
that e is an identity element: {7y} xe =e* {v} = {7}

Show that {7}« {7y} = {7}« {7} = e. ({7} has an inverse). Thus
(IT1 (X, zg), *) is a group, the homotopy group of (X, d) relative to xg.
Suppose that (X, d) is path-connected and that z; € X. Show that
(IT; (X, x0), %) and (II1 (X, 21), *) are isomorphic.

The next few exercises show that the homotopy group need not be
commutative. Let U = R?\ {(1,0),(—1,0)}. Let

v(t) = (1 — cos 2nt,sin 27t) and 6(t) = (—1 + cos 27t, sin 27t)

for0 <t<1,andlet B =~V IV~ Vi. Show that n(8,w) =0
for all w ¢ [B].

Show that there is a retract of U onto [5]. Deduce that if 5 is null-
homotopic then there is a homotopy connecting 5 to a constant map
taking values in [f].

Suppose that h is such a homotopy. Let C' = {s € [0,1] : [hs] = [5]}.
Use a compactness argument to show that C' is closed.

Use the intermediate value theorem and a compactness argument to
show that C is open.

Deduce that 8 is not null-homotopic, and that II; (U, (0,0)) is not
commutative.
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21.3 The Jordan curve theorem

The results of the previous section now enable us to prove one of the famous
results of mathematics. To conform with tradition, we shall call a simple
closed path in C a Jordan curve, although, in the terminology used in
Volume 11, it need not be a curve.

Theorem 21.3.1 (The Jordan curve theorem) Suppose that v is a Jordan
curve. Then C\ || has exactly two connected components. One is unbounded
(the ‘outside’) and one is bounded (the ‘inside’).

We denote the outside of v by out[y], and the inside by in[y]. We denote
the closure [y] U in[y] of in[y] by in[y]. A point in the bounded connected
component of C\ [v] is said to be inside [7], and a point in the unbounded
connected component to be outside [y]. The theorem is intuitively true, but
it needs to be proved. Bolzano was the first to observe this. Jordan gave a
proof in 1887, but this was considered to be incomplete. A complete proof
was given by Veblen in 1905, and many proofs have been given since then. We
shall present the proof given by Ryuji Maehara (The Jordan curve theorem
via the Brouwer fized point theorem, American Mathematical Monthly 91
(1984) 641-643.) in 1984, and shall to a large extent use his notation.

Before proving the Jordan curve theorem, we prove two results, of interest
in their own right.

Theorem 21.3.2  Suppose that v : [a,b] — C is a simple path in C and
that U is a non-empty bounded open subset of C\ [y]. Then OU is not
contained in [].

Proof  Suppose that OU C [y]. Let w € U, and let Mpr(w) be a closed
Lol = fa0)
is a homeomorphism. By Tietze’s extension theorem (Volume II, Theorem

disc which contains U U [y] = U U [y]. The mapping v~

14.4.3), there exists a continuous mapping f : Mr(w) — [a, b] which extends
=L Thus if r = yo f, r is a retract of Mz(w) onto [y]. Let q(z) = r(z) for
z € U and let q(z) = z for 2 € Mgz(w) \ U. (Note that q(z) = r(z) = z, for
z € U.) Then ¢ is continuous on each of the closed sets U and Mz(w)\ U,
and their union is M (w), and so ¢ is a continuous mapping of Mp(w) onto
Mp(w)\U. Thus if p is the natural retract of C\ {w} onto Tr(w), pogqis a
continuous mapping of Mpz(w) onto T r(w) which fixes the points of T (w),
contradicting Proposition 21.2.8. O

Corollary 21.3.3 If 7 is a simple path in C then C\ [y] is connected.
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Proof  Suppose, if possible, that U is a bounded connected component
of C\ [y]. Then OU C [y], giving a contradiction. Thus every connected
component of C\ [7] is unbounded. Since [v] is bounded, there can be only
one unbounded connected component, and so C \ [v] is connected. O

Theorem 21.3.4  Suppose that v is a Jordan curve for which C\ [v] has
at least two connected components. If O is any one of these, then 00 = [y].

Proof  First suppose that O is a bounded connected component of
C\ [7]. Then 9O C [y]. Suppose that 90 # [y], and that 2y € [y] \ 90.
We can parametrize [y] as a closed path starting and finishing at zo; there is
a simple closed path 3 : [0,1] — C such that [3] = [y] and 8(0) = (1) = zo.
Since 00 is closed, there exists ¢ > 0 such that 00 C B([),1 — ¢]). This
contradicts Theorem 21.3.2.

Next, suppose that O is the unbounded connected component of C \ [v],
and let O’ be a bounded connected component. Without loss of generality,
we can suppose that 0 € O'. Let j : C* — C* be the inversion mapping
z — 1/z; j is a homeomorphism of C* onto itself. Then j o v is a Jordan
curve in C* with path j([v]), j(O)U{0} is a bounded connected component
of C\ j([7]) and j(O’\ {0}) is the unbounded connected component of
C\ j([7]). By the result that we have just proved, 9(5(O) U {0}) = 5([7]).
Thus 00 = [v]. O

Before proving the Jordan curve theorem, let us recall some notation,
introduce some more, and set the scene. If z,y € C, we denote by o(z,y)
the linear path from x to y: o(z,y)(t) = (1 — t)z + ty for ¢t € [0,1], and
we denote its track by [z,y]. If v is a simple path in C and u = ~(r) and
v = 7(s) are points on its track, we denote by (u,v) the restriction of «y to
the part connecting u and v: if r < s then y(u,v) is the restriction of v to
[r,s]; if 7 > s then y(u,v)(t) = v (t) = v(—t) for t € [-r,—s]; if r = s, so
that u = v, then y(u,v)(t) = u for t € [0, 1].

We shall work within the rectangle with vertices +1+ 2i. We label certain
points of R as follows:

N=2, S=-2, E=1 W =—1,

NE=1+2, SE=1-2, NW=—1+2, SW=—1—2.
We call [NW, NE] the top of OR, and [SW, SE] the bottom of OR. The set

OR is the track of a Jordan curve, and of course the Jordan curve theorem
holds for it; let U be the inside of OR and V' the outside. If v : [a,b] — C
is a path with v(a) € U and v(b) € V then y~1(U) and 4~ (V) are disjoint
non-empty open subsets of [a,b]. Since [a,b] is connected, it follows that
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7~ 1(OR) is a non-empty closed subset of [a,b]. If ¢ is the least element of
7~ Y(OR) then v(t) is called the exit point of ~.
We now prove the Jordan curve theorem.

Proof  Suppose that 7 is a Jordan curve. [y] is a compact subset of C, and
so there exist points a and b in [y] such that |a —b| = sup{|c—d| : ¢,d € [7]}.
By scaling, rotation and translation, we may suppose that a = W and b = E.
Then [y] € R and [y] N OR = {W, E}. Further, we can split [y] into two:
there exist simple paths 71,72 : [0,1] — [y] such that

Y=7V7s, 71(0) =72(0) =W and (1) = 12(1) = E.

We now consider [y] N [N, S]. By Proposition 21.2.9, [y1] N[N, S] and
[v2] N[N, S] are not empty. Let [ = sup{t € [-2,2] : it € [y]}, and let
L = il. By relabelling if necessary, we can suppose that L € [y;]. Next, let
m = inf{t € [-2,2] : it € [m]}, and let M = im. (It may well be that
L = M.) Thus [y1] N[N, S] C [L, M].

Now consider the path 6 = o(N,L) V1 (L, M)V o(M,S). This connects
the top and bottom of R, and so [y2] N [0] is not empty. But [y2] N [N, L]
is empty, and so is [y2] N [y1(L, M)], and so [y2] N [M, S] is not empty. Let
p =sup{t € [-2,m] : it € [y2]} and let ¢ = inf{t € [-2,m] : it € [y2]}, Then
m>p>q>—2 Let P=1ip, Q =iq. Then P # M, but it may well be
that P = Q. Finally, let Z = 3(M + P). Thus we have the following figure:

The point Z does not belong to [v]. Let O be the connected component
of C\ [v] to which it belongs. First we show that O is bounded. If not, there
exists a path € in O from Z to a point outside R. Let X = x + iy be the exit
point of e. Then y # 0, since [e] N [y] = 0. Suppose that y < 0. Then there
exists a simple path ¢ in OR from X to S. Now let

n=0o(N,L)Vy(L M)V ao(MZ)VeZ X))V

Then 7 is a path joining the top and bottom of R whose track is disjoint
from [y2]; this contradicts Proposition 21.2.9. Suppose that y > 0. Then
there exists a simple path 0 in OR from N to X, so that 0Ve(X,Z)Vo(Z,S5)
is a path joining the top and bottom of OR whose track is disjoint from
[11], again giving a contradiction. Thus O is bounded. Since C \ [7] has
an unbounded connected component O, there are at least two connected
components of C\ [v].

Since O is the only unbounded connected component of C\ [], it is
enough to show that there are no more bounded connected components.
Suppose, if possible, that O’ is another bounded connected component. Since
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Os DV,0 CU. Let
L=0(N,L)Vy(L,M)Vao(M,P)VyPQ)VaoQ,S).

¢ is a path joining the top and bottom of 9R. Since neither W nor E is
in [¢], there are neighbourhoods Ns(W) and Ns(E) disjoint from [¢]. Now
[v1(L, M)]U [y2(P, Q)] C [y] = 0O by Theorem 21.3.4, [N, L] and [Q, S] are
contained in Oy, and [M, P] C O (since Z € O). Consequently, [¢] is disjoint
from O’. Since there are at least two connected components, 00’ = [v], so
that W, E € O, and there are points W' € N5(W)NO' and E' € Ns(E)NO'.
Since O’ is path-connected, there is a path X in O’ joining W’ and E’. Then
the path A = (W, W/)VAVo(E', E) is a path from W to E disjoint from [¢].
Once again, this contradicts Proposition 21.2.9; the proof is complete. O

We can say more about the inside of a Jordan curve v . If w is outside [v]
then n(y,w) = 0. What happens if w is inside [y]? Certainly the winding
number is constant on the inside of ~.
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Figure 21.3.

Theorem 21.3.5 If zy is inside a Jordan curve v, then n(y,zy) = £1.

Proof  First we consider the case where [y] contains a straight line segment
[a,b]. Since we shall need this result later, we state it separately.

Proposition 21.3.6 Suppose that v is a Jordan curve whose track con-
tains a straight line segment [a,b]. Suppose that c,d & [y] and that
[v] N [e,d] = {e}, where e is an interior point of the segment [a,b]. Then
[n(v,c) — n(v,d)| = 1, so that one of {c,d} is inside [y] and the other is
outside.

Proof  First we make some simplifications. By scaling, rotation and trans-
lation, we can suppose that [a,b] C R, that e = 0 and that a < 0 < b. There
exists a simple path 8 such that v = o(a,b) V 8. Let § = inf{|z| : z € [3]}.
Since [] is a compact subset of C, 6 > 0. There exists A > 0 such that
|[Ac| < §/2 and |Ad] < &/2. Since [Ac,c] N [y] = 0, Ac and ¢ are in the
same connected component of C\ [y] and so n(v,c) = n(y, Ac); similarly,
n(v,d) = n(v,Ad). This means that we can suppose that |¢| < ¢/2 and
|d| < ¢/2. Since 0 € [c,d], we can suppose that the imaginary part of ¢ is
positive and that the imaginary part of d is negative. We reparametrize
to start at —d; we can suppose that

v=0(—6,0) Va(d,b)VEVala,—d)=0c(—0,0) Ve, say.
Now let 0(t) = de' for t € [—,0]; 0 is a simple semicircular path from —&

tod. Let n =6 Ve, and let K =0V o(d,—0). Since |c¢| < /2 and |d| < §/2,
[e,d] N [n] =0, so that n(n,c) = n(n,d). But
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n(n,c) = n(kVy,c) =n(k,c) +n(y,¢) = 0+ n(y,¢)
and n(n,d) =n(k V~,d) =n(k,d) +n(y,d) =1+ n(v,d),

so that n(v,c) —n(vy,d) = 1. O
Inspection of the proof shows that we have in fact shown the following.

Corollary 21.3.7 Suppose that a,b € R and that a < b. Suppose that
v =o(a,b) VB is a simple closed path, where 3 is a simple path from b to
a whose track is in the upper half-space: if x + iy € [5] then y > 0. Then
n(v,z) =1 for z inside [7].

Proof Let e = (a+b)/2. Then d = e + iy is outside [y] for negative y,
and ¢ = e + iy is inside [y] for small positive y. The proof then shows that

n(v,c) —n(y,d) = 1. O

Now let us return to the proof of the theorem, and consider the general
case. We can suppose that we are in the situation described in the proof of
the Jordan curve theorem, and that v =, V75 .

We consider two Jordan curves. Let

e =n(W, M)V a(M,P) V3 (P,W)
and ¢ :7§(E>P) \/O'(P,M) \/VI(MaE)‘

Note that if w ¢ [e] U[¢] then n(y,w) = n(e,w)+n(¢,w). There exists n > 0
such that N, (W)N[¢] = 0. Since W € inle], there exists W’ € N, (W)Ninle].
Thus n(e, W’) = £1 by Proposition 21.3.6. On the other hand, W is outside
¢, and N, (W) is connected, so that W' is outside [(] and n(¢,W’) = 0. Thus
n(y, W’) = £1. This implies that W' is inside [7]. Since n(y, z) is constant
on the inside of [v], the result follows. O

Thus if 7 is a simple closed path and z is inside [y] then v winds round z
once, either in a clockwise sense or in an anti-clockwise sense. If n(vy,z) =1
for z inside 7, we say that v is positively oriented; if n(~y, z) = —1 for z inside
v, we say that ~ is negatively oriented. If ~ is positively oriented, then ~
is negatively oriented. A positively oriented rectifiable simple closed path is
called a contour.

Exercises

21.3.1 Suppose that 1, 79 and 3 are simple paths in C from a to b, with no
points other than a and b in common. Thus the paths 6; =2 V75,
0y =73V~ and d3 =~ V5 are Jordan curves. Let z; be a point
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in [v;] \ {a, b}, for j = 1,2,3. Show that there is exactly one j such
that z; is inside [;]. [Hint: consider the proof of Theorem 21.3.1.]

21.3.2 Three utilities, gas, water and electricity, have plants at distinct
points G, W and E, and wish to provide supplies to each of three
distinct houses X, Y, Z. The plants and houses lie in a plane, and
supplies are delivered along a simple path. Show that at least two
paths must cross. What is the minimal number of crossings?

21.4 Surrounding a compact connected set

We now show that a compact connected subset of C can be squeezed between
some simple closed dyadic rectilinear paths. We need a certain amount of
notation. We begin with the set Z +4iZ = {m +in : m,n € Z}. If w =
m + in € Z + iZ, there are linear paths to the four nearest elements of

7 +1i7:

Em,n — O-(wyw + 1), Nm7n — O'(w,’w + ’L),

Wmm - U(w7w - 1)7 Sm7n - U(w,w - Z).

The path Ep, n V Not1.0 V Wing1,n+1 V Smnt1 s then a simple closed path,
the square path sqm . Its inside is the open square @, and its closure
Qm.nU[Sqm n) is the closed square van' We say that two squares are adjacent
if they have an edge in common. For example, the closed squares @mn and
Qi1 have an edge [(m 4 1) +in, (m + 1) +i(n + 1)] in common. Notice
though that

[(m +1) +in,(m + 1) +i(n + 1)] = [Nni1,n] € [8Gmn]
and [(m+1)+i(n+1),(m+1) +in] = [Spmrin+1] C [SGm+1,n);

the paths sg,, and sgmn41,, traverse the edge in opposite directions.
This elementary fact is of critical importance, since it leads to essential
cancellation results.

We now scale all of the above by a factor 27%, where k € Z. We consider
the set (Z +iZ)/2F = {(m +in)/2* : m,n € Z}. Elements of (Z + iZ)/2*
are called k-points. If m + in € Z + iZ, we set

EX) = Epn/28, N = Ny /28, W =W, /28, S8 = S, 0/2".
Similarly, we set sqgf?n = SGm.n/2" and Qgﬁ?n = Qm.n/2". Paths Ey(,]z)n, Ny(,lf’)n,
Wy(,ﬁ % and Sy(,]f% are called elementary k-paths, and paths obtained by jux-
taposing elementary k-paths are called k-rectilinear paths. The track [y] of
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Figure 21.4.

a k-rectilinear path ~ is the union of a finite number of rectilinear line seg-
ments of length 1/2%, which join a finite number of vertices v, ..., v,. Two
vertices v; and v; are adjacent if |i — j| = 1. In particular the k-square

(k)

path Sqmn is a k-rectilinear path. Notice that a k-rectilinear path is also a

(k)

(k + 1)-rectilinear path. The set Qgi)n is an open k-square and @mn is a

closed k-square.

Theorem 21.4.1 Suppose that K is a non-empty compact connected sub-
set of C, and that 6 > 0. Let Ns(K) = U{Ns(k) : k € K} be the open
d-neighbourhood of K. Then there is a finite sequence (yo,...,7;) (here j
may be 0) of simple closed dyadic rectilinear paths in Ns(K) such that

(i) K is inside o;

(ii) K is outside ~y; for 1 <i < j;
(iii) in[y,] is inside v, for 1 <r < j;
(iv) inly] Ninfys] =0 for 1 <r < s <j.

Proof  The idea of the proof is simple: we cover K with a finite collection
of small dyadic squares in such a way that the boundary of their union is
the track of finitely many disjoint closed dyadic rectilinear paths.

There exists [ € Z such that 27! < §/2. Then the set F of closed I-squares
which have a non-empty intersection with K is finite; list F as (Qq,...,Q,),
and let G = UY_,@,,. Then G is a closed set, and K C G C Ns(K). Suppose

that £k € K belongs to the boundary of a [-square. Then k is an interior
point of the union of the I-squares to which it belongs, and so k ¢ 0G. Thus
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K is contained in the interior of G. There therefore exists m > [ + 2 such
that 27" < d(0G, K).

The boundary dG is a finite union of some of the edges of the I-squares
in F. Suppose that e is an edge contained in 0G, and that e is an edge
of Q, = Q%. Then e is a subset of the [-square path sqy}). We use the

O]

orientation of sq,; to orient e; it has a beginning point and an end point.

Let us now consider an element v of G which is the corner of an l-square.
It may belong to one, two or three [-squares in F'. If it belongs to one or three
l[-squares in F', or to two adjacent [-squares in I, then it belongs to exactly
two edges in 0G, and is the beginning of one and the end of the other. If
it belongs to two non-adjacent squares @, and @, in F, then it belongs to
four edges in OG. We remove an m-square containing v from each of @, and
@s, to obtain disjoint closed sets H, and Hz. We orient the edges of 0H, in
such a way that each corner of 0H, is the beginning of an edge of 0H, and
the end of an edge of OH,., and so that the orientation of the edges of 0Q),
which have not been changed are preserved; similarly for Hj.

We carry out this procedure for each vertex of this kind. As a consequence,
we obtain closed sets Hi,..., Hy, each a finite union of closed m-squares,
such that H, N K # 0, for 1 < u < w. Further, if H = UY_, H,, then

K C H°C HC G C Ng(K).

The boundary 0H is the union of edges of m-squares, and each element v
of OH which is the corner of an m-square is the beginning of just one edge
in OH and the end of just one other.

We now show that 0H is the track of finitely many disjoint closed m-
rectilinear paths. Suppose that vg = (mg + ing)/2™ is a vertex in 0H for
which mg + ng is as small as possible, and suppose that vg € H,,. Then the
edge eg = [(mo +ing)/2™, ((mo + 1) +ing)/2™] is contained in OH, and vy
is the beginning of eq; let v1 = (mg+ 1) +ing)/2™ be its end. Then vy is the
beginning of just one edge in 0H; let vy be its end. We iterate this procedure
until we reach a vertex which has already been listed. This must be v, since
each vertex is the end of exactly one edge in JH. Thus we obtain a simple
closed m-rectilinear path ~y in 0H, with vertices v, v1, ..., vp. If [y0] = 0H,

the construction is finished. If not, choose v(()l) a vertex in 0H \ [yo]. It is the

beginning of an edge in 9H; let vgl) be its end, and repeat the procedure to
obtain a simple closed m-rectilinear path v in 0H, with [v;] disjoint from
[70]. Repeat this procedure until all the vertices have been used. Thus we

have simple closed m-rectilinear paths vg,v1,...,7; with disjoint tracks such
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that Ui:o[’}’k] = OH. We show that these paths satisfy the conclusions of
the theorem.

First note that P = (mg+ 3 +i(no — 1))/2™ is outside each of the tracks
[v], for 0 <7 < j. On the other hand, Q@ = (mg + § +i(no + 3))/2™ is in
the interior of H,,, and the line segment [P, Q] meets ey. Thus @ is inside
[70]. But there exists kg € KN Hy, , and H;, is connected, and so ko is inside
[70]. Since K is connected, K C in[yg]. Thus (i) is satisfied. Since each H,
is connected, it follows that H°® = in[yo].

If 1 <r < jthen [P,Q|N[y,] =0, so that @ is outside [y,]. Then, arguing
as for [y], we see that K C out[y,]. Thus (ii) is satisfied. Again, it follows
that H° C out[v,]

Suppose now that [v("),v(") 4 1/2™] is a horizontal edge in [y,]. There
exists A\, = +1 such that Q, = v + (1 +4)\,)/2™*" € H® and P, =
o) 4+ (1 —i\,.) /2" ¢ H°. Then Q, is inside [y] and outside [vs] for
1 < s <j.But [P, Q,] meets [y,] and none of the other paths, so that P, is
inside [y,] and [y0], and is outside [ys] for s # 0, r. Conditions (iii) and (iv)
follow from this. O

Exercises

21.4.1 Prove the following generalization of Theorem 21.4.1.

Suppose that K is a non-empty compact subset of C, and that
0 > 0. Let Nj(K) = U{Ns(k) : k € K}. Then there is a finite
sequence (71, ...,7;) of disjoint simple closed dyadic rectilinear paths
in Ns(K) and, for each 1 < i < j a finite set A; of disjoint simple
closed dyadic rectilinear paths in N;(K') such that

(i) K CUl_inly];
(i) nfyp] Nanfy] =0 for 1 < h <i < j;

and, for each 1 <1i < 7,

(iii) [0] is inside [v;] and K is outside [0], for each 6 € Ay;
(iv) in[d] Nin[d’] = O for distinct &, € A;.

21.5 Simply connected sets

A domain U is said to be simply connected if every closed path in U is
null-homotopic.

Theorem 21.5.1 Suppose that U is a domain. The following are equiva-
lent:

(i) U is simply connected;
(i) Every simple closed dyadic rectilinear path ~y in U is null-homotopic;
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(i13) n(y,w) =0 for all closed paths v in U and all w ¢ U;
(iv) n(y,w) =0 for all simple closed dyadic rectilinear paths vy in U and all
w ¢ U;
(v) If v is a simple closed path in U then in[y] C U;
(vi) If 7y is a simple closed dyadic rectilinear paths in U then in[y] C U.

Proof  Clearly (i) implies (ii), (iii) implies (iv), and (v) implies (vi). It
follows from Corollary 21.2.2 that (i) implies (iii), and (ii) implies (iv). If ~y
is a simple closed path in U and w € in[y] then n(y,w) = +1, by Theorem
21.3.5. Thus (iii) implies (v) and (iv) implies (vi). It is therefore sufficient
to show that (ii) implies (i) and that (vi) implies (ii).

Suppose that (ii) holds, and that 7 is a simple closed path in U. There
exists § > 0 such that Ns([y]) € U, and by Proposition 21.2.4 there exists a
closed dyadic rectilinear paths g in U which is homotopic to «. The path g
may not be simple, but we can suppose that 8 = 81 V --- V Bk, where each
Bj is simple. Then each ; is null-homotopic, and so 8 is null-homotopic, by
Proposition 21.2.3. Thus + is null-homotopic, and (i) holds.

Suppose that (vi) holds. Suppose that 7 is a simple closed k-dyadic rec-
tilinear path in U. We prove that ~ is null-homotopic by induction on the
number ng(v) of k-squares in in[y]. If ng(y) = 1 then 7 is a square path
in U with in[y] € U, and so 7 is clearly null-homotopic. Suppose that
the result holds for all simple closed k-dyadic rectilinear paths in U with
nk(y) < n, and that v is a simple closed k-dyadic rectilinear path in U
with ng(y) = n. There exists a vertex vy = (mg + ing)/2* in [y] for which
mg + no is minimal, so that ((mg + 1) + ing)/2¥ and (mg + i(ng + 1))/2*
are the two adjacent vertices. Let 7/ be the path obtained by replacing vg
by v = ((mo + 1) + i(ng + 1))/2%. Then v and 4/ are homotopic in U.
There are now two possibilities. First, 4" is simple. Then ng(y') = n—1, and
so v is null-homotopic. Secondly, 7/ is not simple. then v = § V €, where
0 an e are simple closed k-dyadic rectilinear paths in U with ng(d) < n
and ng(e) < n. Thus ¢ and e are null-homotopic, and so therefore is v/, by
Proposition 21.2.3. Thus + is null-homotopic, and (ii) holds. 0

There is another important characterization of simply connected sets, this
time for bounded sets. First we need an easy result.

Proposition 21.5.2  Suppose that K is a compact subset of a domain U .
Then there exists a compact connected subset L of U which contains K.

Proof  There exists 6 > 0 such that Ns(K) C U. Since K is compact, there
exists a finite subset {k1,...,k,} of K such that K C U}, _; N5/ (k). Since
U is path-connected there exists, for each 2 < m < n, a path ~,, in U from
k1 to k,,. Let



672 The topology of the complex plane

L= (Uzlleg/g(k‘m)) U ( 21:2[7m]) .

Then L is a compact connected subset of U which contains K. O

Corollary 21.5.3 There exists a simple closed dyadic rectilinear path -
in U such that K C in[y].

Proof  For there exists such a path for which L C U, by Theorem 21.4.1.
O

Theorem 21.5.4 A bounded domain U is simply connected if and only if
C\ U is connected.

Proof  Suppose first that C \ U is connected and that v is a path in U.
Then n(7,w) is constant on C\ U. Since C\ U is unbounded, it follows that
n(v,w) =0 for all w ¢ U, and U is simply connected.

Suppose next that C\ U is not connected. Let E'U F' be a splitting of
C\ U, where E and F are disjoint non-empty closed subsets of C. Since U is
bounded, C\U has just one unbounded connected component. Suppose that
this is contained in E. Let V.= C\ E = FUU. Then V is a bounded open
set, and F' is a compact subset of V. There exists a connected component W
of V such that FNW # (). Since W is closed in V, FNW is a compact subset
of W, and, by the preceding proposition there exists a compact connected
subset L of W such that F N W C L. By Theorem 21.4.1, there exists a
closed path ~g in W\ L such that L C in[vy]. Since [y] CV = FUU and
[Yo]NF =0,y CU.It ke FNW then k ¢ U and n(v, k) # 0. Thus U

is not simply connected. O

Corollary 21.5.5 If v is a simple closed path then inly| is simply
connected.

Proof  For C\ in[y] = [y] U out[y] = out[y]. The set out[y] is connected,
and so therefore is out[y], by Volume II, Corollary 16.1.7. Thus in[y] is
simply connected. O

What more can we say about in[y]?

Theorem 21.5.6 If v is a simple closed path, there is a homeomorphism
of the open unit disc N1(0) onto in[y].

This is a consequence of the Riemann mapping theorem (Theorem 25.8.1),
which we shall prove much later.
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Exercises

Give an example of a domain U which is not simply connected, but
for which C\ U is connected.

Give an example of a domain U which is simply connected, but for
which C\ U is not connected.

Show that the {z € C:r < |z| < R} is not simply connected.

Let U be the domain C\ {—1,1}. Give an example of a closed path ~
in U for which n(y,w) = 0 for w ¢ U, but which is not null-homotopic
in U. (You need not prove that « is not null-homotopic.)

Suppose that K is a non-empty compact connected subset of C. Show
that the unbounded connected component of C \ K is not simply
connected, but that every bounded connected component of C\ K is
simply connected.
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Complex integration

22.1 Integration along a path
Suppose that v : [a,b] — C is a path. Recall that its length () is defined as

l(v) = SUP{Z () —v(tj—1)| :n € Nyja=1tp < - <t, =0},
=1

and that ~ is rectifiable if [(7y) < oo. Properties of rectifiable paths are
considered in Volume II, Section 16.6. We now consider the integral of a con-
tinuous complex-valued function f along a rectifiable path v in C. Suppose
that D = (a =tp < --- < t, = b) is a dissection of [a,b]. We set

Sp(f;7) = Y L)) (v(t5) = ¥(tj 1))
j=1

Note the similarity to the approximating sum of a Riemann integral; the
increment ¢; — ¢;_1 is replaced by the change v(¢;) — v(tj—1) in the path
between ¢;_1 and t;.

Recall that the mesh size of D is max{|t; —¢;_1| : 1 < j < n}. We want
to show that as the mesh size of D tends to 0 these finite sums converge to
an element of C, the path integral f,y f(z)dz of f along v. We begin with a
preliminary result.

Theorem 22.1.1  Suppose that 7y : [a,b] — C is a rectifiable path and that
[ is a continuous complez-valued function on [y]. Then given ¢ > 0 there
exists 0 > 0 such that if D = (a = tg < --- < t, = b) is a dissection of
[a,b] with mesh size less than § and if D' = (a = sg < -+ < $3, = b) is a
refinement of D then |Sp (f;v) — Sp(f;v)] <e.

674
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Proof  Since f o~y is uniformly continuous on [a,b], there exists § > 0
such that if |s — ¢| < § then |f(v(s)) — f(y(t))| < €/l(). Suppose that
D= (a=ty<--- <ty =>b) is a dissection of [a,b] with mesh size less than
d and than D' = (a = sp < -+ < s, = b) is a refinement of D. Then there
exist 0 = ip < --- <1, = m such that t; = s;, for 0 < j < n. Now

n

Solfm =3 3 Fe ) — s |

jzl i:i]‘71+1

and
S Fs) () — 1(si) | — FOE) () —A(t-1)
i=i;_1+1
| S (Gl — FE)) (s — (i)
zfzj,l—f—l
< S 1) — £ (s — (s
i=t;_1+1
< ) i:i;ﬂ 1v(si) —v(si=1)],
so that
spifim=spfinl <75 | X hls) sl | <e

Corollary 22.1.2  Suppose that v : [a,b] — C is a rectifiable path and that
f is a continuous complez-valued function on [y]. Then there exists a unique
complex number L, (f) with the property that if € > 0 then there exists § > 0
such that if D = (a = tg < --- < t,, = b) is a dissection of [a,b] with mesh
size less than § then

[, (f) = Sp(f;7)| < 2e.

Proof  Let D,, be the dissection of [a,b] into 2" intervals of equal length.
Then D,, is a refinement of D,,, for m > n, and the mesh size of D,, tends
to 0 as n — oo. It follows from the theorem that (Sp, (f;7))52, is a Cauchy
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sequence in C. Let I,(f) be its limit. If D is a dissection of [a, b] with mesh
size less than 4, then

1Sp,, (f;7) = Sp(f;7)]
<|Sp,(f;7) = Sp.vp(f;V)| +Sp,vp(f;7) = Sp, (f;7)] < 2€
so that |I,(f) — Sp(f;7)| < 2e. O

We denote I,(f) by fv f(2)dz. Then f7 f(2) dz is uniquely determined. It
is a path integral, the integral of f along the path ~. The quantities {Sp(f,~) :
D a dissection of [a,b]} are approximating sums to the integral.

Proposition 22.1.3  Suppose that 7 : [a,b] — C is a rectifiable path and
that f is a continuous complez-valued function on [y]. Then

Lf(z) dz

Proof  For [Sp(f;7)] < ||l () for any dissection D of [a,b]. 0

< flloe 10v)-

The path integral does not depend upon the parametrization of the path.

Corollary 22.1.4 Suppose that the path ~ is similar to the path +' :
[c,d] — E. Then f,y, f(z)dz = fvf(z) dz.

Proof  Suppose that € > 0. There exists § > 0 such that if D’ is a dissection
of [¢, d] with mesh size less than §, and if D is a dissection of [a, b] with mesh
size less than § then

So(fin) = [ @) del < /2 and [Sp(£3) ~ [ 1) de] < /2

v

There is a strictly increasing continuous map ¢ of [¢, d] onto [a, b] such that
~' =70 ¢. Since ¢ is uniformly continuous on [c¢,d], there exists 0 <n < §
such that if s,s" € [¢,d] and |s — §'| < 7 then |¢(s) — ¢(s')] < 6. If D' is a
dissection of [c, d] with mesh size less than n then the image dissection ¢(D)
has mesh size less than §. Since Sp/(f;7') = Sy(p)(f;7) it follows that

A/f(z)dz—Af(z)dz

[ s s¢(D><f;v>\ ¥

<

/ f(z)dz — Sp(f;)| <e.
i~

Since € is arbitrary, the result follows. O
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Here are some straightforward results.

Proposition 22.1.5 Suppose that v and ~' are rectifiable paths in C, and
that the final point of v is the initial point of +'. Suppose that f and g are
continuous functions on [y] and that o € C.

(i) [,(f(2) +9(2))dz = [ f(2)dz + [, g(2)dz
(i) [, af(z)dz=a [ f(z)dz
(i) [y F2)ds = [ F(2)dz + [, 1(2) dz

Proof  The proofs are left as an exercise for the reader. O

A path v : [a,b] — C is piecewise smooth if there is a dissection D =
(a =ty <- - <ty =>0) of [a,b] such that 7 is continuously differentiable on
[tj—1,t;] (with one-sided derivatives at ¢;_; and t;), for 1 < j <n.

Theorem 22 1.6 A piecewise smooth path 7 : [a,b] — C is rectifiable,
and (v f |/ (t)] dt.

Proof  We can clearly suppose that v is continuously differentiable on [a, b].
Suppose that D = (a =ty < --- < t, = b) is a dissection of [a, b]. Then

tj
/ v (t) dt
tj71

n

> ) =t =Y
j=1

On the other hand, suppose that ¢ > 0. Since 7/ is uniformly continuous,
there exists 6 > 0 such that if [s—¢| < § then |/ (s)—~/(t)| < ¢/2((b—a)+1).
There exists a dissection D = (a =ty < --- < t,, = b) of [a,b] with mesh
size less than § for which

/|7 )| dt — Zw I(t — tj_1) <2(be_a).

But

Z!’Y(ta‘) (tj—1 \—Z\’Y |(tj —tj-1)]

(ti—0)l = 17 (t)1(t5 — tj—1)
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<D () = t—1) = A () (85 — t-1)]
j=1

() () - '(tj))dt>‘

o (PACEE

<SS b - ar
;/t Y (t) —

ety —ti1)
Hence
n b
>t =2l - [ )] dil <
j=1 a

so that () > f |7/ (t)| dt — e. Since € is arbitrary, the result follows. 0

In fact, almost all path integrals that arise are path integrals along a
piecewise smooth path. Such integrals can be expressed as the integral of a
complex function of a real variable.

Theorem 22.1.7 Suppose that v : [a,b] — E is a piecewise smooth path
in C, and that f is a continuous complez-valued function on [y]. Then

b
2)dz = ") d
L 1) / FAOW (@) dt

Proof  For

/ F (00 (1) dt — Sp(f: v)’

/t " FOW ) dt— FE) (L)~ 7(%‘1)))

j—1

n

=2 ( [ 6w - e dt>

J=1
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n

<[ 16 = Fa)Ln 0 d

j=17ti—1
€ " L ,
< 3 ;/t Y ()| dt = €/2.
Thus b
[1Gra= [ soon o <.
Since € is arbitrary, tl?e result follows. O

Example 22.1.8 Suppose that v : [0, 1] — [z0, 21] is the linear path from
20 to z1, defined as (t) = (1 — t)zp + tz1. Then

1
/f(Z) dz = (21 — Zo)/ F((1 —=1t)zp + tz1) dt.
v 0

For ~/(t) = z1 — 2.
In particular, if zg = g + iy and z; = x1 + iy, then, changing variables,

/f(z)dz—/mlf(s—i-iy)ds if xg < 21
il Zo

:—/ f(s+1iy)ds if xg > x1.

Similarly, if z9p = = + iyg and 21 = = + iy; then

Y1
/f(z)dz:z'/ flz+it)dt if yo <y
Y Yo

Yo
- _i/ fx +it) dt if yo > 1.

Y1

Example 22.1.9 Suppose that f is a continuous function on a circle

T, (w). Then

2

/ f(z)dz =1r f(w+ret)e dt
Ko (W) 0

2w
and / /(z) dz=1i f(w +retydt,
Ko (W

) zZ—Ww 0
where k. (w) is the circular path defined by &, (w)(t) = w+re', for t € [0, 27].

For k! (w)(t) = ire’ and z — w = re't.
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22.1.1

22.1.2

22.1.3

22.14

22.1.5

Complex integration

Exercises

Evaluate the integrals

/ zdz,/ zdz,/ Zdz and/ zZdz.
51(0) Hl(l) 51(0) Hl(l)

Suppose that v : [a,b] — C is a rectifiable path in C and that f is
a continuous function on [y]. Suppose that «(t) and §(t) are the real
and imaginary parts of (). Show that « and § are rectifiable paths
in R. Suppose that « and § are strictly monotonic. Show that there
are continuous real-valued functions w, and v, on [a] and u; and v;
on [f] such that

(@) = ur(a(t) + ivr(a(t)) = ui(B(t)) +ivi(B(2)),

for ¢ € [a,b]. Show that

Lf(z)dz: (Lur(z) dz—/ﬁvi(z) dz)
ti </avr(z)dz+/6ui(z)dz>.

Is the result true if the word ‘strictly’ is omitted?
Let ~ be the square path with corners 1, i, —1 and —i. Calculate

[, dz/z.

Suppose that f is a continuous function on T. Show that

2m
/ TG g i [7 p(e)e i ap.
k1(0) < 0
Let v(t) = t +itsin(1/t) for 0 < ¢ < 1 and let v(0) = 0. Show that
v is a continuous path in C which is not rectifiable, but that the
restriction 7. of v to [e, 1] is rectifiable, for 0 < € < 1. Suppose that f
is a continuous function on [y]. Show that f% f(2) dz tends to a limit

as € \ 0.

22.2 Approximating path integrals

We have defined path integrals of continuous functions along rectifiable

paths.

It is useful to approximate these by integrals along polygonal and

rectilinear paths. The proofs use rather standard approximation arguments.
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Theorem 22.2.1 Suppose that v : [a,b] — U is a rectifiable path in a
domain U, that f is a continuous complex-valued function on U, that H
is a dense subset of U and that € > 0. Then there exists a polygonal path
IO [a bl — U with vertices in H such that |B(t) —(t)| < € for t € [a,b] and
\fﬁ z)dz — f f(2)dz| < e. If v is a closed path, then B can be chosen to
be a closed path homotopic to v in U.

Proof  Since [v] is compact, f is uniformly continuous on [a,b] and, if
U # C, d([7y],C\U) > 0. There therefore exist 0 < § < € and a partition
D= (tpy=a<t; <--- <ty =0>) such that

(i) Ns([v) € U;

(i) | [, £()dz — Sp(fi7)] < /4

)5 ] (0] < 8 then L)~ £0(9) < /)
(iv) |y(t) = ()| < /4 forall t € [t;_y,t;] and 1 < j < k.

Let n = min(6/4,1(vy)/2k). Since H is dense in U, there exists h; € U
with |h; — ()] <n for 0 < j < k; if v is closed, we can take hy, = hg. For
1 <j <k letoj:[tjia,t] — [hj,l,h | be the linear path from hj_; to
h;, parametrized by the interval [t;_1,%;], and let b be the polygonal path
o1V -V og. We shall show that 8 satisfies the conditions of the theorem.

If t € [tj_1,t;], then

1B(t) =) < [B(t) — hyl + [hj —v(E5)] + [v(E5) — ¥ (2)]
<6/4+6/4+6/4 < e

Further,
k
|7y — |
j=1
k
< Z |hj = (@) + 1y(t5) = (-] + [y (E—1) — hj-al)
( )+ 2kn < 21(7).
Now
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IN

1
mf—m;n%;v«l—smf4+sm>—fwa»ﬂds

<d%—%4L
41(v)

Adding,

M:

‘Af@wz—&ﬂﬁw’

(/f M—w—mlﬁunﬁ

7j=1
<3| [ 5@ =y =i s 0)
7j=1
€l(B)
< qem) =
Thus ]fﬁ z)dz — fw(f(z) dz| < e. Finally, the function I'(s,t) = (1 —
s)v(t) + sp(t ) is a homotopy from v to 8 in U. O

Corollary 22.2.2 The path 8 can be chosen to be a dyadic rectilinear
path.

Proof  Since the set D = {x + iy € U : z,y dyadic rational numbers} is
dense in U, we can take H = D; there is a polygonal path § with vertices in
D which satisfies the conditions of the theorem. Let us retain the notation
of the theorem. Suppose that 1 < j < k. There is a dyadic rectilinear path
¢ i [tj—1,t;] = U from hj_q to hj, obtained by changing one co-ordinate at
a time. Then 1(¢;) < v/2|hj — hj_1|. Let

C(=QV...V,

so that ¢ : [a,b] — U is a dyadic rectilinear path with 1(¢) < V2I(8) <
2v/21(7). Then |((t) — y(t)| < € for t € [a,b], and, arguing as in the theorem,
if 1 <7 <k then

. F(z)dz = (hy = hj—1) F(7(t5))] < V2€|hj — hj_1|/41(7),

from which the result follows. d

The next important result illustrates the usefulness of Theorem 22.2.1.
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Theorem 22.2.3 Suppose that U is a domain, that v : [a,b] — U is
a rectifiable path in U, and that F is a holomorphic function on U with
continuous derivative f. Then

/ f(2)dz = F(y(b)) — F((a)).

If, further, v is closed, then fvf(z) dz =0.

Proof  Suppose that € > 0. Let 3 be a piecewise-linear path which satisfies
the conclusions of Theorem 22.2.1. Then, adopting the notation of Theorem
22.2.1, and using Example 22.1.8,

/Bf(z)dz—]z: (/Ujf(z)dz>

1
-3 (606) = 3ta5-0) [ A0 = stz + a6 as).
But

1
(v(t5) = (tj-1)) /O (L= 8)v(tj-1) + 57(85)) ds = F(y(t5)) = F(v(tj-1)),

by Theorem 22.1.7, and so
/ﬁf(Z) dz = (F(v(t))) = F((tj-1))) = F(v(b)) = F(7(a)).
j=1

Thus ‘f,y f(z)dz — F(y(b)) — F(y(a))‘ < €. Since € is arbitrary, the result
follows. =

We write f[a b f(z)dz for fa(a ) f(z)dz.

Corollary 22.2.4  Suppose that U is a domain, that 7 : [a,b] — U is a
closed rectifiable path in U, and that p = ag + -+ + an2" is a polynomial
function on U with continuous derivative f. Then f7 p(z)dz = 0.

Proof — Let P(2) = 37, a;jz’T/(j + 1). Then P is holomorphic, and
P =p. O

Exercises

22.2.1 Use Theorem 22.2.3 to show that if U is a domain in C* containing
T then there does not exist a holomorphic function F on U for which

F'(2)=1/z, for z € U.
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22.2.2 (Integration by parts) Suppose that U is a domain, that v : [a,b] — U
is a rectifiable path in U, and that F' and G are holomorphic functions
on U with continuous derivatives f and g respectively. Show that

/ F(2)G(2) dz = F(())G(7(b)) — F(1())C((a)) — / F(2)g(z) dz,

Y

and that if ~ is closed, then

Lf(Z)G(Z) dz = —LF(z)g(z) dz.

22.3 Cauchy’s theorem

So far, the complex analysis that we have studied is very similar to the real
analysis of Part Two. We now show that path integrals provide a very pow-
erful tool, which we use to obtain some remarkable results of a completely
different nature. We begin with Cauchy’s theorem. We shall prove this in
several stages, obtaining more and more general results. First we begin with
a square path.

Theorem 22.3.1 (Cauchy’s theorem for a square) Suppose that [ is a
holomorphic function on a simply connected domain U, and that v is a
square path in U. Then f,y f(z)dz=0.

Proof  This theorem is the heart of Cauchy’s theorem. By scaling and
translation, we can suppose that v = ~q is the dyadic rectilinear path sqé?g
with vertices (0,0), (1,0),(1,1) and (0, 1), so that [yp] is the boundary of the

0-square Qg = Qgg?o). Since U is simply connected, Q, C U. Suppose that

(z)dz = Iy # 0.
Yo

@, is the union of four 1-squares @8&, _%, _82 and @ﬁ Let

) — o, ) () (1)

590,00 V2~ = 8410, V3~ = 54

1 1 1 1
,A 671)7 (1) (1)

Y4 =S54y

Then
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Figure 22.3.

since the contributions from edges inside [yg] cancel in pairs. Consequently,
there exists 1 < j <4 such that

‘/ f(z)dz
A
(1)

Set y1 = Y then [v1] is the boundary of a 1-square () contained in Q.

=[] = [1o| /4.

We now iterate the procedure, to obtain a sequence (%’);’20 of simple
closed square paths, such that

(a) 7 is a j-square path, and

A (e)ds

J

> |Io|/47;

(b) [v;] = 0Q;, where Q; is a j-square;
(c) (@]) is a decreasing sequence of compact sets, and diam @j = \/5/23‘.

Thus m}?io@j is a singleton set, {z}, say. Then zo, € U, and f is dif-
ferentiable at zo,. Thus there exists 6 > 0 such that Ns(zs) C U, and such
that if |z| < ¢ then

(200 + 2) = f(200) + f'(200) 2 + 7(2), where |r(2)| < |Io]|z|/6.
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Now there exists j such that @j C Ns(zo0). Since

/ (F(zs0) + f1(200)2)dz = 0,
5

by Corollary 22.2.4, it follows that [ f(z)dz = [ r(z)dz. But

/y. r(z)dz

by Proposition 22.1.3; this contradicts (a). O

<sup{[r(z)| : 2 € [y;]}.U(v;) < w'% < E—(J)"’

Theorem 22.3.2 Suppose that [ is a continuous function on a simply-
connected domain U, for which f,y f(z)dz =0 for every dyadic square path
in U. Then f7 f(2)dz =0 for every closed rectifiable path ~v in U.

Proof  First we prove the theorem for simple closed k-dyadic rectilinear
paths in U. Suppose that v is a simple closed k-dyadic rectilinear path in
U. Let ng(y) be the number of k-squares in in|y]. We prove the result by
induction on ny(y). The result holds when ng(vy) = 1, by Theorem 22.3.1.
Suppose that the result holds for all simple closed k-dyadic rectilinear paths
in U with ng(v) < n, and that v is a simple closed k-dyadic rectilinear path
in U with ny(y) = n. There exists a vertex vg = (mq + ing)/2* in [y] for
which mg+ng is minimal, so that ((mg+1)+ing)/2* and (mo+i(ng+1))/2"
are the two adjacent vertices. Let 4" be the path obtained by replacing wvg
by vy = ((mo + 1) +i(ng + 1))/2*.Then

/yf(z)dz—/yf(z)dz—/s(k)

dmg,ng

f(z)dz = /f(z) dz.
g

There are now two possibilities. First, 4/ is simple. Then ng(v') = n — 1,
and so fy f(2)dz = 0. Secondly, 4 is not simple. Then ' = § V €, where
0 an e are simple closed k-dyadic rectilinear path in U with ng(d) < n and
ni(e) < n. Then

/y(f(Z)dz—/6f(z)dz+/ef(z)dz_0_

Thus f,y f(z)dz = 0.
Secondly, we prove the theorem for closed k-dyadic rectilinear paths in U.
If «y is such a path, then v =~ V --- V 7,, where each v; is a simple closed
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k-dyadic rectilinear path in U. Then

Lf(z) dz = mf:l ( [ 1 dz) 0.

Finally, suppose that =~ is a closed rectifiable path in U, and that
n > 0. By Corollary 22.2.2, there is a closed dyadic rectilinear path § in U

such that
Lf(z)dz—/f(z)dz

Since [5 f(z)dz = 0, it follows that |f f(2)dz| < n. Since 7 is arbitrary, it
follows that f7 f(z)dz =0. O

<.

Theorem 22.3.3 If f is a continuous function on a domain U, for which
f7 f(z)dz = 0 for every closed polygonal path in U, then there exists a
holomorphic function F on U such that F' = f.

Proof  Pick zg € U as a base point. Suppose that w € U. Since U is path-
connected, there exists a polygonal path ~v; from zg to w. If v is another
such path, then ;1 V 75~ is a closed polygonal path, and

%f@Mz—Aﬁ@Mzzlww;ﬂ@MZO,

by Theorem 22.3.2. Thus f% fz)dz = f% f(z)dz, and so the quantity
= f% f(z)dz does not depend upon the choice of rectilinear path
from zg to w.

We shall show that F' is holomorphic and that F' = f. Suppose that
w € U and that € > 0. There exists § > 0 such that Ns(w) C U, and such
that if |¢| < ¢ then |f(w + () — f(w)| < e. Suppose that |¢| < §. If v is a
polygonal path from zg to w, then vy V o(w,w + () is a polygonal path from
zo to w + ¢. Thus

Fw+o=/f@m+/ PRICLE

1
— Flw) 4+ ¢ /0 flw +1¢) dt = F(w) + f(w)¢ +7(C),

where

c/ (w+1¢) — f(w)) dt

But |f01( flw + t¢) — f(w))dt| < e so that |r({)] < €|¢|. Thus F is
differentiable at w, with derivative f(w). O
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Combining Theorems 22.3.1, 22.3.2 and 22.3.3 we have the following.

Theorem 22.3.4 (Cauchy’s theorem for simply-connected domains)  Sup-

pose that f is a holomorphic function on a simply-connected domain U .

(i) If v is a closed rectifiable path in U then f7 f(z)dz=0.
(i1) There exists a holomorphic function F on U such that F' = f.

Exercises

There are other ways of proving Cauchy’s theorem for a simply connected

domain. The following exercises provide another proof, preferable in some

respects to the one given above.

22.3.1

22.3.2

22.3.3

22.34

22.3.5

22.3.6

Suppose that a,b,c € C. Let ' = (b+¢)/2,V = (¢ +a)/2, ¢ =
(a+0b)/2. Calculate |V — |, |¢ —d'| and |a’ = V/|.

Use a/, V/ and ¢ to divide the triangle abc into four triangles. Argue
as in Theorem 22.3.1 to prove Cauchy’s theorem for triangular paths.
We want to prove Cauchy’s theorem for closed polygonal paths in a
simply connected domain, using induction on the number of vertices.
Suppose that the result holds for polygonal paths with fewer than n
vertices, and that v has n vertices. Show that the result holds if  is

not simple.
Now suppose that ~ is a simple closed polygonal path with vertices
Vo, U1, .-+, Up = vg. Show that it is enough to show that there is a

linear path from a vertex v; to a point in [y] which is inside [y] and

divides [v] into two polygons, each with less than n vertices.

There are several ways of doing this; here is one. Maybe you can find

a better one. We can suppose that vy = (x9,¥p), with yo minimal.

Let 0; = arg(v; —vg), for 1 < j < mn —1. Thus 0 < 0; < m, for

1 < j < n—1. We can suppose that 6; < 6,,_1. Consider three

possibilities:

o 0y < 01; consider the ray {v; + A : XA > 0}.

o 0,9 > 0,_1; consider the ray {v,_ 1 + Ae?-1: X\ > 0}.

e 0y < 0y and 0,,_5 < 60,,_1. Show that either 8; < 65 < 6,1 or
01 < Op_9 < 0p_1,s0 that S = {v; : 01 <y < 0,_1} is non-empty.
Consider [vg, vg], where vy, € S and |vy, — vo| < |vj —vg] for v; € S.

Complete the proof of Cauchy’s theorem for a simply connected

domain.
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22.4 The Cauchy kernel

We use the function k(z) = —1/2miz on C\ {0} as a convolution kernel, and
call it the Cauchy kernel.

Theorem 22.4.1 Suppose that g is a continuous function on a rectifiable

path . Let

211 z —

L[ 9(z)
w) = | k(w—2)g(z)dz = — dz for w
f(w) A (w—2)g(2) L for w & [].
Then f is an analytic function on C\ [v]. If zo & [7] then

5 (z) = / &)

2mi )., (2 — zp)"t!

Proof  Let M = sup{|g(2)| : z € [7]}, and let d = d(zo, [7]). Suppose that
|h| < d. Using the formula in Proposition 20.3.8, we find that

1 —_—
z—(z0+h)
1 N h P h N hn-i—l .
z—2  (2—20) (z —20)"t1 (2 —20)" "1 (2 — (20 + h))

Multiplying by g(z)/2mi and integrating, it follows that

n

- _ L 9(2) PARY
f(zo+h) JZ:% <2m‘ /7 (o= )1 ¥ ) W+ B (h),

where

g 9(2)
Rn(h) = o L (Z . Zo)n+1(z — (ZO + h)) dz.

BPUM (M (B
‘Rn(h)’ < 27Tdn+1(d— |h|) n <m> <7>

so that R, (h) — 0 as n — oo. Thus the series

f)<2ﬂ/_(70)>+d> I

j=0

Then
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converges to the value f(zp+ h). Since this holds for all zo+h € Ng(zp), the
power series has radius of convergence at least d, and

£ (z0) = L'/7( 92 __g,

2mi z—zp)t T
0) .

How does the analytic function f on C \ [y] relate to the continuous
function g on [y]? This is something that we shall investigate in the rest of
this chapter.

Exercises

22.4.1 Let g(z) = 2", for z € T and n € N. Show that
/ k(w— 2)g(z)dz =0 for w € D.
H1(0)

22.4.2 Suppose that f(z) = >.,7  an,2" is a power series with radius of
convergence greater than 1. Show that fm(O) k(w — 2)f(2)dz = ao,
for w € D.

22.4.3 What are the real and imaginary parts of the Cauchy kernel?

22.4.4 The Poisson kernel is defined as

)
Py(x)zm, fOI'.Z'GR, y>0

Show that the function (x,y) — P,(z) is harmonic.

22.5 The winding number as an integral

Recall that x,(w) is the circular path k,(w) = w + re' for t € [0,27] and
that its track is denoted by T, (w). Recall also (Example 22.1.9) that if f is
a continuous function on T, (w) then

2
/ f(z)dz =1r flw +ret)e' at.
for (W) 0

In particular, putting f(z) = (2 — w)?, where j € Z,

21 ) o
(2 — w)j dz =ir PGt g — 2mi if j=—1
ror(w) 0 0 otherwise.

Thus 1 d
n(kp(w),w) =1 = — ‘
2m0 S (w) 2 — W
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the winding number of k,(w) is expressed as an integral. We can extend this
result to more general paths, to obtain the following fundamental theorem.

Theorem 22.5.1 Suppose that 7 : [a,b] — C is a closed rectifiable path

and that w & [y]. Then
1 dz
n(y,w) = %/vz—w'

Proof  First we consider the case where 7 is piecewise smooth. Let vy(a) —w
=re, For a < s < b let

h(s) = /S%dt, and let h(s) = j(s) + ik(s),

(t) -
where j and k are the real and imaginary parts of h. Then
d /
h(a) =0, h(b) = / ® and W(s) = L)
Yy Z =W v(s) —w

As s varies, we unwind (s) — w. Let f(s) = (y(s) — w)e ). Then
F(s) = ((5) = (v(s) = w)l/ (s))e ) = 0.

Consequently, f(s) = f(a), so that e="(*)(y(s) — w) = v(a) — w and
() — w = M) (y(a) — w) = red®ik(E)+0)

Thus k(s) + 6 is a branch of Arg (y(s) — w) on [a,b], and

) = HO—HQ) _EO)

Now

(v(b) —w)e ™) = f(b) = f(a) = y(a) —w = ~(b) —w,
so that e ) = ¢=71(0)e=#®) = 1 and j(b) = 0. Thus
dz

zZ—Ww

2min(y, w) = ib(5) = 5 + ik(8) = b) = |
:

Next, suppose that « is a rectifiable path. Let U = C\ {w}. By Corollary
22.2.2,if € > 0 there exists a dyadic rectilinear path g : [a,b] — U homotopic

to v in U such that
1/ dz 1/ dz ‘
— - < €.
271 gEZ—W 271 v 2 W
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By Theorem 21.2.1, n(,w) = n(v,w), and so

( ) 1 / dz -
n(vy,w) — — €.
g 210 ) 2z —w

Since € is arbitrary, the result follows. O

Corollary 22.5.2 If f:U — C is holomorphic and w & f([y]) then

n(foy,w 2m/f

Proof  As in the theorem, it is enough to prove this when v is piecewise
smooth. Then, by the chain rule, f o is a piecewise smooth path, with
derivative

df

(f o) (t) = —(v()Y' ().

Thus, making a change of variables,
1 o 'y "(t)
= —— it
n(f o, w) 2mi fov “w  2mi / f(y(t) —w
1
2mi (V(t)) f o

22.6 Cauchy’s integral formula for circular and square paths

Recall that r,(w) is the circular closed path x,.(w)(t) = w + re', for t €
[0,27], so that M, (w) = in[k,(w)].

Theorem 22.6.1 (Cauchy’s integral formula for a circular path) Suppose
that f is a holomorphic function defined on a domain U, that M,(w) C U
and that ¢ € Ny(w). Then

1 &) 4.
271 Ko (w) Z— C

Proof  Let g(z) = f(z)/2mi(z — () for z € U \ {C}; ¢ is holomorphic on
U\{¢}. Let t =r — |¢ — w]|, and suppose that 0 < s < t. Let

I :/ g(z)dz, and let I :/ 9(z)dz.
Ko (W) ks (C)

First we show that I = I. The set U \ {(} is not simply connected. We split
each of the paths v and k,(¢) into two parts, each contained in a simply

f(Q) =

connected domain.
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A
w=r w+r
Figure 22.6.
Let
k(W) 4 = Hr(w)[o,wb Ko (W) = ’ir(w)[w,%]
’%S(C)-i- - 55(C)[0,7r}7 KS(C)— = K‘S(C)[W,Qﬂ’}?
and let

BJr = K’T(w)Jr \ U(w - iTaC - ZS) \% K/S(C)i \% O-(C + iS,U) + ’L'T'),
B = kp(w)E Vo(w—ir,( —is)V k()= Vol +is,w+ir).

The track [34] is contained in the simply connected set U N (¢ + Cr/2),
so that fﬁ+ g(z)dz = 0, by Cauchy’s theorem. Similarly, the track [5_] is
contained in the simply connected set UM ((+C_/2), so that fﬁ, g9(z)dz =
0.

Since the integrals along the linear paths cancel, it follows that

I—Is:/+g(z)dz—/+g(z)dz—/ 9(2) dz.

Suppose that ¢ > 0. Since f is continuous at w, there exists 0 < § < ¢ such
that if |z — (| < 6 then |f(2) — f(¢)| < €. Since

1 dz

2 ks (C) zZ —C

— k(0.0 = 1
it follows that

e L[ [@=FO]
I~ £ = L~ £(O) /ﬂsm‘ic \d,

2
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so that if 0 < s < § then

1 /e
- < (- = e
1= 1Q1 < 5 () itsa(@)) = ¢
Since € is arbitrary, the result follows. O

A similar result holds for square paths.

Theorem 22.6.2 (Cauchy’s integral formula for a square path) Suppose
that f is a holomorphic function defined on a domain U. Let sq,(w) be the
square path with vertices w—r—ir, w4+r—ir, w+r-+ir, w—r—+ir. Suppose
that in[sq,(w)] C U and that ¢ is inside [sq,(w)]. Then

flw) = ! Mdz.

2w sq (w) Z 6

Proof  Replace k,(w) by sq,(w) in the proof of Theorem 22.6.1, and make
obvious changes to the proof. O

Corollary 22.6.3 If M,.(w) C U, then

_ L if
f(w)—27r _Wf(w—}—re ) db.
Proof  For
Flw) = & 1) g, L flwotz)
2m0 S (w) 2 — W 21t J ., (0) z
L[ 0
=5 77rf(w+re )de.

We can apply this to harmonic functions.

Corollary 22.6.4 Suppose that g is a harmonic function on a domain U,
and that M,(w) C U. Then

g(w) ! /7T glw + re®) do.

:% .

Proof By considering real and imaginary parts, we can suppose that g
is real-valued. There exists s > r and a function h on Ng(w), such that
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Ng(w) C U, and such that f = g + ih is holomorphic on Ng(w). Then

f(w) = g(w) +ih(w) = % /7T f(w + re?) do

1 (™ « 1 4
=5 - g(w + ey df + iﬂ g h(w + €' de.
The result now follows by considering the real part of this equation. O

We have seen in Volume I, Example 7.1.9 that there are continuous
functions on R with no points of differentiability, and so there are con-
tinuously differentiable functions on R which are not twice differentiable at
any point of R. For functions of a complex variable, the situation is com-
pletely different. The most important application of Theorem 22.6.1 is the
following.

Theorem 22.6.5 (Taylor’s theorem for holomorphic functions) Suppose
that f is a holomorphic function on a domain U. Then f is analytic on U.

Ifwe U and Mr(w) CU then

fw+h) =Y ah" =Y ! fw) ", for |h| < R,
n=0 n=0 ’

n

where

an—i/m(w)(&dz, forr < R.

2mi z —w)ntl

Proof  1If |h| < r < R then

1 f(z)
f(w“‘h)%/m(w)mdz.

by Theorem 22.6.1. The result now follows from Theorem 22.4.1. O

Corollary 22.6.6 A complex-valued function on a domain U is
holomorphic if and only if it is analytic.

Authors define holomorphic functions and analytic functions in various
ways. This corollary shows that this is not important. We shall generally
refer to ‘holomorphic functions’, rather than ‘analytic functions’.

Corollary 22.6.7 If f is an entire function, and zy € C, then the Taylor
series expansion of f around zy has infinite radius of convergence.

Suppose that U is a domain which is a proper subset of C. If f is a
holomorphic function on U and zy € U, then the radius of convergence of
the Taylor series expansion of f around zy is at least d(zy,0U).
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Proof  Let us prove the second statement. If 0 < R < d(zp,0U) then
Mg(z9) C U, and so the radius of convergence is at least R. Since this holds
for all R < d(z0,0U), the radius of convergence is at least d(zp,0U). The
proof of the first statement is similar. O

Example 22.6.8 (The complex binomial theorem) If o € C then

o
—1)... - 1
(1+z)°‘:1+az+za(a ) n!(a nt )z”,

n=2
the sum converging locally absolutely uniformly on D.

For (1+ z)® is holomorphic on C\ (—oo, —1], and is therefore analytic on
D, and if f(z) = (142)® then f®)(2) = a(a—1) ... (a_p+1)(14+2)**. Note
how much simpler this proof is than the corresponding proof for real-valued
functions (Volume I, Theorem 7.6.4).

Taylor’s theorem enables us to prove a converse of Cauchy’s theorem.

Theorem 22.6.9 (Morera’s theorem)  Suppose that f is a continuous func-
tion on a domain U, and that f,y f(z)dz = 0 for every dyadic square path

for which in[y] CU. Then f is holomorphic on U.

Proof  Suppose that zp € U. Then there exists a neighbourhood N, (z)
with N, (z9) C U. Since N, (zp) is simply connected, it follows from Theorem
22.3.2 that f,y f(z)dz = 0 for every rectifiable closed path in N,(zp), and
it therefore follows from Theorem 22.3.3 that there exists a holomorphic
function F' on N,.(zp) such that F/ = f. But F is analytic, and is therefore
infinitely differentiable, and so f is differentiable at z. O

Let H(U) denote the vector space of holomorphic functions on a domain
U. H(U) is a linear subspace of the vector space C'(U) of continuous complex-
valued functions on U. As in Volume II, Section 15.8, we give C(U) a
complete metric d which defines the topology of local uniform convergence.

Theorem 22.6.10 H(U) is a closed linear subspace of (C(U),d).

Proof  We use Cauchy’s theorem and Morera’s theorem. Suppose that
(fn)o2, is a sequence in H(U) which converges locally uniformly to a func-
tion f in C(U). Suppose that v is a dyadic square path with in[y] C U.
Since [y] is compact, f, — f uniformly on [v], and so

n—oo

/ f(z)dz = lim [ fu(z)dz=0.
,

Thus f is holomorphic, by Morera’s theorem. O
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Thus (H(U),d) is a complete metric space.
Here is a useful consequence of Morera’s theorem: integrals of holomorphic
functions are holomorphic.

Theorem 22.6.11  Suppose that U is a domain and that f is a continuous
complez-valued function on U X [a,b] such that, setting ft( ) = f( t), the
function fy is holomorphic on U for all t € |a,b]. Let F(z f f(z,t)dt.
Then F' is a holomorphic function on U.

Proof  Let v be a dyadic square path in U with in[y] C U. Then

A dz—/(/fztdt)dz
:/a <Lf(z,t)dz> dt =0,

so that F'is holomorphic, by Morera’s theorem. O

Corollary 22.6.12 Suppose that U is a domain and that f is a continu-
ous complex-valued function on U X [a,00) such that, settmg ft( )= f(z,1),
the function fy is holomorphic on U for all t € [a,c0) Iff f(z,t)dt con-
verges locally uniformly to fa f(z,t)dt as b — oo then faoo f(z, t) dt is a
holomorphic function on U.

Proof  Apply Theorem 22.6.10. O

Clearly, similar results also hold for improper integrals on open intervals.

Exercises

22.6.1 Suppose that v is a convex path in C, and that w is inside [y]. If
0 € [0,27], let pg = {w +re?? : r > 0}. Show carefully that pg N [y] is
a singleton (@), and that the mapping § — () from [0, 27] to [v]
is a parametrization of [7].

22.6.2 Suppose that f is an entire function and that there exists R > 0 and
k € N such that | f(z)| < |z|* for |z| > R. Show that f is a polynomial
function of degree at most k.

22.6.3 Suppose that f is a holomorphic function on a domain U and that
zo € U. Suppose that the radius of convergence r of the Taylor series
expansion of f about zj is greater than d(zg, U). Can the Taylor series
be used to extend f to a holomorphic function on U U N,.(z)?

22.6.4 The function f(z) =1/(1 — z — 22) is holomorphic in {z € C: |z| <
1/2}. Let its Taylor series be Y > | Fj,z". What recurrence relation
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does the sequence (F},)52, satisfy? Show that

gt =1 -9t

\/g )

where g = (v/5 4+ 1)/2 is the golden ratio.

22.6.5 Suppose that f is a holomorphic function on D taking values in D.
Show that |£(™(0)] < n!, for n € N.

22.6.6 Suppose that (p,)52 is a sequence of polynomials, each of degree less
than or equal to d, which converges locally uniformly on a domain U
to a function f. Show that f is a polynomial, of degree at most d.

22.6.7 Use Corollary 22.6.4 to show that a non-constant harmonic function
on a domain U has no local maxima.

F, =

22.7 Simply connected domains

Using Cauchy’s theorem, we can give further characterizations of simply
connected domains.

Theorem 22.7.1 Suppose that U is a domain. The following are equiva-
lent.

(i) U is simply connected.

(ii) If f is a holomorphic function on U then f,y f(2)dz = 0 for all polygonal
closed paths v in U.

(iii) If f is a holomorphic function on U then fvf(z) dz = 0 for all
rectifiable closed paths v in U.

(iv) If f is a holomorphic function on U then there exists a holomorphic
function F on U such that F' = f.

(v) If f is a holomorphic function on U such that f(z) # 0 for z € U then
there exists a continuous branch of Log f on U.

(vi) If w & U then there exists a continuous branch of Arg (z —w) on U.

Proof  Cauchy’s theorem for simply connected domains (Theorem 22.9.1)
shows that (i) implies (iii). (iii) certainly implies (ii), and (ii) implies (iv),
by Theorem 22.3.3.

Let us show that (iv) implies (v). Suppose that f is a holomorphic function
on U and that f(z) # 0 for z € U. Then the function f’/f is holomorphic on
U, and so there exists a holomorphic function G on U such that G' = f'/f.
Let h = e ¢ f. Then

n = —G/e_Gf—i-e_Gf/ —0.
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so that A is a constant function taking a non-zero value k. Thus f = ke® =
ef’. where F = logk + G. F is then a continuous branch of Log f on U.

Next we show that (v) implies (vi). The function z —w does not vanish on
U, so that there is a continuous branch of Log(z—w) on U. Since Log(z—w) =
log |z — w| + iArg(z — w), there is a continuous branch of Arg(z —w) on U.

Finally we show that (vi) implies that n(y,w) = 0 for all closed paths
v €U and all w ¢ U. If a is a continuous branch of Arg(z —w) on U, then
l(z) = log |z — w| 4+ ia(z — w) is a continuous branch of Log(z — w) of U.
Since I'(2) = 1/(z — w),

1 dz 1
= — = — l/ d —
n(7,w) 2mi L z—w 2w L () dz =0,

by Theorem 22.2.3. This implies that U is simply connected, by Theorem
21.5.1. 0

Corollary 22.7.2 Suppose that U is simply connected and that § € C. If
f is a holomorphic function on U for which f(z) # 0 for z € U, there exists
a continuous branch of f? on U: that is, there exists a holomorphic function

g on U such that g(z) € {f(2)°}, for z € U.

Proof — There exists a continuous branch [y of Log f on U. Let g(z) =
ePlr@) for z € U. O

Exercises

22.7.1 Suppose that v is a real-valued harmonic function on a domain U.
A real-valued function v is called a harmonic conjugate of u if the
complex-valued function u + v is holomorphic.

Show that if v and v/ are harmonic conjugates of u then v — v’ is
constant.

Show that if U is simply connected then a harmonic conjugate
exists.

Give an example on a domain U and a real-valued harmonic
function v on U which does not have a harmonic conjugate on U.

22.8 Liouville’s theorem

Theorem 22.8.1 (Liouville’s theorem) A bounded entire function is
constant.
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Proof  Let M = sup{|f(z)| : z € C}. Suppose that w € C. We show that
f(w) = f(0). If R > |w| then n(kr(0),0) = n(kr(0),w) = 1, so that, using
Cauchy’s integral formula,

! f(2) ! /()
f(w)_f(o)_%/HR(O)HCLZ_%/HR(O) z dZ

1 wf(z)
2w /HR(O) 2(z —w) o

Thus
l(kr(0)M|w| _ Mlwl
Since M|w|/(R — |w]) — 0 as R — oo, f(w) = f(0). O

We can use Liouville’s theorem to give another proof of the fundamental
theorem of algebra.

Theorem 22.8.2 If p(z) is a non-constant polynomial function, there
exists zg € C such that p(zp) = 0.

Proof  1If not, then f(z) = 1/p(z) is an entire function. As in Corollary
20.6.3, |p(2)] — oo as z — oo, and so f(z) — 0 as z — oo. Thus there
exists R > 0 such that |f(z)| <1 for |z| > R. But the continuous function
f is bounded on the compact set {z : |z| < R}, and so f is a bounded
entire function. Thus f is constant, and so therefore is p; this gives a
contradiction. O

Exercises

22.8.1 Use Taylor’s theorem to show that if f is an entire function and if
|f(2)] = O(|z|") as |z| — oo then f is a polynomial of degree at most
n. Use this to give another proof of Liouville’s theorem.

22.8.2 Prove the following extension of Liouville’s theorem: if f is an entire
function for which f(z)/z — 0 as z — oo then f is constant.

22.8.3 Suppose that f is a non-constant entire function. Show that the image
f(C) is dense in C.

22.9 Cauchy’s theorem revisited

We now prove a more general version of Cauchy’s theorem.
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Theorem 22.9.1 (Cauchy’s theorem) Suppose that f is a holomorphic
function on a domain U, and that B is a closed rectifiable path in U for
which n(B,w) =0 for w & U. Then fﬁ z)dz = 0.

Note that this extends Theorem 22.3.1, since if U is simply connected
then n(8,w) =0 for w ¢ U.

Proof By Theorem 21.4.1, there exist | € Z and a finite set {yo,...,7;}
of simple closed [-dyadic rectilinear paths in U such that [5] is inside [o]
and outside [y;] for 1 <1 < j. The set in[y] N (m{zlm[%]) is the union of
a finite set F' = {Qy,...,Q,0} of closed I-squares.

If e is an edge of two adjacent squares @, and @, then e has opposite
orientations in sq, and sg,. Thus if g is a continuous function on U;,° ;0Q),,
then

Yi

g/g dz—Z/

Suppose now that w is an interior point of some Q,. Then by Cauchy’s
integral formula for square paths,

1 flz) .
%/squz_wdzf(w%

On the other hand, if v # u, let § = d(w,Q,). Then f(2)/(z — w) is
holomorphic on the simply connected set N3(Q,), and so

1
_‘/ RACI
270 Jgq, Z — W

Adding, and using the remark above,

Z;<% [ L) = s

Now the expression on the left-hand side is a continuous function of w for
w € in[y| N (NI, out[v;]), as is the right-hand side, and so the formula holds
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for all such w. In particular, it holds for all w € [3]. Thus

/ﬁf(w)dw—/ﬁ(iﬁl%dz) dw
-5/ s %/ﬁzd—ww) -
Zo/f i,

Yi

the change of order being justified, since the integrands are continuous.
Now n(f, z) is a continuous integer-valued function on the connected set
in[y;], and so is constant there. Let its constant value be v;. Thus

/ fwdw— -3 [ s

=0 Vi

If z € [y0] then z is in the unbounded component of C\ [f], and so vy = 0.
If 1 < ¢ < j, there are two possibilities. First, there exists w € in[y;] \ U;
in this case v; = 0, by hypothesis. Secondly, in[y;] € U. In this case, the
simply connected set Nj(in[y;]) is contained in U, and so f% f(z)dz =0,
by Cauchy’s theorem for simply connected domains. Thus each summand is
zero, and fﬁ z)dz = 0. O

22.10 Cycles; Cauchy’s integral formula revisited

We now prove a more general version of Cauchy’s integral formula. First,
we consider integrals along more general sets than closed rectifiable paths.
A cycle T’ in a domain U is an expression of the form I' = >~7_, a;;, where
a; € Z and v; is a closed rectifiable path in U, for 1 < i < j. We set
[T], the track of T, to be [I'] = U/_y[yi]. If w & U, we define the winding
number n(L,w) of T' about w to be n(T',w) = >7_, ajn(v;,w), and if f is a
continuous function on [I'], we set

/f = ] (ai[yif(z)c&*).

=

For example, if 79,71,...,7; are the paths in Theorem 21.4.1 then I' =
>7 o7 is a cycle for which n(T,w) =1 for all w € K.



22.10 Cycles; Cauchy’s integral formula revisited 703

We can deduce results about winding numbers and integrals for cycles
from the corresponding results for closed paths. Suppose that T' = Y"7_, a;v;
is a cycle in a domain U and that w ¢ [I'], and suppose that f is a continuous
function on [I']. Suppose that +; : [¢;, d;] — U is a parametrization of ~;, for
1<¢< . Let

Y V...V a; times, if a; > 0,
~i = { the constant path at v;(¢;), if a; =0,
YV LV AT ag] times,  if a; < 0.

Since U \ {w} is path-connected, for 2 < i < j there exists a rectilinear
path §; in U from vi(c1) to vi(e;), with w & [8;]. Let &; = 6 V4 V B,
for 2 <i < j,andlet § =, Vda V...V ;. Then § is a closed rectifiable
path in U. Further, the function f can be extended to a continuous function
on [I'] U [0].

Proposition 22.10.1  With the notation above,

(T, w) = n(6,w) and /Ff(z)dz—/éf(z)dz.

Proof  This follows from the facts that n(y/,w)= — n(v;,w), that
f%k f(z)dz= — f% f(2)dz and that the integrals along 3; and 8 cancel
each other. O

Consequently, we have the following extensions of Theorems 22.9.1 and
22.5.1, and of Corollary 22.5.2.

Theorem 22.10.2 (Cauchy’s theorem for cycles)  Suppose that T is a cycle
in a domain U for which n(I',w) =0 for w ¢ U. Then

/Pf(z) dz = 0.

Theorem 22.10.3 Suppose that I' = Z?Zl
[[']. Then

n(F,w)—i/F dz

211 Z—w

a;vj 1s a cycle and that w ¢

Theorem 22.10.4 If f: U — C is holomorphic, and w & f([[']) then

_ 1 f'(2)
n(foF,w)_%/Fmdz.

We can also establish Cauchy’s integral formula for cycles.
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Theorem 22.10.5 (Cauchy’s integral formula for cycles) Suppose that T’
is a cycle in a domain U for which n(I';w) = 0 for w ¢ U. Suppose that f
is a holomorphic function on U and that zo € U \ [I']. Then

1
R ICN

n(l', 20) f(20) = 21t Jp 2 — 2

Proof  f(z)/(z — 2p) is holomorphic on V' = U \ {z}. The result is true if
n(T, z9) = 0, for then n(I',w) = 0 for w ¢ V, and so the result follows from
Theorem 22.10.2.

Otherwise, let v = n(T', z9). There exists r > 0 such that N,(zy) C U.
Let I' =T — vk, (29). Then n(I,w) = n(T,w) — vn(k.(20),w) =0—0=0,
for w ¢ U and n(I",29) = n(T,29) — vn(kr(20),20) = v — v = 0. Thus
n(I',w) =0 for z ¢ V, and so

1 —f(z) dz — L/ /() dz = 0.
Kr(20)

21 Jr 2 — 29 271 z— 29
Now ) 12)
z
T dz = f(Z(]),
™ Kr(20) Z— 20
by Theorem 22.6.1, and so the result follows. O

22.11 Functions defined inside a contour

So far we have been concerned with holomorphic functions defined on a
domain U, and with paths with tracks in U. There is another situation
which is worth considering. Recall that a contour is a positively oriented,
rectifiable, simple closed path in C. Suppose that 7 is a contour and that f
is a continuous function on the closed set in[y] which is holomorphic on the
open set in[y]. Do Cauchy’s theorem and the Cauchy integral formula hold?

In general, the answer is ‘yes’, but the proofs are difficult. There is, how-
ever, one situation where the proof is quite easy, and which is quite sufficient
for most needs. We need a definition. Suppose that K is a subset of C, and
that kg is an interior point of K. We say that K is star-shaped about kg if
for each z € K the open line segment (kg,z) = {(1 = A)ko+Az:0 < A < 1}
is contained in the interior K° of K. As an important example, if K is a
convex body, then K is star-shaped about each point of K°.

Theorem 22.11.1  Suppose that v : [a,b] — C is a contour, that inly| is
star-shaped about ko, and that 0 < r < 1. Let v,.(t) = (1 — r)ko + ry(t), for
t € [a,b]. Then 7, is a contour inside [y].
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Suppose that 0 < 1o < 1 and that g is a continuous function on in[y] N
out[yy,]. Then fv g(2)dz — fv g(z)dz asr /1.

Proof It follows from the definition of ‘star-shaped’ that ~, is a simple
closed path inside [v]. Since |7, (t) — 7. (¢')] = r|y(t) — v(¢')], it also follows
that v, is a contour.

Ifro <r<1andif z € [7], let g.(2) = rg((1 — r)ko + rz). Then g.(2)
converges uniformly to g(z) on [y] as r /1, and f% g(z)dz = f7 gr(2) dz.
Consequently, f% g(z)dz — f7 g(z)dz asr /1. O

Corollary 22.11.2 If f is continuous on inly] and holomorphic on in|y]
then [ f(z)dz =0, and

1

f(w) = —/ /() dz for w € inly].
2mi )y z —w

Proof  Since f,y f(z)dz = 0, the first equation follows immediately. For

the second, there exists 0 < ro < 1 such that w € in[vy,,]. Then the function

g(2) = f(2)/2mi(z — w) is continuous on in[y] N out|y,,|, and if 1o <7 < 1

then I i) )
f) =gz | Fode= [ o)

-

so that

22.12 The Schwarz reflection principle

We use Morera’s theorem to establish the Schwarz reflection principle.
Theorem 22.12.1 (The Schwarz reflection principle)  Suppose that

(i) U is a domain in HT = {z =x +iy € C:y > 0};
(ii) OU contains an open interval (a,b) in R;
(iii) f is a continuous function on U U (a,b) which is holomorphic on U,
and
(iv) f is real-valued on (a,b).

LetU* ={z:z€ U}, and let V =UU (a,b)UU*. If z € U* let f(z) = f(Z).
Then f is holomorphic on V.
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Figure 22.12.

Proof 1t follows from (iv) that f is a continuous function on V, and it
follows from the definition of differentiability, or from the Cauchy—Riemann
equations, that f is holomorphic on U*. But we need to establish differentia-
bility at points of (a,b). We therefore use Morera’s theorem and Corollary
22.11.2. Suppose that v is a square path, with in[y] C V. If [y] C U or
[v] € Ux, then f,y f(2)dz = 0. Otherwise, suppose that [y]N(a,b) = {w,wa}.
There exist rectangular dyadic paths v; in U and v, in U such that
[yl N (a,b) = [y2] N (a,b) = [w1,wo] and [y1] U [y2] = [7] U [w1, ws]. Then,
with suitable orientation, f7 f(z)dz = fvl f(z)dz + f72 f(2)dz = 0. Thus f

is holomorphic on V', by Morera’s theorem. O

Exercises

22.12.1 Suppose that
(i) U is a domain in D;
(ii) AU contains an open circular arc A, g = {e" : a <t < B} in T;
(ili) f is a continuous function on U U A, g which is holomorphic on
U, and
(iv) f is real-valued on A, g.
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Let U* ={z:1/z€ U}, and let V=UU (a,b) UU*. If z € U* let
f(z) = f(1/z). Show that f is holomorphic on V.

22.12.2 Suppose that condition (iv) of the previous exercise is replaced by
(iv’) [f(z)] =1 for z € Ay p.
Let f(z) =1/f(1/z), for z € U*. Show that f is holomorphic on V.
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Zeros and singularities

23.1 Zeros

Suppose that f is a holomorphic function on a domain U. We denote the
zero set {z € U : f(z) = 0} by Z;. What can we say about Z;7 It is certainly
closed, since f is continuous.

Theorem 23.1.1 Suppose that f is a non-constant holomorphic function
on a domain U, and that f(zo) = 0. Then there exists a least k € N such
that f*)(20) # 0, and there exists s > 0 such that Ny(z) C U and f(z) # 0
for z in the punctured neighbourhood N (z).

Proof By Proposition 20.3.9, there exists a least & € N such that
f®)(20) # 0, so that there exists r > 0 such that N,(z) C U and

> fn)(,
Fo =S L) (= (= 0)h(e),

n!
n==k

- S ()
where h(Z) = 7;] W
for z € N,(z0). Then h(zg) = f*)(29)/k! # 0. Since h(z) = h(zo) as z — 20,
there exists 0 < s < r such that h(z) # 0 for z € N4(z), and so f(z) # 0
for z € NX (). O

(Z - ZO)n>

Thus the points of Z; are isolated points of Z¢; the subspace topology on
Zy is the discrete topology. In general, a subspace S of a topological space
(X, 7) is a discrete subspace if the subspace topology on S is the discrete
topology, so that each of its points is an isolated point in X. If 29 € Z¢, f is
said to have a zero of order k, or multiplicity k, at zq if k is the least integer
for which f()(z9) # 0. Then f(z) = (2 — 20)*h(z), where h is a holomorphic
function for which h(zg) # 0.

708
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It is important that we only consider points of the domain U. For example,
let U = C* = C\ {0}, and let f(z) = exp(2mi/z) — 1. Then f is holomorphic
on U, and Zy = {£1/k : k € N}. The point 0 is a closure point of Z; in C,
but it is not in U.

A closed subset S of a domain for which every point of S is an isolated
point of S can be infinite, but it must be locally finite.

Proposition 23.1.2  Suppose that S is a discrete subspace of a Hausdorff
topological space (X, 7). If K is a compact subset of U then K NS is a
finite set.

Proof  For KNS is a compact Hausdorff space with the discrete topology,
and so must be a finite set.
O

Corollary 23.1.3 If S is a closed discrete subspace of a domain U then
S is countable.

Proof  For U is o-compact; it is the union of countably many compact
sets. O

In particular, if f is a non-constant holomorphic function on U then the
zero set Z; is countable.

Proposition 23.1.4 If S is a closed discrete subspace of a domain U, then
V=U\S is a domain.

Proof  Since S is closed in U, V is an open subset of C. We must show
that it is connected; we shall show that it is path-connected. Suppose that
v,v" € V. Since U is path-connected, there is a simple path v : [0,1] — U
from v to v'. Since its track [y] is compact, [y] NS is finite. Thus there exist
0 <t <--- <ty <1lsuchthat [y]NS = {y(t;) : 1 < j < k}. It is now
easy to perturb the path so that it avoids S. For each 1 < j < k there
exists €; > 0 such that N¢ (y(t;)) € U and N, (y(t;)) NS = {7(t;)}. Since
7 is continuous, for each j there exist [; and r; with [; <t; < r; such that
Y([lj,75]) € Ne,(¥(t;)). We can suppose that r; < I for 1 < j < k. Since
each punctured neighbourhood N/ (v(¢;)) is path-connected, we can replace
Yi,,r,) by a path in NZ (y(t;)) from v(l;) to v(r;). In this way, we obtain a
path in V from v to v'. O
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Exercises

23.1.1 Where are the zeros of the function sin((1 + 2)/(1 — z))? Show that
they have an accumulation point in C. Why does this not contradict
Proposition 23.1.27

23.1.2 Suppose that f and g are holomorphic functions on a domain U and
that |f(2)| = |g(z)| for z € U. Show that there exists « € C such
that f = e'@g.

23.1.3 Give an example of a connected Hausdorff topological space (X, )
for which X \ {x} is not connected, for each =z € X.

23.2 Laurent series

Suppose that f is a non-constant holomorphic function on a domain U,
with zero set Zy. Then V = U \ Z; is a domain, and the function 1/f
is holomorphic on V. If zp € Z; then there exists » > 0 such that the
punctured neighbourhood N/ (zp) is contained in V. The function 1/f is
holomorphic on N;(zp), and |1/f(z)] — oo as z — z9. We are therefore led
to study holomorphic functions on such punctured neighbourhoods. In fact,
we consider holomorphic functions on rather more general sets. Suppose that
zp € C and that 0 <r < R < oo. The (open) annulus A, r(zp) is defined to
be the set
A r(20) ={z € C:r <|z—2)]| <R}

Thus N}, (20) = Ao,r(20). An annulus A, r(29) is an open connected subset
of C, but it is not simply connected; its complement has two connected
components, namely {z € C: |z — 29| < r} and {z € C: |z — 2| > R}. If
r < s < R then k4(2p) is a closed path in A, r(2p) which is not homotopic
to a constant path. If f is a holomorphic function on A, r(zp), we cannot
always represent f by a Taylor series, as the example 1/(z — z9) shows.
Instead, we represent it by a doubly infinite series.

Theorem 23.2.1 Suppose that f is a holomorphic function on the annulus
A, r(20) and that n € Z. If r < s < R, the quantity

1 f(z)
2mi LS(ZU) (z — zo)" !

does not depend upon s.
Suppose that 1 < s < t < R. The series > .~ jan(z — 29)" converges
absolutely uniformly on N¢(zo), and the series Y .~ | a_n(z—z) "™ converges

absolutely uniformly on the set {z : |z — z9| > s}. Thus the doubly infinite
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series Y o an(z—20)" converges absolutely uniformly on the set {z : s <
|z — 20| < t}:its sum is f(2).

Proof  Let I be the cycle k¢(20) —ks(20). The n(I', w) = 0 for w & A, r(20),
and the function f(z)/(z — 2z0)"*! is holomorphic on the annulus. By
Cauchy’s theorem for cycles,

(O N SR (O N S (C N
/P (z — zp)nH! dz = /Ht(z()) (z — zo)ntL d /HS(ZO) (z — zp)"H dz = 0.

Thus a,, does not depend upon s.
Suppose now that zo + h € A, r(z0). Choose r < s < |h| <t < R. Then
n(T',zo + h) = 1, so that

f(20+h)=i/rz_¢dz

2mi (z0+h)
_ e e
270 ey (z0) Z — (z0+h) 270 Jyo, (z0) # — (z0 + h)

Arguing exactly as in the proof of Theorem 22.4.1,

1 f(2) S
— — —dz = aph”,
270 ey (z) 2 — (z0 + h) 1;)

and the series has radius of convergence at least R. It therefore converges
absolutely uniformly on Ny¢(z).

We use an argument similar to the one used in the proof of Theorem
22.4.1 to deal with the remaining terms. Choose r < s’ < s. If z € Ty (2)
then |z — 29| = s’ < |h]. Since

-t

z—(z0+h)

R GRS S W N Cltc) (2 — 20)"*!

 h\l1—(2—20)/h) h Rl htl(z — (20 + h))’
it follows that

1
e,

270 Jyo,(z9) 2 — (20 + h)

1 1 z—2z (z — zp)" (z — z9)"H!
_ 1 _ d
270 S a0) 1) <h LR A By Y= e s Yy sy AV B

— - a—j _
j=1
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B 1 (z — zo)"+1
Rn(h) N 27T’L'hn+1 /n /(z0) f(Z)Z - (Zo + h) dz.

Let My = sup{|f(z)| : z € Ts(20)}. Then

where

/ nn+1 , / , 7\ n+1
R(h)] <= —2%¢ )T My s M <8—> ,

= 2r|h|ntlT B -8 T s—s'\'s

so that R, (h) — 0 as n — co. Thus

1 /() N
_%/ﬂs/(zo) (Z() +h Z

Consequently the series E‘;‘;l a,jzj has radius of convergence at least 1/s’.
Since 1/s" > 1/s, the series 22 a_;/ h7 converges absolutely uniformly on
the set {h : |h — 29| > s}.
Adding the two infinite series, we obtain the result. O
The doubly infinite series > o2 a,(z — z0)™ is called the Laurent series
for f. The function f,(w) =377 a_,/(w — z)", defined for |w — z9| > r,
is called the principal part of f: if r < s < |w — 2| then

o 1)
o) =5 [ g

Let us show that the Laurent series is unique.

Theorem 23.2.2  Suppose that f is a holomorphic function on the annulus
A, r(20), and that f(zo +h) = > 00 byh™ for zo + h € A, r(20). Then

n=—oo

1 f(2)
b, = — ——dz
270 e, (z0) (2 — 20)"H?

where r < s < R.

Proof  As in Theorem 23.2.1, the series » ° b,h™ and » 2 b_,h™"
converge uniformly on [k4(20)]. Since

1 / (z = 20) 1 ifj=n
P ———dz = i
270 S, (z0) (2 — 20)7 1 0 otherwise,
it follows that

= Z— 2
L. Z] bi( o dz=1b,, for — M <n < N.
270 J e, (20) (Z—Zo)”+1
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Thus

N ,
b~ i 1 2= bi(z — 20)
m T M N Soo 27 (z — zo)7t!

) ks (20) 0

1 f(z)
= ———dz.
2mi /HS(ZO) (2 — zo)"t!

z

Exercises

23.2.1 Find the Laurent series of the function f(z) = 1/z(z — 1)(z — 2),
defined on C\ {0, 1, 2}, in each of the annuli Ag;(0), A1,2(0), Az (0)
and AoJ(l).

23.2.2 Let 3°°° _ a,,2" be the Laurent series for the function e**1/* defined
on C*. Show that

[e. 9]

1 1/7r 2cost
Ay = Q_py = _— = — e cosntdt.
O L T Ry

23.2.3 Let 3.°° __b,2" be the Laurent series for the function e*~!/# defined
on C*. Show that if n € N then

n (-~ 1 [ _
b = (1) bnzzj!((ni—)j)!: ;/0 cos(2sint — nt) dt.

j=0
23.2.4 Find the coefficients in the Laurent series for the functions cos(z+1/z)
and sin(z 4+ 1/z) defined on C*.

23.3 Isolated singularities

Suppose that f is a holomorphic function on a domain U with zero set Z;.
We can then define the function 1/f on the domain V' = U\ Z;. The points
of Z are isolated points of C\ V. If 29 € Z¢ then |1/f(2)] — oo as z — 2.

This leads to the following definition. If f is a holomorphic function on a
domain U and zj is an isolated point of C\U then zj is an isolated singularity
of f. There then exists r > 0 such that N;(zp) C U, and the restriction of
f to N(z9) has a Laurent series

o0

flz)= Z an(z — 2zp)" for z € N (2).

n=—oo
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Further, if 0 < s < r then

1 f(2)
anp = 57 /HS(ZU) (z —w)rtl dz.

As we shall see, the coefficient a_; = (1/2mi) fns(z()
important; it is called the residue of f at zg, and is denoted by res ¢(20).

We use the coefficients in the Laurent series to classify the singularity.
We define the spectrum o¢(zo) of f at zg to be o¢(20) = {n € Z : a,, # 0}.
If f # 0 then of(29) is not empty. We then classify the singularity in the
following way.

) f(2)dz is particularly

o If f=00r of(z0) CZ" then f has a removable singularity at z.

o If 0f(29) is bounded below, but inf(c¢(29)) = —k < 0, then f has a pole
at zg, of order k. If kK =1 then zy is a simple pole of f.

e If 04(29) is not bounded below, then f has an essential isolated singularity
at zg.

In the next three theorems, we characterize each of these possibilities.

Theorem 23.3.1 Suppose that f is a non-zero holomorphic function on a
domain U, that zy is an isolated singularity of f and that N} (zo) C U. The
following are equivalent:

(i) f has a removable singularity at zo;
(ii) f can be extended to an analytic function on N, (zp);
(i1i) there exists | € C such that f(z) — 1 as z — zo;
(iv) (z —20)f(z) = 0 as z — zp;
(v) if 0 < t < r then f is bounded on the closed punctured neighbourhood
M (20)-

Proof  If f has a removable singularity at zp, then the series Y ° an(z —
20)" defines an analytic function on N, (zg), with f(z9) = ag, which agrees
with f on N}(z9). Thus (i) implies (ii). Then (ii) implies (iii), (iii) implies
(iv) and (iv) implies (v). Suppose that (v) holds, and that 0 < ¢ < r; let
Ky =sup{|f(z)| : 2z € M (20)}. f 0 < s <t and n € N then

1

27s
n—1 n—1 n
_al=1— — dz| < — K, = K;s".
’a 77/‘ ‘27_‘_2 /HS(ZO) f(Z)(Z ZO) Z‘ — 27_[_ t‘s‘ ts

Since s can be taken to be arbitrarily small, a_,, = 0, and so (i) holds. O

Thus the singularity can be removed, by setting f(zg) = ao.
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Theorem 23.3.2 Suppose that f is a non-zero holomorphic function on a
domain U, that zy is an isolated singularity of f and that N} (zo) C U. The
following are equivalent:

(i) f has a pole at zy;
(i) There exists a holomorphic function g on UU{zy} and k € N such that
9(20) £ 0 and f(2) = g(2)/(z — 20)* for = € U;
(iii) |f(z)] = o0 as z — 2p;
(iv) there exists 0 < s < r such that f(z) # 0 on NX(zo) (so that 1/f is
defined on N¥(zp)), and 1/f(z) = 0 as z — zp.

Proof  Suppose that f has a pole of order k at zy and that

o0

f(z) = Z an(z — 29)", for z € N (zp).

n=—*k

Let g(2) = (2 — 20)¥f(2) for z € U. Then g(2) = 32 an_(z — 20)" for
z € N}(z0), so that g has a removable singularity at zp, and can therefore
be extended to a holomorphic function on U U {zp}. Thus (i) implies (ii).
Clearly (ii) implies (iii) and (iii) implies (iv).

Suppose that (iv) holds. Then 1/f has a removable singularity at zo,
and it can be extended to a holomorphic function on Ns(zp) by setting
1/f(z9) = 0. Thus this extension has a zero at zg, of order k, say. There
therefore exists a holomorphic function g on Ns(zg), with g(zg) # 0, such
that 1/f(2) = (z—20)*g(2) for z € N4(20). Then g(z) # 0 for z € N,(2p). Let
h(z) = 1/g(z), for z € N4(z0). The function h is holomorphic on Ng(zg), and
so has a Taylor series expansion h(z) = Y 7 h,(z — 2)", for z € Ny(2),
with ho = 1/g(29) # 0. Then

f(2)=(z —20) Fh(z) = Z Ptk (z — z9)" for z € NI (2p).
n=—k

Since hy # 0, it follows that f has a pole of order k at z. a
Finally we characterize essential isolated singularities.

Theorem 23.3.3 (Weierstrass’ theorem) Suppose that f is a non-zero
holomorphic function on a domain U, that zy is an isolated singularity of f
and that N} (z0) C U. The following are equivalent:

(i) f has an essential isolated singularity at zo;
(i) for each 0 < s < r the set f(N(z9)) is dense in C — that is, if w € C,
0 >0 and 0 < s <1 there exists z € N} (zo) such that |f(z) —w| < §;



716 Zeros and singularities

(i11) if w € C there exists a sequence (z)5> in U such that z, — 2y and
fzp) = w as k — oo.

Proof It is an easy exercise to show that (ii) and (iii) are equivalent, and
it follows from Theorems 23.3.1 and 23.3.2 that either implies (i). It remains
to show that (i) implies (ii). Suppose that (ii) does not hold, so that there
exist w € C, § > 0 and 0 < s < r for which |f(z) —w| > § for z € N} (zp).
Then the function g(z) = 1/(f(z) —w) is a bounded holomorphic function on
NZ(zp), and by Theorem 23.3.1, it has a removable singularity at zp. It can
therefore be extended to a holomorphic function g on N4(zp). If g(z9) = 0,
then f(z) — w has a pole at zp, and so therefore does f; if g(z9) # 0, then
f(2) —w has a removable singularity at zp, and so therefore does f. In either
case, f does not have an essential isolated singularity at zg. O

Corollary 23.3.4  Suppose that f is a holomorphic function on the domain
{z € C: |z| > R} with Laurent series f(z) = Y oo anz", and that its
spectrum {n € Z : a, # 0} is not bounded above. If w € C, S > R and
€ > 0 then there exists z € C with |z| > S such that |f(z) — w| < €; that is,

f{z€C:|z| > S}) is dense in C.

Proof  Let h(z) = f(1/z), for 0 < |z| < 1/R. Then h has Laurent series

o a—pz", so that h has an isolated essential singularity at 0. Thus
there exists ¢ with 0 < |[¢| < 1/S such that |h(¢) — w| < €. If 2z =1/ then
|Z] > S and |f(z) —w| <e. O

As an example, the function f(z) = e=%/?" on C\ {0} has an essential
isolated singularity at 0, since its Laurent series is

00 (_1)n 1 2n
f(z) = HZ:O—H! <;> :
If we consider its restriction to R\ {0}, and define f(0) = 0, then f is
an infinitely differentiable function all of whose derivatives vanish at 0 (see
Volume I, Section 7.6). On the other hand, f(it) = e'/**, so that, as we
approach 0 along the imaginary axis, f(it) — oo as t — 0.

Weierstrass’ theorem shows that functions behave badly near an essential
isolated singularity. In fact, more can be said.

Theorem 23.3.5 (Picard’s theorem) Suppose that f is a non-zero holo-
morphic function on a domain U, that zy is an essential isolated singularity
of f and that N} (z9) C U. Then C\ f(N;(z0)) consists of at most one point.



23.3 Isolated singularities 717

Thus f takes all values, except perhaps one, arbitrarily close to zy. We
cannot do better: the function f(z) = e~'/** on C\ {0} fails to take the
value 0. The proof of this theorem is beyond the scope of this book!.

23.3.1

23.3.2

23.3.3

23.3.4

23.3.5

Exercises

Where are the singularities of the following functions? If a singularity
is isolated, determine whether it is removable, or a pole, or an isolated
singularity. If the function has a removable singularity at z, determine
the value that the function should take at z to make it continuous

(log 2™)/(1 — 2)™ (defined in Ny(1))

(e~ 1)

2" cos(1/z)

(viii) z"tan(1/z)

Suppose that f is an entire function and that |f(z)| — oo as |z| — oo.

Show that f is a polynomial function.

If 0 < |a|] < 1, let b, be the rational function b,(z) = (2 —a)/(1 —az)

defined on the set Ny, (0), and let by(z) = 2. Show that if |2 = 1

then [by(2)] = 1.

Suppose that f is a non-constant holomorphic function on a domain

U, that M;(0) C U, and that |f(z)] = 1 for |z| = 1. Let ay,...,a,

be the zeros of f in Ny(0), with multiplicities &, ..., k, respectively.

Show that there exists 6 € (—m, 7] such that f is the rational function
f= ek ke

where b, is the function defined in the previous exercise.

Suppose that f is a holomorphic function on a domain U and that f

has a singularity at zg. Show that if zg is a non-removable singularity

then the function e/ has an isolated essential singularity at zg. Deduce

that if R f is bounded in a neighbourhood of zg then zj is a removable

singularity.

1 See John B. Conway Functions of one complex variable, Springer-Verlag 1978.
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Figure 23.4.

23.4 Meromorphic functions and the complex sphere

Theorem 23.3.2 shows that zeros and poles are closely related. This leads to
the following definition. A meromorphic function f on a domain U is a pair
(f,Sy), where Sy (the singular set) is a discrete closed subset of U, together
with a holomorphic function f on U \ Sy which has a pole at each point of
Sy¢. If f is a non-zero meromorphic function on U with singular set Sy and
zero set Zy, then 1/f is also a meromorphic function on U, with singular set
Zy and zero set Sy. It follows from this that the meromorphic functions on
U form a field. Rational functions are examples of meromorphic functions
on C; another example is the function cot z, with singular set {n7 :n € Z}
and zero set {(n + 3)7 :n € Z}.

A meromorphic function f on a domain U concerns a function defined on
a subset U \ Sy of U. This appears to be a misuse of the word ‘function’,
but is excusable since ‘mero’ means ‘part’. But we can remedy this misuse
by enlarging the range of f. If 2y € Sy then |f(2)| — oo as z — 2o, and
so we need to adjoin a ‘point at infinity’ in a suitable way. The following
construction provides a concrete way of doing so.

The complex plane C is isomorphic as a real vector space to R?, and we
can identify C with a linear subspace of R? by identifying z = = + iy with
the point (z,y,0). If we give R? the Euclidean metric d defined by the norm

(2, y,1t)|| = (22 + 9%+ 1%)2, then distances are preserved: d(z,w) = |z — w|.
We now consider the unit sphere S = {(z,y,t) : 22 + y? + > = 1} and the
point N = (0,0,1): N is the north pole of S. If z € C then the straight line
[, through N and z meets S in two points: one is N, and we denote the other
by ¢(z). The mapping z — ¢(z) is a bijection of C onto S\ {/V}, called the
stereographic projection.

Let us calculate ¢(2). If z = x 4 iy = re®, the straight line I, is the set

{I=ANN+Xz: Ae R} ={(Arcosf, A\rsinf,1 —\) : A € R}.
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This meets S where A\272 + (1 — \)? = 1; that is, where A = 0 (the point V)
and A = 2/(1 +r?) (the point ¢(z)). Thus

2x 2y r?—1
9(2) = <1+r2’1+r2’1+r2>'

We now adjoin an extra point co to C, and denote C U {co} by Cq.
We extend ¢ to Co by setting ¢(co) = N, so that ¢ is a bijection of Cy
onto S. We define a metric p on Co by setting p(z,w) = d(¢(z), p(w)) =
llo(z) — ¢(w)]|. Then (Co, p) is a compact metric space, isometrically home-
omorphic to (S,d); for this reason, C is called the complex sphere.
The inclusion mapping (C,d) — (Cu,p) is then a homeomorphism of
(C,d) onto the dense subset C \ {00} of (Cuo,p): (Coo, p) is a one-point
compactification of (C,d).

If a # 0, we set a.00 = 00.a = 00, and if b € C we set co+b = b+ 00 = .
The quantities 0.00, 0/0, co/oc0 and 0o + oo are not defined.

If now f is a meromorphic function on a domain U, with singular set Sy,
we can extend f to a continuous function from U to C by setting ¢(z) = oo
for z € S¢. As an example, the function J(z) = 1/z is meromorphic on C,
with a simple pole at 0, and so we define J(0) = 1/0 = oo. Since J(z) — 0 as
z — 00, we set J(oco) = 1/o0 = 0. Then J is a homeomorphism (inversion)
of C4, onto itself.

An open connected subset of C, is called a domain in C. If U is a
domain in C., then either co ¢ U, in which case U is a domain in C, or
oo € U, in which case U N C is a domain in C with the property that there
exists R > 0 such that {z € C:|z| > R} C U.

Suppose that U is a domain in C,, that co € U and that f is a meromor-
phic function on U N C with singular set Sy. We consider the function foJ
on J(UNC) (so that foJ(z) = f(1/z) for z € J(UNC)). It is a meromorphic
function on J(UNC), which is a subset of C* = C\ {0}. If S} is unbounded,
then 0 is an accumulation point of the singular set of f o .J, but if S; is
bounded, then 0 is an isolated singularity of fo.J. There are then three pos-
sibilities. First, 0 is a removable singularity of fo.J, in which case f(z) tends
to a finite limit [ as z — oo, and we set f(00) = [. Secondly, 0 is a pole of of
foJ,in which case f(z) — oo as z — oo, and we set f(00) = oco. Thirdly, 0 is
an essential isolated singularity, in which case f(c0) is not defined. If the first
or second possibility holds, we call the mapping f : U — C4 a meromorphic
function on U.
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Exercises

23.4.1 Verify that the mapping ¢ : (C,d) — (¢(C),d) is a homeomorphism.

23.4.2 Suppose that ¢(z) = (u,v,w). Show that z = (u +iv)/(1 —w).

23.4.3 Suppose that ¢(z) = (u,v,w) and that ¢(z') = (v/,v',w’). Show that
d(z,2")? =2 — 2(ut/ + vv’ + ww'). Deduce that

2|z — 2|
d(z,2") = 1 T
(1412 2(1 +[']?)2
Show that
2
d(z,00) = —— .
(1+12%)2

23.4.4 Suppose that f is a meromorphic function on C and that there exist
R > 0 and k € N such that |f(z)| < |z|¥ for |z] > R. Show that
f is a rational function: there exist polynomials p and ¢ such that
1(2) = p(2)/a(2) for = € C\ 8.

23.4.5 Suppose that f is a meromorphic function on C and that f o J is
also meromorphic on C. Show that the singular set Sy is finite. Show
that f is a rational function.

23.4.6 Let R be the rotation of R® by 7 about the first axis, so that
R(z,y,t) = (z,—y, —t). If z € C, what is ¢~ R¢(2)?

23.5 The residue theorem

We now apply Cauchy’s theorem to a meromorphic function f. This involves
the residues at the poles of f.

Proposition 23.5.1 Suppose that f is a meromorphic function on a
domain U with zero set Zy and singular set Sy. Suppose that I' is a cycle in

U\ Sy such that n(I',w) =0 for w ¢ U. Let
Ur={ze€U\[I':nl,z2) #0} and let Kr = [I']UUr.
Then Kr is a compact subset of U.

Proof C\ Kr ={w € C\[I']:n(I',w) = 0} is the union of some of the
connected components of the open set C\ [I'], including the unbounded one,
so that Kt is a compact subset of C. Further, Kt C U, since n(I',w) =0
forw € U. O
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Corollary 23.5.2 The sets

Spl) = Kr NSy ={z€ Sp:n(l, f) # 0}
ande(F) KFﬂZf—{ZEZf n(T, f) # 0}
are finite.
Proof  This follows from Proposition 23.1.2. a

Theorem 23.5.3 (The residue theorem)  Suppose that f is a meromorphic
function on a domain U with singular set Sy, and suppose that I' is a cycle
in V. =U\ Sy such that n(I',w) =0 for w ¢ U. Then

27rz/f dz—Z{nFsresf() se S}

Proof By Corollary 23.5.2, the set S¢(I') is a finite subset of U, and so
the sum is finite. The restriction of f to V is a holomorphic function, but
we cannot immediately apply Cauchy’s theorem, since if S¢(I') # () then
n(I', s) may be non-zore for s € S¢(I') € C\ V. There exists 7 > 0 such that
M, (s) C Ur, for each s € S¢(I"), and such that M,(s) N M,(s") =0, for s, s
distinct elements of S¢(I"). Let

I'="- Z n(L, s)k,(s).

seSy(I)

Then I' is a cycle for which n(I",s) = 0 for s € S¢(I'), and also n(I',s) =0
for s € Sy \ S¢(I'). Thus n(I',w) = 0 for w ¢ V. We can apply Cauchy’s
theorem for cycles: [, f(z)dz = 0.

Since
! = [ e w5 [ s
omi o d = o - N\ awi ),
SESf(F) i
2m/f )dz — n(I', s)res ¢(s),
SGSf(F)
the result follows. O

This theorem can be used to calculate certain definite integrals; we shall
give examples in the next chapter.

Suppose that f is a meromorphic function on a domain U and that ¢ €
U\ Sf. Then, as in Cauchy’s integral formula, we may consider the meromor-
phic function f(z)/(z—(). If ¢ € U, this has a simple pole at ¢, with residue
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f(¢). The next proposition gives information about the residues at the
other poles.

Proposition 23.5.4 Suppose that f is a meromorphic function on a
domain U with singular set Sy, that s € Sy is a pole of order k, that If
s € Sy is a pole of order k and if

[e.e]

F(2)=Y aj(z—s)

j=—k

is the Laurent expansion of f in a neighbourhood of s and that ¢ # s. Then
f(2)(z = ¢) has a pole of over k at s, and

G I e ) A )

Proof  The function ¢ certainly has a pole of order k at s. Let g(z) =

E;’if w0z — 5)7 be its Laurent expansion in a punctured neighbourhood of
s. If |z — s| <|s — (], then

1 1 1 1
2=C (z=5)=(C=s5) (—s\1-Z3

1 1+z—s+<z—s>2+”.
- (-s (—s (—s '

Multiplying the Laurent series for f by this power series, we see that the

coefficient b_; of 1/(z — s) is equal to

—_— a/ik a*k‘i’l P 701_1
<<<—s>'f+<<—s>k—1+ +<<—s>>'

The residue theorem has the following corollary.

Corollary 23.5.5 If s € S¢(T), let 3372 ;. ags)(z — 8)/ be the Laurent
expansion of f in a punctured neighbourhood of s. If ¢ € U\ Sy then

ke (S)
2mi Jpz—C d+z FSZ

SESf .7:1

n(, O f(Q) = o—
This has the following consequence for certain meromorphic functions

defined on C.

Theorem 23.5.6 Suppose that f is a meromorphic function on C with
the following property: there exists a sequence (rp)>>, of real numbers
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increasing to oo, such that T, NSy = 0 for each n € N, and such that

M, =sup{[f(z)| : 2 € T;,} = 0asn —o0. Ifs € Sp, let 322 ags)(z—s)J
be the Laurent expansion of f in a punctured neighbourhood of s. Suppose

that ¢ € C\ Sy. Then

o0

fO=Jm > Y

s€8Sy,|s|<r, \J=1

and the limit exists locally uniformly on C\ Sy.

Proof  Suppose that K is a compact subset of C\ Sy. Let L = sup,¢ |C].
If n> L and ¢ € K, then

1@ .

M
— < (27ry).—— — 0,
Koy, C —z

rn — L

uniformly on K. The result therefore follows from Corollary 23.5.5. a

Thus we have a ‘partial fractions’ expansion of f.
One important case occurs when all the singularities of f are simple: here
we impose weaker conditions on f.

Theorem 23.5.7 Suppose that f is a meromorphic function on C, all of
whose singularities are simple poles, and suppose that 0 € Sy. Suppose also
that there exists a sequence ()72, of real numbers increasing to oo, such
that T,, NSy = 0 for n € N and such that if M,, = sup{f(z) : z € T}, }
then (M), is bounded. If s € Sy, let bs be the residue of f at s. If ( € Sy
then

n— o0 S
s€St, |s|<rn

. 1 1
Proof  The meromorphic function h(z) = (f(z) — f(0))/z satisfies the con-
ditions of Theorem 23.5.6. The residue of h(z) at s € Sy is b(s)/s, so that,

applying Theorem 23.5.6,

F(Q) = F(O) +h(Q) = FO) + 1im Y b
nee s€Sy, |s|<rn S(< S)
. 1 1
=0+ im ) bs<<_s+;)'
SESY, |s|<rn O

We shall apply these results in Chapter 26.
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Exercises

23.5.1 What is the corresponding result if, in Theorem 23.5.7, f has a simple
pole at 07

23.6 The principle of the argument

If f is a non-zero meromorphic function on a domain U, then so are f’ and
f'/f. Where are the poles of f'/f, and what are their residues?

Proposition 23.6.1 Suppose that f is a non-constant meromorphic func-
tion on a domain U with singular set Sy and zero set Zy. The function f'/f
is a meromorphic function on U with singular set Sy U Zy. If f has a zero
of order k at zg € Zy then f'/f has a simple pole at zy with residue k. If
[ has a pole of order k at zy € Sy then f'/f has a simple pole at zy with
residue —k.

Proof  The function f’/f is defined on U \ (S§ U Z¢) and is holomorphic
there. If f has a zero of order k at 29 € Zy, then f(z) = (z— 20)*g(z), where
g is a holomorphic function on U \ Sy and g(zp) # 0. Then

F'(2) = k(z = 20)" g(2) + (2 = 20)"9/ (2).

Thus

P& _ k98 o807,

f(z) 2=z g(2)
Since ¢’ /g is holomorphic in a neighbourhood of 2, it follows that f’/f has

a simple pole at zg with residue k.

The argument for a pole is very similar. If f has a pole of order k at
20 € Zy, then f(z) = (z — 20) *h(z), where h is a holomorphic function on
U\ Sy for which h(z) # 0. Then

f'(2) = =k(z = 20) 7 h(2) + (2 — 20) "W (2).
Thus

e =k W)

fz)  z—=  h(z)
Since h'/h is holomorphic in a neighbourhood of zy, it follows that f’/f has
a simple pole at zg with residue —k.

If 20 € U\ (Sf U Zy) then f(z9) # 0, and f’/f is holomorphic in a
neighbourhood of zj. O

for z € U\ (SyU Zy).

We use this to prove the principle of the argument.
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Theorem 23.6.2 (The principle of the argument) Suppose that f is a
meromorphic function on a domain U with zero set Zy and singular set Sy,
and suppose that I' is a cycle in U \ (Zy U S¢) such that n(I',;w) = 0 for
w & U. Then

n(f © F7O) = Z TL(F,C)lf(C) - Z n(rﬂs)kf(s)a

CeZy seSy

where 1¢(C) is the order of the zero of f at ¢ and k¢(s) is the order of the
pole of f at s.

Proof By Corollary 22.10.4,
1 /
n(fol',0) = —/ ') dz,
r

2mi Jr f(2)
and
L [ f'(2)
— dz = I', O)res 4 T, s)res ¢
211 N f(z) : Ce%:(p)n( 7C) eSf/f(C)—i_sng:(F)n( ’8) eSf/f(S)
= > OO - Y (T s)ks(s).
CeZp(I) seSp(I)

Let us apply Proposition 21.1.8.
Corollary 23.6.3 (Rouché’s theorem) Suppose that g is a meromorphic
function on U for which Sq N [I'] =0 and
[f (w) = g(w)| < [f(w)| + [g(w)] for w € [T].
Then

Yo @ OLQ) = Y (L s)ks(s) =

CEZf(F) SESf(F)

S n@ L) - > n(l,s)ky(s),

CeZy(T) s€8,(I)

where 14(C) is the order of the zero of g at ( and ky(s) is the order of the
pole of g at s.

Proof  The conditions imply that f and ¢ have no zeros and no poles
in [I']. Applying Proposition 21.1.8 to each of the paths in I', we see that
n(fol,0) =n(gol,0). O
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Rouché’s theorem is usually stated (and used) with the stronger condition
that 0 < |f(w) — g(w)| < |f(w)], for w € [I'].

These results can be used to locate the zeros of holomorphic functions.
We shall give some examples in Section 23.7.

We use the principle of the argument to consider the behaviour of a
holomorphic function at a point where the derivative may be 0.

Theorem 23.6.4 Suppose that f is a non-constant holomorphic function
on a domain U and that zg € U. Let d be the least positive integer such
that f9(z) # 0. Then there exist p > 0 and r > 0 such that for each
w € N;(f(20)) there exist exactly d points in N, (20) satisfying f(z) = w.
These points are simple zeros of the function f — w.

Proof  Since the zeros of f — f(z9) and f’ are isolated, there exists r > 0
such that M,(29) C U and such that f(z) — f(20) # 0 and f'(z) # 0 for
z € M}¥(z9). Then f(z) # f(z0) for z € [kr(20)], and n(k,(20),z) = 1 for
z € Ny(z0). By the principle of the argument, n(f o k,(29), f(20)) = d. Let
V' be the connected component of C\ f([x(20)]) to which f(zp) belongs.
Since V' is open, there exists p > 0 such that N,(f(z)) € V. Since the
winding number n(f o k,.(29),w) is constant on V, n(f o k.(20),w) = d,
for w € N,(f(20)), and so f —w has d zeros, counted according to mul-
tiplicity, in N;(z9). Since f’(z) # 0 for z € N(zy), each of these zeros
is a simple zero, and so there are d distinct solutions to the equation
f(z) =w in N} (2p). O

We use this to describe the behaviour of a meromorphic function near
a pole.

Corollary 23.6.5 Suppose that f is a meromorphic function on a domain
U, with a pole of order k at zg. Then there exist R > 0 and r > 0 such that
if |C| > R there exist exactly d points in N} (z) satisfying f(z) = (. These
points are simple zeros of the function f — (.

Proof  There exists § > 0 such that f(2) = g(z)/(z — 20)* for z € N} (20),
where ¢ is a holomorphic function on Ns(zy) with no zeros in Nj(zg). Let
h(z) = (2 —20)%/g(z) for z € N5(20). Then h has a zero of order k at z, and
so there exist p > 0 and 0 < r < 9 such that the conclusions of the theorem
hold (with h in place of f). Let R =1/p. If [(| > R, then 1/¢ € N;(0), and
there exist exactly d points in N, (z) satisfying h(z) = 1/(, and these points
are simple zeros of the function h—1/(. Since h(z) = 1/f(z) for z € N} (z0),
the result follows. O
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This gives another proof of the open mapping theorem.

Corollary 23.6.6 (The open mapping theorem) Suppose that f is a non-
constant holomorphic function on a domain U. If V is an open subset of U
then f(V') is an open subset of C.

Proof  Suppose that zyp € V. Let W be the connected component of V'
to which zp belongs, and apply the theorem to the restriction of f to W.
If w e Ny(f(20)) then the equation f(z) = w has at least one solution in
N, (20), so that N,(f(20)) € f(Nr(20)) € f(V). Thus f(V) is open. O

It also provides another proof of the maximum modulus principle.

Corollary 23.6.7 Suppose that f is a non-constant holomorphic function
on a domain U. Then |f| has no local maxima on U, and the only local
minima are the zeros of f.

Proof  If Ny(zp) is a neighbourhood of zy contained in U, then f(z) is an
interior point of the open set f(N,(zp)), and so | f(z0)| is not the supremum
of |f| on N,(2p), and is the infimum only if f(z) = 0. O

We now give an improved version of Theorem 20.2.3.

Theorem 23.6.8 Suppose that f is a univalent function on a domain U.
Then f(U) is a domain, f is a homeomorphism of U onto f(U), f'(z) #0
forze U, f~1: f(U) — U is holomorphic and if f(z) = w then (f~1)'(w) =
1F(2).

Proof If f'(20) = 0 for some 2y € U then the equation f(z) = w has
more than one solution in U for values of w close to f(zp), contradicting
the fact that f is univalent. Thus f’(z) # 0 for z € U. The derivative f’
is holomorphic, and is therefore continuous. The result is therefore follows
from Theorem 20.2.3. O

Exercises

23.6.1 Suppose that f is a non-constant continuous complex-valued func-
tion on D whose restriction to D is holomorphic. Show that if

f(D) C D then f has exactly one fixed point.
23.6.2 Suppose that |a| < 1. Show that the function

2™ z=a )" a
1—az

has m + n zeros in D.
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23.6.3

23.6.4

23.6.5

23.6.6

23.6.7

Zeros and singularities

Suppose that p(z) = ag + - -+ + a, 2™ is a non-constant polynomial
of degree n. Show that there exists R > 0 such that |p(z) — an2"| <
|anz"| for |z] > R. Use Rouché’s theorem to give another proof of
the fundamental theorem of algebra.

How many zeros does the function zsinz — 1 have in the disc
N (n+ 1 )W(O)? Use this to show that all the solutions of the equation
zsinz = 1 are real.

(The inverse mapping theorem.) Suppose that f is a non-constant
holomorphic function on a domain U and that zyg € U. What is
the residue of the meromorphic function zf'(2)/(f(z) — f(z0)) at
20?7 Suppose that f is univalent, that v is a contour in U and that

V=in[y]. f we f(V) let

w) = ! 72‘)“(2) dz.
g(w) / ;

T omi (2) —w

Show that g is the restriction of the inverse mapping f~! to f(V).

Suppose that f is a meromorphic function on a domain U with the

property that the residue at every pole is an integer. Suppose that

20 € U\ Sy. If z€ U\ Sy and 7 is a rectifiable path in U \ Sy from

Zp to z, let F\(z) = f7 f(2)dz. Show that e (*) does not depend

upon the choice of 7. Show that there exists a holomorphic function

gon U\ Sy such that f = ¢'/g. Show further that g is meromorphic

on U.

This exercise extends the results of Theorem 23.6.4.

(i) Suppose that U, f, zg and d satisfy the conditions of Theorem
23.6.4 and that r and p satisfy its conclusions. Suppose that
2o = 0 and that f(z9) = 0. Show that there exists a holomorphic
function h on U such that f(z) = z%h(z) for z € U, and that
h(0) # 0.

(ii) Show that there exist 0 < r; < r and a univalent function k on
N, (0) such that h(z) = k(z)¢ for z € N, (0).

(iii) Let I(z) = zk(z) for z € N,,(0). Observe that f(z) = I(2)%, for
z € N, (0). Show that there exists 0 < ro < 7 such that [ is
univalent on N, (0).

(iv) Let 0 < s < 72. Let yo(t) = se® for 0 < ¢ < 27/d. Let dg be the
simple closed path (0, s) Vo V o(se2™/%,0). Let eg = 1~ 0 4y,
and let V = infeg]. Show that the restriction of f to Vj is a
univalent mapping of V) onto the cut disc N4(0) \ (—s,0].
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(v) Carry out similar constructions for the paths ~; and d;, for
1 < j < d, where y;(t) = se’ for 2mj/d <t < 2m(j +1)/d, and
§; is the simple closed path (0, se?>™/4) v,V o (se?mU+D/d ),
(vi) Draw a sketch to illustrate these constructions.
(vii) Show that there is no loss of generality in taking zyp = 0 and
f(z0) =0.

23.6.8 Let P, = {a = (ag,...,a,) € C"" 1 a, # 0}. If a € P,, let
r(a) ={z € C:ag+a1z+ - -+ a,z™ = 0} be the set of roots of
the polynomial p,(2) = ap + a1z + - - - + ap2™, counted according to
multiplicity. Explain why r(a) can be considered as an element of
the weighted configuration space W,,(C) defined in the exercises of
Volume 11, Section 15.6.

Suppose that € > 0. Show that there exists a finite set I of disjoint
circular paths in C \ r(a), each of radius less than €, with centres
the elements of r(a).

Let m = inf{|p,(2)| : z € [[']}. Show that m > 0.

Show that there exists 6 > 0 such that if b € P, and d(a,b) < 0
then |pa(z) — pp(2)| < m for z € [I'].

Use Rouché’s theorem to show that the mapping r from P, to
(W,(C),dw) is continuous. (The roots of a polynomial depend
continuously on the coefficients.)

23.6.9 Let Z(i) = {m +in : m,n € Z} be the set of Gaussian integers. If
z€ C\ Z(1), let

weZ(i)

Prove carefully that the sum converges locally uniformly to a mero-
morphic function f on C. Show that f(z 4+ w) = f(z) for w € Z(1).
(f is doubly periodic.) Suppose that zy € C\Z(i) and that f(zg) # 0.
Show that f has two zeros (counted according to multiplicity) in the
square with vertices zg, z0 + 1, z0 + 1 + ¢ and 2o + 7.

23.6.10 Suppose that f is a meromorphic function on C for which f(z) =
f(z +w) for w € Z(i). Show that if f is holomorphic, then f is
constant. Suppose that f is not constant, and that f does not have
a pole on the edges of the square with vertices zg, 20 + 1, 20 +
1+ 4 and zg + ¢. Show that the sum of the residues of the poles
within the square is zero. Show that the number of zeros within the
square (counted according to multiplicity) is equal to the number of
poles (counted according to multiplicity), and that the number is at
least 2.
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23.7 Locating zeros

We now give examples to show how the principle of the argument and
Rouché’s theorem can be used to provide information about the location
of zeros of polynomials and of other holomorphic functions.

Example 23.7.1 The polynomial p(z) = 2z* — 23 — 2z + 5 has four simple

roots in the annulus A; 2(0) = {2z : 1 < |z| < 2}, and has one in each of the
four quadrants of C.

If |z| = 2 then
16 =24 > 15 =22+ |2| +5 > |22 + 2 — 5|,

so that by Rouché’s theorem all the zeros of p lie in No(0). If |2| < 1 then
|24+ 23| + |2] < 3, so that |p(z)| > 2. Thus the zeros of p lie in the annulus
A12(0). Further, p(z) = (2* —2%)+ (5 —2) > 5 for 1 <z <2, and p(x) > 5
for 2 < 0, and so p has no real roots. Similarly p(iy) = (y*+5)+i(y>—y) # 0,
so that there are no purely imaginary roots.

We show that p has one root in the quadrant {z +iy: z > 0,y > 0}. Let
v :]0,3] — C be the path defined as

2t for 0 <t <1,
y(t) =< 2eDT/2 for 1 <t <2,
2i(3 —1t) for 2 <t <3,

and let 6 : [0,3] — R be a continuous branch of Arg (p o ~y) with 6(0) = 0.
First, since p is real and positive on [0, 2], §(¢t) = 0 for ¢ € [0, 1]. Next, suppose
that 1 <t < 2. Then arg ((7(t))*) = 2(t — 1)x. Since [p(y(t)) — (v(t))*| <
|(7(t))?] it follows that |0(t) — 2(t — 1)7| < m. In particular |0(2) — 27| < 7,
so that

0(2) = arg (p(v(2))) + 2m = arg (21 + 6i) + 27 € (27, 237).

Finally, if 2 <t < 3 and 7(t) = ir then p(t) = (r* +5) +i(r3 — r) lies in the
right-hand half-plane H = {z = x + iy : x > 0}, so that [0(t) — 0(2)| < =,
and 7 < 0(3) < 33m. But 0(3) is an integer multiple of 27, and so §(3) = 2.
By the principle of the argument, there is therefore exactly one zero of p
inside [v].

We can carry out similar calculations for the other three quadrants, but
in this case it is easier to argue differently. Since p has real coeflicients, z
is a zero of p if and only if Z is, and so there is one zero in the quadrant
{z+iy: 2z > 0,y < 0}. There remain two more zeros to account for. For the
same reason, there must be one root in each of the other quadrants.
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As a second, harder, example, let us consider the entire function f(z) =
e — z. The function e* has no zeros, and f(x) > 1 for z € R. Does f have
any zeros?

Example 23.7.2 The function f(z) = e* — z has one simple zero in each
of the semi-infinite open strips

A, ={z=z+iy:2>0,2nt <y <2(n+1)r},
and has no other zeros.

Proof  In this proof, certain details are left for the reader to verify. Draw
a diagram!
First we show that if z < 0 then f(x + iy) # 0. Suppose not. Since
f(z+iy) = (e* cosy — x) +i(e” siny — y), it follows that
[siny| = ™|y = [y|.

Thus y = 0. But then & = e*, which is not possible.
Next, if z = x + 2nmi, with n € Z, then f(z) = (¢ — x) — 2nmi # 0.
Suppose now that n € Z. Choose x,, > 0 such that

e’ > 2(xn + 2(|n| + D),
and consider the closed rectangular path v : [0,4] — C with
v(0) = 2nmi, y(1) =z, + 2n7i, ¥(2) = 2y + 2(n+ 1)7i, v(3) = 2(n + 1)mi.
Let 6 be a continuous branch of Arg (f o+) on [0,4], with

0(0) = arg (f(2nmi)) = arg (1 — 2nmi).

Thus f([7j,1)]) is contained in the right-hand half-plane {z = = + iy :
x > 0}, from which it follows that 6(t) = arg(f(y(¢))); in particular,
0(1) = arg (f(y(1)) = arg (e* — x,, — 2nmi), and |6(1)| < 7/6.

If 1 <t <2 we can suppose that v(t) = x,, + 2m(n + (¢t — 1))i. Then

If 0 <t < 1and 7(t) = s+ 2nmi then R(f(y(t))) = € —s > 0.

F(3(8)) = €23 = [y + 2m(n + (£ = 1))i] < S = SJerne™.

Since |0(1)] < m/6, it follows that |6(t) — 27 (t — 1)| < /3. Consequently
|0(2) — 27| < 7/3, so that 0(2) = arg f(7(2)) + 2.

Arguing as for the interval [0, 1], f([v[2,3]]) is contained in the right-hand
half-plane {z = = + iy : > 0}, and it follows from this that 6(3) =

arg f(v(3)) + 2.
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Finally, since f(iy) = cosy + (siny — y)i, the imaginary part of f(iy) is
negative when y > 0 and positive when y < 0. From this it follows that
if 3 <t <4 then |6(t) — 0(3)] < m and |arg f(7(t)) — arg f(7(3))] < m, so
that |0(t) — (arg f(y(¢)) + 2m)| < 2. Thus 0(¢t) = arg (f(y(¢)) + 27, and in
particular 6(4) = arg (f(v(4)) 4+ 27 = 0(0) + 2.

It therefore follows from the principle of the argument that there is one
simple zero of f inside [y]. Since x, can be chosen to be arbitrarily large,
there is just one simple zero of f in A,. O

Exercises

23.7.1 Let p(z) = 23 +ikz — 1, where 0 < k < 1. Show that the roots of p lie
in the annulus {z : 3 < z < 2} and lie in different quadrants. Which
quadrant does not contain a root of p?

23.7.2 Show that the track [y] of Example 23.7.2 meets (—oo, 0] in just one
point. Use this to give another proof of the result.
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The calculus of residues

24.1 Calculating residues

In this chapter, we show how the residue theorem (Theorem 23.5.3) can be
used to calculate certain definite integrals. First, we see how to calculate
residues.

Theorem 24.1.1  Suppose that [ is a meromorphic function on a domain
U, with a pole at zg.

(i) If zo is a simple pole then res f(2p) = lim. ., (2 — 20) f(2).
(ii) Suppose that zy is a simple pole and that g and h are holomorphic func-
tions in a neighbourhood N, (zp), with g(zo) # 0 and h(zy) = 0, such
that f(z) = g(z)/h(z) for z € N (z0). Then res ¢(z0) = g(20)/h (20).
(i4i) If 2o is a pole of order k, with k > 1, then (2 — 20)*f(2) extends to
a holomorphic function g in a neighhbourhood N,(zp), and res f(zy) =
g% (z0)/ (5 — 1)\

Proof

(i) We can write
res ¢(z
1(z0)
Z— 20

f(z) =

where j is holomorphic in a neighbourhood of zy. Thus

3(2),

(z —20)f(2) =7res f(20) + (2 — 20)j(2) = res §(20) as z = 2.

(i) If f(2) = g(2)/h(z) for z € N7 (zp) then

— lim (z — 20)9(2) — lim a(= Z 20 _ 9(%0)
I‘eSf(Z(]) - zl—>z0 h(Z) z1—>zog( ) (h(z) — h(ZQ)) h/(Zo) '

733
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(iii) Suppose that

a_p a

f(z)—ererz__lZO+]Z:%az(z—zo)j

is the Laurent series for f in a punctured neighbourhood N;(2g) of 2.
Let g(2) = (2 — 20)* f(2) = > 2o aj—k(z — 20)?, for 2 € N7(z) . Then
g has a removable singularity at zg. If we set g(z9) = a_j then g is
analytic on N, (zp), and

o . () (4 ,
9(z) = Z;ajk(z —20)) = a_p + 2; g (' 0) (z — 20)’.

J

k—1

Equating the coefficient of (z — zp)" ", we obtain the result. 0

24.2 Integrals of the form fozw f(cost,sint) dt

First we consider integrals of the form fo% f(cost,sint)dt.
Since . . . .
e + et . e —e
cost= ——— and sint = ——,
2 21

we consider the function

g(Z)—fG <z+§>%<z—%>> on T.

Then g(e") = f(cost,sint). Suppose that there exists a function g, mero-
morphic in a domain U containing the closed unit disc M;(0), with no poles
on the unit circle T = {z : |z| = 1}, and for which f(cost,sint) = g(e®).
We consider the circular path x = x1(0). Then x'(t) = ie’, so that

o ) 2
/ Q(ZZ) dy — z/ glet)ydt =i f(cost,sint)dt.
* 0 0

Let h(z) = g(2)/z, so that h is meromorphic on U. Let S be the set of poles
of h in the open unit disc N1(0). Then, applying the theorem of residues,

2Wf(cost,sint) dt = —i/h(z) dz =27 Z res h(w).

0 weESy,

Example 24.2.1 If 2k is an even integer then

2m
2w (2k)! 2w [2k
_ 2k _ —
Loy, _/0 (cost)™" dt = JR(R)E 27 </€>
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By the binomial theorem,
2k
I 1\* 1 2k\ 9j—ok—1
o= (de+D) - 7 2 ()

Then h has a pole of order 2k 4+ 1 at 0, and the residue is (2k)!/22%(k!)2.
Compare this calculation with the calculation of Iy, in Volume I, Section
10.3.

Example 24.2.2 If a is real and m € ZT then

2 cosmt
5 dt =
o 1l+a*—2acost

The integrand is real, and is the real part of ¢ /(1 + a® — 2acost). We
therefore consider the function g(z) = 2™/(1 + a® — a(z + 1/z)). Then

h(z):g(Z): —zm 1 <sz m )

z azZ—(1+a2)z+a:1—a2 —a z—1/a

2ra™ /(1 —a?) for |a| < 1,

2r/a™(a® — 1)  for |a| > 1.

If a # +1, then h has a pole at a with residue a™ /(1 —a?) and a pole at 1/a
with residue 1/a™(a? — 1). If |a| < 1 then the pole at a is inside [y] and the
pole at 1/a is outside [v], giving the first equality. If |a| > 1 then the pole at
a is outside [y] and the pole at 1/a is inside [y], giving the second equality.

Exercises

24.2.1 Show that if @ > 1 then

/7r a ™
o a+cost aZ_—1

24.2.2 Show that if b > 0 then

/ 4 dt o

o b+sin’t V24 b

first by using the calculus of residues, and secondly by making a
change of variables, and using the result of the previous example.

24.2.3 What is the value of
27
t
/ cosm gt
o 14+a?—2acost

when a =1 or —17
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24.2.4 Show that if @ is real and |a| < 1 then

m sin? ¢
dt=m
o 1+a?—2acost

What is the value if |a| > 1?7 Does the integral exist if a = £17
24.2.5 Show that if a > 0 then

/27r dt o7
o a?+ (tant)2  a(a+1)
24.2.6 Suppose that 0 < a < b. Show that

/27r dt 2o
o a2cos?t+ b2sin’t  ab
by considering f7 f(2)dz, where f is a suitable meromorphic function

and 7 is the contour with track [y] = {z = z+iy : 2%/a®+y?/b* = 1}.
By considering the function e? /2!, show that

o 2
/ e cos(nt—sint) dt = 27 /n! and / "' sin(nt—sint) dt = 0.
0 0

24.3 Integrals of the form ffooo f(x)dx

Suppose that f is a meromorphic function on the open upper half-plane
H, = {x +1iy : y > 0} with a finite singular set Sy, and that f has a
continuous extension (also denoted by f) to the closed upper half-plane
H . Suppose that —R < 0 < S. We consider a contour of the form v =
(=R, S)VS(S, —R), where §(S, — R) is either a semicircular path in H , from
S to —R, or a rectilinear path from S to —R with vertices S, S +i(R+ S),
—R+i(R+ S) and —R. For large enough R and S, Sy is inside [7], so that
by the residue theorem

S
/ f(z)dx = 2mi Z res f(s) — / f(2)dz.
—R ses; (S,—R)
If fé(s R f(z)dz — 0 as R, S — oo then
/ f(z)de = 2mi Z res f(s).
oo seSy

If f is an even function, then ffooo f(x)de =2 fooo f(z) dx and it is sufficient
to consider paths 0(R, —R).
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/°° de _ ™
oo Lt V2

Let 7 = €/™/* = (1 +i)/y/2. Then the meromorphic function
1 1

1A G- E ) —)

has simple poles at 1, 73, n° and n”, but only the first two of these are in
H,. Then

Example 24.3.1

f(z)

res £(n) = 1 B 1 (1 +10)
== —mu—1)  VaN20+))iv2) 42
res ¢(n°) = 1 = 1 - 14
s0r) (P =) =) =07 (=V2)(iV2)(V2(1 —i))  4V2
If R > 1 then {(§(R,—R)) < 6R and |f(2)| < 1/(R*—1) for z € [(—R, R)],
so that

/ f(z)dzgfi, and / f(z2)dz — 0 as R — oo.
5(R,—R) R* =1 d(R,—R)

Thus J 1 ) )
0 T =1+ —1 T
2 —om + =
/oo 1+a4 ( 4+/2 4\/§> V2

Example 24.3.2 If k € Z" then

/°° dz _ w2k o 2k
~ (1 +x2)k+1 o 22k(k!)2 92k \ k)

The function f(z) = 1/(1 + 22)k*! has poles of order k + 1 at i and —i,
but only the former is in H,. Now f(2) = g(2)/(z — i)FT!, where g(z) =
1/(z +i)**1, and

(—D)*E+1)(k+2)...(2k)  (=1)%(2k)!

®) () = =
97(2) (2 + )26+ k(2 + 4)2F 1

so that
, (—1)k(2k)! (2k)!
res (1) = (kD2 (20)26 T~ (k1)222k+14°

Again, it is easy to see that fé(R _R) f(z)dz — 0 as R — oo. Thus

o dz _ (o (2k) 7w [(2k
(1 22)kHT = (2m1) (kD)222F1; — 22k \ | )
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We can also use the calculus of residues to calculate the Fourier transform
of certain functions. If f is a Riemann integrable function on R for which
the function e~ f(z) is Riemann integrable for all ¢ € R, then the Fourier
transform f of f is defined as

[e.e]

f = [ e ra)da
— 0o

(This definition can be greatly extended; it is also often defined in a slightly

different form, including various constants.)

Example 24.3.3 1If f(z) =€ " /2/\/27r then f( ) = e t°/2,

The constant 1/v/27 is included to ensure that [ f(z)dx = 1. (The
function f is then the density function of the standard normal probability
distribution. In this setting, the function t — f (—t) is, rather unfortunately,
called the characteristic function of the probability distribution.) In fact, in
this case we only need Cauchy’s theorem to calculate the Fourier transform
of f. The function f(z) = e */2/\/2r is an entire function, so that if = is
the rectangular closed simple path with vertices —R, S, S + it and —R + it
then f7 f(z)dz =0.

If z= 5 +iu €[S, S + it] then

2

f(z) = L(3_52/2_’“5‘”2/2 so that |f(z)| < ﬁe_syg
) — \/ﬂ Y

Ver

and so fsﬂt f(z)dz — 0 as S — oco. Similarly, f:}iritf(z) dz — 0 as
R — oco. Thus

S S+it
/ f(w)dx—/ f(z)dz—0as R, S — oc.
-R

— R+t

Since ffRf( dr — 1 as R, S — oo, it follows that fs;gft f(z)dz — 1 as
R,S — oco. But

S+t (wtit)?)2
f(2)dz = / T\ dx
/—R—l—it (2)d ous

ot /2
Vo
as R, S — co. Thus f(t) = e ¥/2,

When we consider integrands with a factor e, with m > 0, the following
result helps deal with the integral along 4.

67m2/267i1t dx — etz/Qf(t)
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Proposition 24.3.4 (Jordan’s lemma) Suppose that f is a meromorphic
function on the upper half-plane H with a finite singular set Sy, which has a
continuous extension (also denoted by f) to H, . Suppose that |f(rei')| — 0
uniformly on [0,7] as r — oo, and suppose that m > 0. If —R < 0 < S,
let (S, —R) be either the semicircular path from S to —R in H, , or the
rectilinear path from S to —R with vertices S, S+ i(R+S), —R+i(R+S)
and —R. Then f6(57—R) e™m*f(z)dz — 0 as R, S — co.

Proof  We consider the rectilinear path. Suppose that —R < 0 < S and
let M(S,—R) =sup{|f(z)|: 2z € d(S,—R)}. Then

/ e f(2) dz
[S,5+i(R+S)]

R+S
/ MM F(S 4 it )i di
0

R+S
< M(S,—R)e”™ dt < M(S,—R)/m,
0

and similarly | f[—R—H‘( ) —R] e™m? f(2)dz| < M(S,—R)/m. Also

R+S

/ ™ £(2) d2|
[S+i(R+S),—R+i(R+S)]

S
_ _/ ¢imte=m(RES) £(4 1 i(R + S)) dt|
—R

S
< emm(R+S) / F(t+i(R+ S))|dt
"R
< M(S,—R)(R + S)emF+5),

All three terms tend to 0 as R, S — oo, and so the result follows.

Provided that S} is contained inside the contour with the semicircular
path, the integrals along the rectangular path and the semicircular path are
the same, by Cauchy’s theorem, and so the result follows for the contours
with semicircular paths. It is also easy to give a direct proof in this case; see
Exercise 2. O

Inspection of the proof shows that it is essential that m > 0. If m < 0,
we should consider paths in the lower half space H_.

Example 24.3.5 If f(2) = 1/7(1 + 22) then f(t) = eI,

Once again, the numerical factor 1/7 is included so that ffooo flx)de =1;
here f is the density function of the Cauchy distribution. Suppose that ¢ > 0.
The function e** f(z) has simple poles at i and —i, but only the former is in
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H . The residue at i is e~*/2mi. Since f satisfies the condition’s of Jordan’s
Lemma,

o0

/ e f(x)dr = e,

— 0o
and so f(t) = el for t < 0. Note that if we wish to calculate f(t) for t >0
then Jordan’s Lemma does not apply, since the exponential term grows in
magnitude in the upper half-plane H,. We could consider paths in the lower
half plane H_, but it is easier simply to consider complex conjugates: if ¢ > 0
then ffooo e~ f(x) dx is the complex conjugate of ffooo e f(x) dz, and so
is equal to e~*. Thus f(t) = ¢ for all t € R.

We can also consider functions f with a finite number of simple poles

on R. In this case we need to consider the Cauchy principal value of the
integral. Thus if f has one simple pole at xg, we calculate

[e%) To—T [e%)
(PV)/ f(z)dx = lim </ f(z)dx + f(zx) da;) ,
—00 r—0 —0 To+T
with similar conventions if there are several poles on R. In order to do this,
we indent the contour, and make use of the following proposition.

Proposition 24.3.6 Suppose that f is holomorphic in the punctured
neighbourhood N} (w) of w, and that f has a simple pole at w. Let ~,.(t) =
w+re, for0<r<sandt€ |a,B]). Then

(2)dz = i(B — a)res f(w) as r 0.
™

Proof ~ We can write f(z) = res f(w)/(z — w) + h(z), where h is a holo-
morphic function on Ng(w). Suppose that 0 < s’ < s. Then h is bounded
on the closed neighbourhood Mg (w): let M = sup{|h(z)| : z € My (w)}. If

0 < r < s’ then
/ h(z)dz
¥

T

< Mi(y,) = Mr(8 - a),

and so f% h(z)dz — 0 as r "\, 0. On the other hand,
B it
/ dz :/ me‘t dt = i(B — ),
y, BT W o e’

/ f(2)dz = i(B — a)res f(w) as r \, 0.

and so
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Example 24.3.7 Let f(z) =sincz = sinz/x.

Then
0 ift<—1,
ft)=sinc(t) =< « if —1<t<1,
0 if¢t>1.

The function sinc z = sin z/z has a removable singularity at 0, and if we
set sinc0 = 0 then sinc is an entire function on C. But we cannot apply
Jordan’s lemma to f(z) = e~ “*sinc z, and so we must proceed in a different

way. First we show that if £ > 0 then

o9 eik:c
(PV) / dr =im.

x

—0o0

Suppose that —R < 0 < S and that 0 < r < min(R, S). We consider the
contour v = o(—R, —r) Ve, Va(r,S)V(S, —R), where €, is the semicircular
path in H; from —r to r and 6(S, —R) is the semicircular path in H, from S
to —R. Let g(z) = ¢** /2. Then g has no poles inside 7, and so f,y g(z)dz = 0.
Since g has a simple pole at 0 with residue 1, it follows from the proposition
above that fEr g(z)dz — —im as r \( 0, and it follows from Jordan’s lemma
that [5g(z)dz — 0 as R, S — oo. Thus

o9 eik:c
(PV) / dr =im.

x

—00

(Equating imaginary parts, we see that f _OOOO sinc x dr = m; but note that this
is an improper integral, since [*_|sincz|dz = oo.) Considering complex
conjugates, we see that if £ < 0 then

00 eikz
(m@/ dz = —in.

o ?

If we now use the equation

i 1 <ei(1t):p ei(lth)m)

e "sincxy = —

21 x T
we find that
0 ift<—1,
sinc(t) =< w if —1<t<]1,

0 ift>1.
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Exercises

24.3.1 Use the calculus of residues to calculate

o
1
dx, where 0 < a < b.
/_Oo (0T a?)(1 + b27) x, where a
Verify your answer by expressing the integrand in terms of partial

fractions.
24.3.2 Calculate

00 00 .
/ COS T do and / sin rx d.
N R oo L+ 22

24.3.3 Show by making a change of variables that

27 o) dr
2k _
/O (COS t) dt B 2/—00 (1 + xZ)k+1 ‘

24.3.4 Show that if 0 <t < 7/2 then t < (7/2)sint.
24.3.5 In the setting of Jordan’s lemma, let U = (S —R)/2, V = (R+S5)/2,
and let e(t) = U + Ve for 0 <t < 7/2. Show that

, /2 , . 4
Net™? dy = f e(t ezm(U—l—V Cost)e—m\/smtivezt dt.
f(2)
€ 0

Use this, and the preceding exercise, to obtain an upper bound
for | [. f(2)e"™* dz|, and give a direct proof of Jordan’s lemma for
contours with semicircular paths.
24.3.6 Calculate sinc (t) for t = £1 as a Cauchy principal value integral.
24.3.7 Calculate the Fourier transforms of the functions g and h defined by

g(x) =1 and h(x) = 1—|z| if |x| <1, and g(z) = h(z) = 0 otherwise.

24.4 Integrals of the form [J° zf(x)dx

Suppose that « is a real number which is not an integer. The function z¢
has a branch point at 0; we can only define z% as a holomorphic function on
a cut plane. As we shall see, this works to our advantage. We consider the
cut plane C; = C\ [0, 00), and the holomorphic function z — zo;r) on it. We
cannot extend zgr) continuously to C since if > 0 then (z + iy)‘()‘w) — z¢
as y N\ 0, while (z + iy)‘()‘w) — ez as y N0.

Suppose that f is a meromorphic function on C with finite singular set
Sy disjoint from [0, 00). Let g(2) = z(aﬂ)f(z), forz€ Cr.For0 <r < R <
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Figure 24.4.

and 0 < 6 < m we consider the contour
v = o(re®, Re') v KR V o(Re™™ re ™) v Ky g
where kg 5(t) = se' for t € [6,2m — 4].

If r and ¢ are small enough and R is large enough, then Sy = Sy C in[y].
By the residue theorem,

/Yg(z) dz = 2mi Z resgy(s).

seSy

As § N\, 0,

R
/ 9(2) dz—>/ % f(z)dz,
o(rei’,Re?®) r

/ g(z)dz — g(z) dz,
KR,s HR(O)

R
/ g(z)dz — —e%io‘/ % f(x) dx,
o(Re=% re=9) r

and / g(z)dz — — 9(z) dz.
Ky £ (0)
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Consequently
) R
(1 —627”0‘)/ % f(x)de + / g(z)dz — / g(z)dz = 2mi Z resy(s).
r kr(0) K (0) s€Sy

Thus if fm(o) 20y f(z)dz — 0 as v — 0 and fHR(O) 20 f(2)dz — 0 as

R — oo then
(1-— 627”0‘)/ x f(x) de = 2mi Z resg(s).
0 seSy

If 5 is a simple pole of f, then res,(s) = s®res ¢(s). Thus if all the poles of
f are simple then

(1 — e*mia) /00 xf(x)dr = 2mi Z s%resy(s).
0

seSy

Example 24.4.1 If y,r € Rand 0 < p+ 1 < v then

/°° xh T
——dr = —; .
o l4az¥ vsin((p + 1)7/v)

As always, it is a good idea to see if the problem can be simplified by a
change of variables. Let © = . Then

[e%S) n 1 oo, A—1 1
/ w dx:—/ Y du, Where)\:'u+ .
o 1+av v/)y l14+u v

Thus 0 < A < 1. It is therefore enough to show that if 0 < A < 1 then

o0 u)\fl T
/ du = — .
o l+u sin A
The meromorphic function f(z) = 1/(1 + z) has a simple pole at —1, with
residue 1, and (—1)M1 = ™A1 — o™ Let g(z) = 2*1f(2). Since
%h< A<, fnr(o)g(z) dz — 0 as r — 0 and fnR(O) g(z)dz — 0 as R — oc.
us

. 0 u)‘_l i o u)\—l
(1 _ 627r)\2) (/ d’LL> _ (1 _ 627r()\71)2) </ du)
0 1 + u 0 1 + u

i
)

= —2mie”

so that

00 Al e e T
du = 2mi—————— = 27i < = — .
/0 1+u e2r(A=1)i _ 1 e — 1  sinAw
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Exercises

We can also evaluate integrals of the form fooo t*~Lf(t)dt by making the
substitution ¢ = e*.

24.4.1 Show that under suitable conditions
/ t () dt = / e f(e") dx.
0 —00

24.4.2 Where are the singularities of the function f(z) = e*?/(1 + €*)?

24.4.3 Show that there is exactly one singularity of f within the rectangular
contour with vertices —S, R, R+ 2mi and —S + 2.

24.4.4 Show that it is a simple pole, and calculate its residue.

24.4.5 Use this to show that if 0 < A < 1 then

e u)\—l T
/ du = — .
o l+4+wu sin A

24.4.6 By using a contour which includes part of the real axis and part of

the line {z € C: argz = 2w /u}, evaluate

*  dx
—, for p > 1.
0 1—1—1"”’

By making a change of variables, verify that your answer agrees with
the result of the previous question.

24.5 Integrals of the form [J° f(x) dx

If f is an even function, then [J° f(z)dz = 1 [0 f(z)dz, and we can
try to apply the techniques of Section 21.2. Sometimes an astute change of
variables or choice of contour can be used.

Example 24.5.1 If a > —1 then

o0
I
/ _ g .,
o 1+2azx+ 22

Set u = 1/x. Then

& log x & log u
08T - 8% 4,
o 1+ 2ax+ 22 o 1+ 2au+ u?

so that [ logz/(1 + 2az + x*) dz = 0.
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Otherwise, we can use the idea of the previous section by introducing a
logarithmic factor. The function log z has a branch point at 0; we define
log z on the cut plane C; = C\ [0,00) by setting log(re) = logr + it for
0 <t <2m. If fis a meromorphic function on C with finitely many poles,
none of which is in [0, 00), and if g(z) = f(z)log z on Cy, then by considering
the contour v defined in the previous section, and letting § tend to 0, we
see that

R
1 dr +
/r f(z)logxdx /HR(O)g(z)

—|—/ f(z)(log x 4 27i) dx +/ g(z)dz
R Kr(0)<
=27 Z resg(s),
sESy

for small enough r and large enough R. Thus if fHT(O) f(z)logzdz — 0 as
r — 0 and fHR(O) f(z)logzdz — 0 as R — oo, then

/ f(z)de =— Z resy(s),
0 sESy
and if all the poles of f are simple then
/ flx)de = — Z log s.res¢(s).
0 seSy

Example 24.5.2 Ifa >0 and 0 <t < 7 then

/ > dx ot
o x2+2axcost+a? asint’
The rational function

£(2) ! .

T 22+ 2azcost+a’  (z+aet)(z + ae i)

has simple poles at —ae™ = ae' (™1 and —ae't = ae™1) and the residues
of f(z)log z are
1 (m — 1 j
Oga—i-'Z.(ﬂ' t) and — oga—l—.z'(ﬂ—i-t)
2aisint 2aisint

respectively. Since fﬁ (O)f(z) logzdz — 0 as r — 0 and fnR(O)f(Z) log z
dz — 0 as R — oo, the result follows.
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We can also use this idea when the integrand has a logarithmic factor.

/°° log x 2 2
dr = —.
0 T + 1 3
Consider the meromorphic function h(z) = (log 2)3/(z + 1)? on Cy. This

has a pole of order 2 at —1, with residue 3(log(—1))?/(—1) = 372. Since
fnr((]) h(z)dz — 0 as r — 0 and fnR(O) h(z)dz — 0 as R — oo,

Example 24.5.3

dz = 27i(31°%) = 67,

/°° (log z)? d /°° (log z + 2mi)3
0 0

@+ 12" (@ +1)2

Expanding the integrand, and equating imaginary parts, we see that

dx = 67°.

/OO —67 (log 7)? + 873
0 (z+1)

Since [~ dx/(x +1)? = 1, it follows that

/°° log x 2 2
dr = —.
0 ZU+1 3

Equating real parts, we see again that [°logz/(z 4+ 1)*dx = 0.

Exercises

24.5.1 Suppose that a > 0. Use Example 24.5.2 to calculate

/°° dx
o x2—2axrcost+a?’

Verify your result by calculating

/°° dx
oo T2+ 2ax cost + a?’

using the methods of the previous section.

24.5.2 Show that
< logw
8T gy = — /.
/0 ESE dx m/
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/°° dx /°° dx
—  and S
o 1+x+22 o 1—x+ a2

by the calculus of residues, and check your answers by calculating

/°° dx
O e e

24.5.3 Calculate
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Conformal transformations

25.1 Introduction

Recall that a univalent function f on a domain U is a holomorphic function
which takes each value at most once, and that if f is univalent on U then
f(U) is a domain, f~! is a univalent mapping of f(U) onto U, and f’(z) # 0
for all z € U (Theorem 23.6.8). In this chapter, we consider two related
problems. First, if U and V are domains, is there a univalent function f
mapping U onto V7 If so, f is called a conformal transformation of U onto
V,and U and V are said to be conformally equivalent. Secondly, what are
the univalent functions mapping U onto itself? Such functions are called
conformal automorphisms of U. Since the composition of two holomorphic
functions is holomorphic, it follows that the set of conformal automorphisms
of a domain U forms a group, under composition.

Why are these mappings called ‘conformal’? Suppose that f is a confor-
mal transformation of U onto V, and that 29 € U. Then f/(z9) # 0; let
f'(20) =re™. Since U is open, there exists § > 0 such that Nj(zg) C U. Let
lo(t) =20 + €t for t € (—4,6), for —m < @ < 7 so that lj(t)=¢". Then
(f olg)'(0)= f'(20)e” = re'@+?). Thus

fzo+ eiet) = f(z0) + re!0+O) 4 o(t),

and the line M\(t) = f(z0) + re'@9)t is tangent to f o ly at f(zo). If
01,00 € T then 6; — 0y is the oriented angle between lg, and lg,. But
01 — 6y = (01 + ¢) — (62 + ¢) is also the oriented angle between Ay, and
Ag,- Thus conformal transformations preserve oriented angles; locally, f pro-
vides a rotation through an angle ¢ = arg f’(2¢) and a scaling by a factor

r=1f'"(z0)l-

749
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25.2 Univalent functions on C

If \,p € Cand X # 0, let ay ,(2) = Az + p. The mapping ay ,, is certainly a
conformal automorphism of C, with inverse a;/y /5. Are there any more
conformal automorphisms of C?

Theorem 25.2.1 If f is a univalent function on C then f = ay , for some
A € C with X # 0.

Proof  The function f is an entire function, and is therefore analytic: we
can write f(z) =Y ° a,2", for all z € C. First we show that only finitely
many coefficients are non-zero. Suppose not. By the open mapping theorem
f(D) is an open subset of C. By Corollary 23.3.4, there exists z with |z] > 1
such that f(z) € f(D); this contradicts the univalence of f.

Thus f is a polynomial, and so therefore is f’. But f/(z) # 0 for all z, so
that f’ is a non-zero constant function. Thus f = ay,, where A = a; and
H = aqp. O

Corollary 25.2.2 If U is a domain which is a proper subset of C then U
is not conformally equivalent to C.

This is a remarkable result: there are very few univalent functions on C,
and if f is a univalent function on a domain U which is a proper subset of
C then there exists w such that the equation f(z) = w has no solutions.

Exercises

25.2.1 Show that the group of conformal automorphisms of C is isomorphic
to the group of two-by-two matrices

{[3 ’f]:A,uec:A¢o}.

25.3 Univalent functions on the punctured plane C*

Let J(z) = 1/z for z € C*. J, the inversion mapping, is a conformal auto-
morphism of the punctured plane C* = C\ {0}, and has a simple pole at 0
with residue 1.

Theorem 25.3.1 If A € C* then ayo and A\J are conformal automor-
phisms of C*.
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Conversely, if f is a univalent function on C* then either f = \J +
or f = ay, for some \,u € C with A # 0. In either case, f is a conformal
transformation of C* onto C\{u}. If f is a conformal automorphism of C*
then p = 0.

Proof  The first statement is obvious. Suppose conversely that f is a
univalent function on C*. Then f has an isolated singularity at 0.

Suppose first that f has a removable singularity at 0. Then there exists
v such that f(z) — v as z — 0. We shall show that v ¢ f(C*). Suppose
not, and suppose that f(zy9) = v for some zy € C*. Let € = |z9|/2. By the
open mapping theorem, f(N¢(zp)) is an open subset of C containing v. But
f(z) = vas z— 0, and so there exists w € N*(0) with f(w) € f(Ne(20)).
Since NF(0) N Ne(z0) = 0, this contradicts the univalence of f on C*. Thus
if we set f(0) = v then f is an entire univalent function on C. By Theorem
25.2.1, f = ayy, for some A\, € C with A # 0.

Secondly we show that f cannot have an isolated essential singularity
at 0. For if it did, by Weierstrass’ theorem there would be w € N1*/2(O) with
f(w) in the open set f(N;/3(1)), contradicting the univalence of f.

Finally we consider the case where f has a pole at 0. By Corollary
23.6.5, this must be a simple pole. Thus f has a Laurent series expansion
Yool apz™. By Corollary 23.3.4, there are only finitely many non-zero
coefficients a,,. Thus f(z) = p(z)/z, where p is a polynomial with non-
zero constant term a_i. Since C* is not conformally equivalent to C,
there exists p© € C which is not in f(C*). Let ¢(2) = p(z) — pz. Then
q(0) = p(0) = a—1 # 0, and q(z) = (f(z) — p)z # 0 for z # 0. Thus
the polynomial ¢ has no zeros, and so must be the non-zero constant func-
tion a_;. Thus f(z) = a_1/z + p. The final two statements now follow
immediately. O

Exercises

25.3.1 Suppose that S is a discrete closed subset of C and that f is a univa-
lent function on C\ S which has a non-removable singularity at each
point of S. Show that S has at most one element, and that if f has
a singularity then it must be a simple pole.

25.4 The Mobius group

We next consider univalent meromorphic functions on the unit sphere Cg..
Recall that a function f : Co, — C4 is meromorphic if the restrictions of f
and f o J to C are meromorphic functions on C.
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Theorem 25.4.1 If f is a univalent meromorphic function on Cy then
either f(z) = axu(2) = Az+p or f(2) = N/ (2—20) +p for some X, p and z
in C, with A # 0. In either case, f is a homeomorphism of Cs onto itself.

Proof  If the restriction of f to C is holomorphic, then it is a univalent
function on C, and so f = ay,, by Theorem 25.2.1. Otherwise, it has one
simple pole, at zy say. Let g(z) = f(z+20), for z € C*. Then g is a univalent
function on C* with a pole at 0, so that ¢ = AJ + u, by Theorem 25.3.1, and
f(z) = N(z — 2z0) + p. In either case, f is a homeomorphism of C., onto
itself. O

A univalent meromorphism of C, onto itself is called a Méobius transfor-
mation of C. If f is a Mdbius transformation, we can write

az—}—b'

f(z):cz—i-d'

in the former case
a=\ b=p, c=0and d=1,
and in the latter case
a=pu, b=X—pz, c=1and d = —2z.

Note that in either case ad —bc = X\ # 0.

Conversely, suppose that ad — bc # 0, and consider the meromorphic
function f(z) = (az +b)/(cz +d). If c =0 then d # 0 and f(z) = Az + p,
where A = a/d # 0 and p = b/d. If ¢ # 0, let zo = —d/c. Then f has a
simple pole at zgp, and

ad — be

a
=2 #0and p = —

- .

A
f(z) = + i, where A\ = —
Z— 20

Thus f is a Mobius transformation.
Theorem 25.4.2 The set M of Mobius transformations is a group under

composition. If

A= [ Z Z } € GLy(C), the group of invertible two-by-two matrices,

let m(A)(z) = (az+b)/cz+d). Then m is a homomorphism of GL2(C) onto
M, with kernel {al : a # 0}. (m(A))~t = m(B), where

p=[ 4 0]
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Proof  Since A € GLy(C) is invertible if and only if det A = ad — be # 0.
m maps GL2(C) onto M, and m(I)(z) = z. Suppose that

Al—[al bl}amdAg—[a2 bz}
C1 dl

are in GLy(C). Then

m(A1)m(Ag)(z) = m(Ay) (M)
o (M) + by

C2Z4 d2

o (B%) +d
)
)

al(a2z+bg +b1(022+d2)

c1(agz4b2) + di(cozyds)

(a1a2 + blcg)z + a1bs + bydsy
- (Clag + dlcg)z + ¢1by + dids
=m(A1A2)(2).

Consequently m(A;)m(A4s) € M. Since
m(A ™ Ym(A) = m(A)m(A™Y) = m(I)

and m([I) is the identity mapping on C, it follows that M is a group under
composition, and that m is a homomorphism of GLy(C) onto M. Clearly
m(A)(z) = z for all z € C if and only if a = d # 0 and b = ¢ = 0. Since
AB = BA = (ad — be)I, m(B) is the inverse of m(A). This last statement
can also be verified directly; if w = (az + b)/(cz + d), we can consider this
as an equation in z, and solve it to find that z = (dw — b)/(—cw + a). O

A Mobius transformation is determined by its action on three distinct
points.

Proposition 25.4.3  Suppose that {z1, z9, 23} and {w1, we, w3} are sets of
distinct points of Cs. Then there exists a unique Mobius transformation m
for which m(z1) = w1, m(z2) = wy and m(z3) = ws.

Proof  First we show that if wi, wo and ws are distinct points of C
then there exists a unique Mobius transformation m = 1y, 4w, w, for which
m(wy1) =0, m(wsg) = 1 and m(ws) = oo. If wy, we, w3 € C we can take

nie) = (12 (=)
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and otherwise we can take

W2 — W3 .
m(z) = — if w; = oo,
Z — W3
Z — w1 .
= if wy = o0,
Z — W3
Z—wy
= — if wy = 0.
Wz — Wi

Suppose that n € M is another Mébius transformation for which n(w;) = 0,
n(wz) = 1 and n(ws) = co. Let k = mon~t. Then k(0) = 0, k(1) = 1 and
k(oc0) = oo. Suppose that k(z) = (az + b)/(cz + d). Since k(0) = 0, b = 0.
If ¢ # 0 then k(—d/c) = oo, giving a contradiction. Thus ¢ = 0. Finally
k(1) = a/d =1, so that a = d and k(z) = z. k is the identity mapping, and
so n. = m; m is unique.

The Mobius transformation m;ll?ZMS O My, ws,wy then has the required
properties. It is unique, for if n is another Mobius transformation for which
m(z1) = wi, m(z2) = we and m(z3) = w3, then nom;, -, -, = My, wswss SO

_ -1
that n = My, w,ws © MG oy 2y O

The following Mobius transformations are called elementary Mobius
transformations:

e Ty(z) = z + b (translation);

e D,(z) =rz for r real and positive (dilation);
o Ry(2) = €% for § € R (rotation);

e J(z) =1/z (inversion)

If A = re with » > 0 then

Az~ p =T, 0Rpo D, and +M:(TMORQODT’OJOT_ZO)(Z)’

Z— 20
so that these elementary transformations generate M. This is very useful
in establishing properties of general Md&bius transformations, as Theorem
25.4.5 will show. Our next aim is to show that a Mobius transformation
‘maps circles and straight lines into circles or straight lines’.
First we must describe straight lines and circles in C and C, in terms of
the complex structure. A straight line L in C can be written as

L={z=xz+iye C:azx+by+c=0},

where a, b and ¢ are real, and a and b are not both zero. Substituting
x=(z+4+2)/2 and y = (2 — 2)/2i, we find that

L={2€C: 2+ A2+ pu=0},
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where A = a +ib # 0 and u = 2c is real. L is a closed unbounded subset of
C. In C,, we define a straight line Lo, to be LU{oo}, where L is a straight
line in C. Thus L is the closure of L in C,, and so is closed in C...

A circle C' in C can be written as

C={ze€C:lz—¢=r}={2€C:(z—¢)(z—c) =%},

where ¢ € C and r > 0. Then C = {2 € C: 2z — ¢z — ¢z = r? — c¢}, where
c € Candr > 0. Cis a bounded closed subset of C, and so is closed in Cq.

It is clear that translation, dilation and rotation map straight lines to
straight lines and circles to circles. What about inversion?

Proposition 25.4.4 Suppose that Lo, is a straight line in Co and that
C'is a circle in C.

(1) If 0 € Lo then J(Lso) is a straight line in Coy and 0 € J(Loo).
(7i) If 0 € Lo then J(Lo) is a circle in Co and 0 € J(Lso).
(i1i) If 0 € C then J(C) is a straight line in Co and 0 & J(C).
(iv) If 0 & C then J(C) is a circle in Cs and 0 ¢ J(C).

Proof  This is a matter of straightforward verification.
(i) If 0 € Loo, then
Low={2€C:Az+ Az =0} U {0},
so that
J(Loo) = J H(Loo) = {oc} U {z € C\ {0} : %+ - =0ru{o}
={z€ C: Az + Az =0} U {oo},

>

which shows that J(L« ) is a straight line in Co, and that 0 € J(Ls).
(ii) If 0 € Lo, then

L ={2€C: A2+ A2+ pu=0}U{occ},

with p # 0. Arguing as above,

J(Log) = JH(Loo) = {0} U{z € C\ {0} : = + = + o = 0}

={2e€C:22—cz—cz=1r%—cc
{
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where ¢ = —\/p and 72 = c¢. This shows that J(Ls) is a circle in Cy,
and that 0 € J(Loo).
(iii) If 0 € C, then
C={2€C:z2z—¢cz—cz=0},

so that

J(C):J_l(C'):{zEC\{O}:%—;—E:O}U{oo}

={z€C:cz+cz=1}U{o0},

which shows that J(C) is a straight line in Co, and that 0 € J(C).
(iv) If 0 ¢ C, then
C={2€C:z2z—cz—cz=d},

with d = r? — c¢¢ # 0, and so

J(C):J*l(C):{zeC\{O}:%-S—gzd}
¢z cz 1
:{ZECZZZ—{—E—{—E:E},

which shows that J(C) is a circle in Co, and that 0 ¢ J(C). O

Theorem 25.4.5 Suppose that m is a Mdébius transformation, that Lo is
a straight line in Cy, and that C is a circle in Cx.

(i) If oo € m(Loo) then m(Loo) is a straight line in Cu.
(ii) If oo & m(Lso) then m(Lso) is a circle in Coo.
(iii) If oo € m(C') then m(C) is a straight line in Cx.
() If co & m(C) then m(C) is a circle in Cu.

Proof  Translations, dilations and rotations map straight lines to straight
lines and circles to circles. Since m is a product of elementary transforma-
tions, it follows from Proposition 25.4.4 that m (L) is either a straight line
or a circle. m(L) is a straight line if co € m(L«) and is a circle if not, and
m(C) is a straight line if co € m(C') and is a circle if not. O

This result suggests that we may think of a straight line in C,, as an
unbounded circle, or as a circle of infinite radius.

The complement of a straight line in C, has two connected components,
as does the complement of a circle (the inside, and the union of the outside
and {oo}). Since a Mdbius transformation m is a homeomorphism of C, if
S is a circle or straight line and U and V are the connected components of
Cw \ S then m(U) and m(V') are the connected components of Cy, \ m(S).
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Figure 25.4.

As an example, the Mébius transformation m(z) = (—z+1)/(z+1) maps
the extended y-axis Yoo = {z =iy : y € R} U {oo} onto the unit circle T.
Although this can be verified directly, it is more informative to construct
the mapping in several steps. First, the mapping mi(z) = z + 1 maps Y
onto the extended line Lo, = {z =1+ iy : y € R} U {oo}. Secondly, since
0 & Ly, J maps L, onto a circle C passing through 0 and 1. J maps
the extended z-axis onto itself. Since L, is orthogonal to the z-axis, and
since Mébius transformations are conformal, the tangent to J(Ls) at 1 is
orthogonal to the z-axis. Thus C is the circle with centre 1/2 and radius
1/2. The mapping ma(z) = 2z — 1 then maps C' to a circle passing through
1 and —1, with centre 0, so that ms(C) = T. Then m = mg o J o m;. Since
m(1) = 0, m maps the right-hand half-plane onto the unit disc D and the
left-hand half-plane onto {z : |z| > 1} U {o0}.

Exercises

25.4.1 Show that the mapping m(z) = (z — i)/(z + ¢) defines a conformal
transformation of the upper half-plane H; onto the open unit disc
D, and maps ¢ to 0.
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25.5 The conformal automorphisms of D

What are the conformal automorphisms of D? To answer this, we need
Schwarz’ lemma.

Proposition 25.5.1 (Schwarz’ lemma) If f is a holomorphic mapping of
D into D and f(0) =0 then |f(z)| < |z| for z € D.

Proof  We can write f(z) = zg(z), where g is holomorphic on D. Suppose
that z € D and suppose that |z| < r < 1. If jw| = r then |g(w)| = | f(w)|/r <
1/r, so that

9(2)] < supflg(w)| : [w] =r} < 1/r,
by the maximum modulus principle. Since this holds for all r with |z] < r <
1, lg(2)] < 1 and so |£(2)] < |2]. 0

Proposition 25.5.2  If f is a conformal automorphism of D and f(0) =0
then there exists ¢’ € T such that f(z) = ¢z for z € D.

Proof If z € D then |f(z)] < |z|, by Schwarz’ lemma. But |z| =
If71f(2)] < |f(2)| as well, so that |f(2)| = |z|. Thus if f(z) = zg(2), as
in Schwarz’ lemma, then |g(z)| = 1 for z € D. It therefore follows from the
maximum modulus principle that ¢ is constant; there exists ¢ € T such
that g(z) = € for z € D. Hence f(z) = €z for 2 € D. O

Theorem 25.5.3 If |o| < 1 the Mdbius transformation

zZ 4+ «
az +1

ma(z) =

is a conformal automorphism of D with my(0) = a and mq(—a) = 0, and
with inverse m—_q. The transformation my is a homeomorphism of D onto
itself.

If m is a conformal automorphism of D with m(0) = « then there exists
e € T such that m(z) = mq(e?2) for z € D.

Proof  Clearly mq(0) = « and my(—a) = 0. It follows from Theorem
25.4.2, or by direct calculation, that (mq) ™! =m_,. If |2| = 1 then

ma(2) = maeimae) = (255 ) (257)

az+1 az+1
B 1—1—072—1—0424—0407_
aa+az+az+1l

It therefore follows from the maximum modulus principle that |mq(z)] < 1
for z € D. Since m,, is univalent on C\ {—1/a} it follows that m, maps D
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conformally onto m,(D) and is a homeomorphism of D onto m, (D), and
mq(D) C D. By the same token m_ (D) = m_,(D) C D, and so m, is a
homeomorphism of D onto itself, and m, is a conformal mapping of D onto
itself.

The mapping m_, om is a conformal automorphism of D, and m_ 'm(0) =
0, so that by Proposition 25.5.2, there exists € € T such that m_'m(w) =
e®w for w € D. Thus if z € D then

eiez + «

1 0.\ _
)= aefz + 1

m(z) = mamy m(z) = my(ez

Note also that

aez +1
and that / | — of
mal?) = G IR
In particular, the quantities
1—|af? 1

mo(0) =1~ lal?, mi, (@)

o 5 and m (—a) =

T+ aP) 1—|af?

are all real and positive.

Exercises

25.5.1 Use Schwarz’ lemma to give another proof of Liouville’s theorem.
25.5.2 Show that if m is a conformal automorphism of the upper half-plane
H, for which m(i) = i then there exists 0 < § < 27 such that

cos z +sin6

m(z) = Mp(2) = —sinf z 4+ cosf’

25.5.3 Show that the group of conformal automorphisms of Hy is gener-
ated by the automorphisms of the previous exercise, together with
translations T;, (with @ € R) and dilations D,.

25.6 Some more conformal transformations

We can consider other conformal transformations than Mobius transforma-
tions. First, the function exp is univalent on the strip S = {z = = + iy :
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Figure 25.6a.

—m < y < 7w}, and defines a conformal transformation of S onto the cut
plane Cyp = C\ (—o0,0]; its inverse is the principal logarithm. The lines
hy ={z=2+iy:ze€R}land v, = {2z =2 +iy: —7m <y < 7} are
orthogonal; they are transformed to the rays rg = {z = re? : r > 0} and
the punctured circles ¢, = {z = re?? : -1 < 0 < 7}

Secondly, a related conformal transformation is obtained by considering
the map z — 2%, where « is real and positive. If 0 < 8 < , let P3 denote
the sector {z = re?? : r > 0,—3 < 6 < B}. If 0 < af < 7 then the map
z — 2% is a conformal transformation of the sector Pz onto FP,3. Rays are
mapped to rays and circular arcs to circular arcs.

A third interesting example is provided by the function f(2) = $(z+1/2),
for z € C\ {0}. This is not univalent, since f(z) = f(1/z). On the other
hand, if z = re?, with r > 0, then

1 1 1 1
f(z) =a,cosf +ib.sinf, wherea, == (r+—| and b, == (r——|.
2 r 2 r

Thus f is a one-one mapping of the circle {z : |z| = r} onto the ellipse
2 2
Er—{w—u+iv:u—2+v——1},
a

from which it follows that f is univalent on the punctured disc D\ {0}, and
is also univalent on the domain {z € C : |z| > 1}, and that f maps each
conformally onto the domain C\ [~1,1]. Note also that f(re?) — cosf €
[—1,1] asr 1 and as r \ 1.

If z = re’ € C\ {0}, then f(z) € H, if and only if b,sin@ > 0, and so f
defines a conformal transformation of Dy =D N H, onto H_.
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Figure 25.6b.

Many conformal transformations can be obtained by composing these
transformations with other Mobius transformations. For example, let S be
the semi-infinite strip {z = z +iy : 0 < & < 1,y > 0}. We shall show that
the mapping z — sin7z is a conformal transformation of S onto the right-
hand half-plane H, = {z =z + iy : © > 0}. First, let my(2) = imrz. mq is a
conformal transformation of S onto the semi-infinite strip {z =z + iy : z <
0,0 < y < w}. The function exp is a conformal transformation of mi(5)
onto D, and the function f, defined above, is a conformal transformation
of Dy onto H. If ma(2z) = iz then my is a conformal transformation of H
onto H,. Thus mgyo f oexp om; is a conformal transformation of S onto H,.
It is a straightforward matter to verify that i cos 7z = (mgo f oexpomy)(z),
for z € S.

Exercises
25.6.1 Let f(z) = 2(2+1/2), for = € D\ {0}. Calculate the inverse mapping
f1:C\[-1,1] =D\ {0}
25.6.2 Find a conformal mapping of the domain

U={z:1z—-2|<2<|22-2|}

onto D.

25.6.3 Show that the function tanh z defines a conformal mapping of the
strip {z = z+1iy : 0 < y < 7/2} onto the upper half-plane H_. What
is the inverse mapping?
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Figure 25.6¢.

25.6.4 Show that the function cos z defines a conformal mapping of the strip
{z=2+4+1y:0<z<7}onto C\ ((—o0,—1]U[1l,00)). What is the
inverse mapping?

25.6.5 Show that the function g(z) = 42/(1+ 2)? is univalent on D. What is
g(D)? [Hint: Express g as the composition of Mobius transformations
and other mappings.]

25.6.6 Find conformal mappings of the following domains onto D. (The
mappings may be expressed as compositions of holomorphic func-
tions.)

(i) Uy =DnNH,

(ii) Uy =D\ (—1,0]
(i) Us={z:]z—2| <2< |22 — 2|}
(iv) Uy=Dn{z:|z+1] > 2}

25.6.1 Suppose that f is a holomorphic function on D, taking values in D,
and that f(0) = ¢. Show that if 0 < |z| = < 1 then

-7 1
1—r ~ 147

25.6.2 Suppose that f is a holomorphic function on D whose real part is
positive. Show that

1—|Z| 1+|Z| 2|Z|
< < and that |& <

1z

—_
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25.6.3 Verify that icos mz = (mgo foexpomy)(z), for z € S, where my, ma,
f and S are defined above.

25.7 The space H(U) of holomorphic functions on a domain U

We now establish further properties of the space H(U) of holomorphic func-
tions on a domain U. Recall (Theorem 22.6.10) that H(U) is a closed linear
subspace of the space (C'(U),d) where d is a complete metric defining the
topology of local uniform convergence.

Theorem 25.7.1 The mapping f — f' : (H{U),d) — (H(U),d) is
continuous.

Proof Tt is enough to show that if f, — f in (H(U),d) then f/ — [’ in
(H(U),d), and so it is enough to show that if M, (zg) is a closed neighbour-
hood of an element zy of U then f; — f" uniformly on M, (). There exists
s > r such that Ms(z9) CU. If w € M,(zp) then
1 fn Z)— f z
fow) = ') = 5 [ BT

N 27TZ Hs(zo)

But if z € [ks(20)] and w € M, (29) then |z —w| > s — r, so that

(z—w)? |~ | (s=1r)? |’
hence
[fa(w) = f(w)] < ——=5 sup |fal2) = f(2)],
(S T) 2€[ks(20)]
and f, — f uniformly on M, (z) as n — oc. O

Recall that a subset A of C(U) is locally uniformly bounded if
sup{|f(z)| : f € A, 2 € K} < o0,

for each compact subset K of U.

Theorem 25.7.2 (Montel’s theorem) A subset A of H(U) is compact if
and only if it is closed and locally uniformly bounded.

Proof In one direction it is easy. If A is compact, then it is certainly closed.
If K is a compact subset of U, the restriction map nx : C(U) — C(K) is
continuous, and so 7(A) is a compact subset, and therefore a bounded subset,

of C(K).
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Suppose conversely that A is closed and locally uniformly bounded. We
use the local Arzela—Ascoli theorem (Volume II, Theorem 15.8.4). It is suf-
ficient to show that A is equicontinuous. Suppose that zy € U and that
0 < e < 1. There exists s > 0 such that Ms(z9) C U. Since A is locally
uniformly bounded,

L =sup{|f(2)|: fe A ze Myz)} < 0.

Let r = se¢/(2L +2). Then 0 < r < s/2, so that s —r > s/2. If f € A and
w € Ny(29), then, using Cauchy’s integral formula,

1 £z /(=)
mm—ﬂwwigémﬁf;m—A%ﬁ_%w

1| weare

2= w)(z — 20)

Ls 2Lr
< ———w—2| < — <e
(s —1)s s

Thus A is equicontinuous at zg. O
The set Uni(U) of univalent functions on U also has remarkable properties.

Theorem 25.7.3  Let Uni(U) be the set of univalent functions on a domain
U, and let Con(U) be the set of constant functions on U. Then Uni(U) U
Con(U) is closed in H(U).

Proof ~ We must show that if (f,)72; is a sequence of univalent functions
which converges in H(U) to f, and if f is not a constant, then f is univalent.
Suppose not, so that there exist distinct 21, 2o € U such that f(z1) = f(22) =
vg. Then z1 and z, are zeros of the non-constant holomorphic function f —wy.
Since the zeros of f —vy are isolated, there exist disjoint closed discs M, (21)
and M,,(22) in U such that f(z) —wvg # 0 for z € M (21) UM (22). We use
Rouché’s theorem to show that for sufficiently large n the function f,, — v
has a zero in each of N, (z1) and N,,(z2), contradicting the fact that f,
is univalent. Let m = inf{|f(2)| : z € Ty, (21) U T;,(22)}; then m > 0.
Since f, — f in H(U), there exists ng such that |f,(z) — f(z)| < m for
z € Ty, (21) UT,,(22), for n > ng. Thus

|(fn(2) —v0) = (f(2) —wo)| <m <|f(2) = vo

for z € Ty (21) U T;,(22). By Rouché’s theorem, if n > ng then f,, — vy has
a zero in each of N, (z1) and N,,(z2). O
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Exercises

25.7.1 Suppose that f is a non-constant holomorphic function on a domain
U which has k zeros, counted according to multiplicity. Show that
there is a neighbourhood N of f in H(U) such that if g € N then g
has at least k zeros, counted according to multiplicity.

25.7.2 Give an example of a univalent function f on the half-space H, =
{z € C: |arg z| < m/2} which is the limit in H(H,) of a sequence of
non-univalent holomorphic functions.

25.8 The Riemann mapping theorem

We end by proving a truly remarkable theorem.

Theorem 25.8.1 (The Riemann mapping theorem) Suppose that U is a
simply connected domain which is a proper subset of C, and that zy € U.
Then there exists a unique conformal transformation f of U onto D with
the properties that f(zg) = 0 and is real and positive.

Proof  First, let us prove uniqueness. If f; and fy are conformal transfor-
mations of U onto D which satisfy the requirements of the theorem, then
o= fro0 ffl is a conformal automorphism of D, ¢(0) = 0, and ¢'(0) is real
and positive, so that ¢ is the identity mapping, by Theorem 25.5.3. Thus
fi = fa

It is existence that is the real problem. To prove this, we use the fact that
if g is a holomorphic function on U which has no zeros in U, then ¢ has a
holomorphic square root h on U: (h(z))? = g(z) for all z € U (Corollary
22.7.2). If we set s(z) = 22 for = € C then soh = g. Note that if g is
univalent, then & is univalent, and s is univalent on h(U).

Let us describe structure of the proof. We consider the set G' of univalent
functions g on U taking values in D, for which g(zp) = 0 and ¢'(z) is
real and positive. First we show that G is non-empty. Next we show that
{d'(20) : g € G} is bounded. We then use a compactness argument to show
that there exists f € GG such that

f'(20) = sup{d'(20) : g € G}.

Finally we show that f(U) = D, so that f satisfies the conclusions of the
theorem.

First we show that G is non-empty. There exists z; € C\U. The univalent
function a(z) = z — z; does not have a zero in U, and so it has a univalent
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square Toot: there exists a univalent function h on U such that (h(z))? =

z — z1, for z € U. Let z9 = h(zp). By the open mapping theorem, h(U) is
open in C, and so there exists 7 > 0 such that N,(z2) C h(U). We show
that —N,.(z2) = N,(—22) is disjoint from A(U). If w = h(z) € h(U), then

s(—w) = (—w)? = w? = s(w) = z — 2;

since s is univalent on h(U) and w € h(U), —w ¢ h(U). Thus h(U) is
contained in the outside of T,(—z2). The Md&bius transformation m(z) =
/(2 + z2) maps the outside of T, (—z2) conformally onto D \ {0}, mapping
22 to /22, and the Mobius transformation m_, 5., is a conformal automor-
phism of D, mapping r/2z5 to 0. Thus j = M_y/2., ©m o h is a conformal
transformation of U onto a subset of D, and j(zy) = 0. Since j is univalent,
§'(20) # 0. Let go = e~%4, where 6 = arg (j'(20)). Then gy € G.

Let us set [ = g{(z0), and let us set G; = {g € G : ¢'(20) > l}. Thus G| is
a non-empty subset of G; we shall show that it is a compact subset of H(U).
By Montel’s theorem, the set

F={geH{U):g(U)C D}

={g9€ HWU) : sup |g(z)| <1 for K compact, K CU}
zEK

is a compact subset of H(U). By Theorem 25.7.1, the mapping g — ¢'(20)
is continuous on H(U), and so the set

Fy={g € F:4'(2) is real, and ¢'(29) > [}

is closed, and is therefore compact. If g € Fj, then g is not constant and so,
by the open mapping theorem,

Fy={9e€ HU):g(U) CD,g (%) is real, and ¢'(z9) > 1}

Finally,
Gi=Fn{ge HU): g is univalent or constant }

is a closed subset of Fj, and is therefore compact. Since the mapping g —
d'(20) is continuous on H(U), there therefore exists f € G| for which f/(z9) =
sup{¢'(z0) : g € Gi}. We shall show that f(U) = D, so that f satisfies the
requirements of the theorem.

Suppose not, so that there exists b € D\ f(U). The Mébius transformation
m_p moves b to 0 and f(zp) to —b. Thus 0 € m_;f(U). Since m_pf(U) is
simply connected, there exists a holomorphic square root function A on it;

(h(2))? = 2 for z € m_pf(U). Let ¢ = h(—b), so that ¢ € D, ¢> = —b and
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h(m_pf(z0)) = c¢. The Mobius transformation m_. then moves ¢ to 0. Let
¢ =argcand let g = ¢®m_.ohom_po f. Then ¢ is a univalent mapping
of U into D and g¢(zp) = 0.

Since h(z)? = z, h'(z) = 1/2h(2), so that h'(—b) = 1/2c. Further,

m’ ,(0) =1 —bb and m’ .(c) = 1/(1 — c¢).
Applying the chain rule,

g'(0) = e’m’_(c).0' (=b).m”_;(0).f'(z0)

= ¢ <(1 _lcc)> <i> (1= b) f'(20)
- (5) (A2 7 = .

But 2|c|] < 1+ |c[> = 1+ |b]. Thus g € G, and ¢'(0) > f'(0), giving a
contradiction. O

Corollary 25.8.2  The group of conformal automorphisms of U is isomor-
phic to the group of conformal automorphisms of D.

Proof The mapping m — f~'omo f is an isomorphism of group of
conformal automorphisms of D onto the group of conformal automorphisms

Corollary 25.8.3 If Uy and Uy are simply connected domains which are
proper subsets of C then there is a conformal transformation ¢ of Uy onto Us.

Proof Take ¢ = fy Lo f1, where f; is a conformal transformation of U;
onto D and f5 is a conformal transformation of Us onto D. O

Inspection of the proof of the Riemann mapping theorem shows that
it depends on the fact that if ¢ is a holomorphic function on the simply
connected domain U, and if g has no zeros in U then g has a square root;
no other consequences of simple connectivity are used. Thus we have the
following result.

Proposition 25.8.4 A domain U is simply connected if and only if when-
ever g is a holomorphic function on U which has no zeros in U then g has
a square To0t.

Proof  The condition is necessary, by Corollary 22.7.2. If it is satisfied,
then either U = C or U is homeomorphic to the simply connected domain
D. O
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Applications

We now apply the theory that we have developed to obtain further results.
These are interesting in themselves (although they are only the first of many
such important results), but they are principally intended to illustrate how
the theory is used in practice.

26.1 Jensen’s formula

Our aim is to show that the growth of an entire function f is related to the
location of the zeros of f. For this, we need Jensen’s formula.

Theorem 26.1.1 Suppose that r > 1 and that f is a meromorphic func-
tion on D, = {z : |z| < r} which has no zeros or poles in the set
D, \D={z:1<|z| <r} orat0. Then

log |(0)] = = 3 ky(s) g s| + 3 15(O)logl¢l + 5 [ logl (e,

s€Ss CeZy -

where k¢ (s) is the order of the pole at s and l;(C) is the order of the zero
at C.

Proof  Suppose first that SyUZ is empty. There then exists a holomorphic
branch of log z on f(D,), so that log f is a holomorphic function on D,.. Thus
log f(0) = % fﬂ log f(e) dt, by Cauchy’s integral formula, and the result
follows by taking the real part of this equation.

Secondly, suppose that S; U Z is not empty. We use Mobius functions to
remove the zeros and poles, so that we can again appeal to Cauchy’s integral
formula. Recall that if w € D then the Mobius function

768
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is an automorphism of D, with a simple zero at w and a simple pole at 1/w,
and that if z = e € T then

et —w

‘ it _
ma(e)] = | ‘ -

1 — eltw

Let p = sup{|z| : z € Sy U Zs} and let 7 = min(r,1/p). Let

9(2) = £(). | TT mos@r@ ) | ] meclz) €

s€Sy CeZy

Then g has removable singularities at the points of Sy U Z;. We remove
them; the resulting function, again called g, is then a holomorphic function
on D with no zeros. Further, |f(e®)| = |g(et)| for € € T. Thus log |g(0)| =

= [T log |g(e)|dt = 5= [T _log|f(e™)|dt, by the first case. Since
log [9(0)| =log | £(0)] + > kys(s)log [ms(0)| = D 15(¢)log [m(0)]
seSy CEZs
=log [F(0)+ ) ky(s)logls| = D 1;(¢)loglc],
sESy CEZy
the result follows. a

Corollary 26.1.2 Suppose that r > u > 0 and that f is a meromorphic
function on D, = {z : |z| < r} which has no zeros or poles in the set
D, \D,={z:u<|z| <r} orat0. Then

log /0 = Y ky(s)1og %] = 3 tr(@)log 1+ 5 [ toglf(ue]dr

sESy CEZy

where kf(s) is the order of the pole at s and l¢(C) is the order of the zero

at C.

Proof  Apply the theorem to the function f(z/u). O
Suppose that f is an entire function. We set ns(t) to be the number

of zeros, counted according to multiplicity, in Dy. Thus n(t) is a piecewise
constant increasing function on [0, 00).

Theorem 26.1.3  Suppose that f is an entire function and that f(0)=
If f has no zeros on T, then

) 1T -t
—dt = — 1 | dt.
| = o [ ol

—Tr



770 Applications
Proof  Since

/Ou@dt_ Z /u@dt— Z lf(C)log\%!,

cez,;nD, "¢l C€Z;ND,

this follows from Corollary 26.1.2. O

26.2 The function 7 cot wz

Note that the function 7 cot 7z is a periodic meromorphic function of period
1, with singular set Z, and with residue 1 at each pole.

Proposition 26.2.1 Let R, = C\ U3 __No(n), for 0 < a < 4. Then
the function mcot wz is bounded on R,.

Proof By periodicity, it is enough to show that the function 7 cot 7z is
bounded on the set S, = Ry N {x + 1y : 0 <z < 1}. It is continuous on the
compact set K, = So N{z + iy : |y| < 1}, and is therefore bounded on it. It
is therefore sufficient to show that the function 7 cot 7z is bounded on the
set L={x+iy:0<z <1yl >1}.If z=x+ iy € L, then

ML= MY | oTimT Y

eimTe—TY _ o—inT ey’

meotmz = umw

so that, since 3e ™2™ < 1,

eﬂ'|y‘ + eiﬂ'|y‘ 1 + 6727"
<7 < 2.
emlyl — e—mlyl 1—e2m

|reotmz| <7

Theorem 26.2.2 Ifze€ C\Z then

0o k

1 z 1
mcotmz z+ jg 2 kglgo Ekz—j )
- j=—

the sum and limit converging locally uniformly on C\ Z.

Proof  Note that neither of the series > 272, 1/(z — j) and 372, 1/(2 + j)
converges.
The sum

1+2§: z
z j:122_j2
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converges locally uniformly on C\ Z to a meromorphic function g, periodic
with period 1, and with simple poles on Z, with residue 1 at each point.
Thus the function 7 cot 7z — g(z) has removable singularities at the integers:
removing the singularities, we obtain an entire function f. We show that g
is bounded on R,; by periodicity, it is enough to show that it is bounded on
Se- Since it is continuous, it is bounded on K, and it is therefore enough to
show that it is bounded on L. If z € L then the real part of 22 is negative,
so that |22 — n?| > max(|z|?,n?). Let k be the integral part of |z|. Then

j=1
and
- z i 1 |z
I A S )
2 _ 2 -~ S -~ Pl
Pare Pl Eaial G-k

which gives the result.
Consequently, the function f is a bounded entire function, and is therefore
constant, by Liouville’s theorem. Finally, 7 cot 7/2 = 0 and

1 1
g(1/2) = lim | Y +— | = lim =0,

k—o0 ; = — k—oo k +
j=—

so that f = 0. O

We can use this theorem, together with the residue theorem, to calculate
certain infinite sums.

Corollary 26.2.3 Suppose that f is a meromorphic function with a finite
singular set disjoint from Z, for which
Np =sup{|zf(2)| : |z| = R} - 0 as R — oc.
Let g(z) = nf(z) cot mz. Then
D resy(s) = —£(0) = D (F(G) + S (=4))-
SESf 7j=1

Proof  The function g has simple poles on Z, and the residue at j is f(j).
Suppose that & € N and that & > sup{|z| : z € S¢}. By the residue theorem,

k
/ nf(z)cot mzdz = 2mi Zresg(s)—i- Z 1)
Kk+1/2 ]

seSy j=—k
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By Proposition 26.2.1, M = suppen (sup‘z‘:kJr; |7 cot ﬂZ!) < 00, and so
2

/ wf(z)cotmzdz
Ki+1/2(0)

as k — oo, from which the result follows. O

< 27TMNk+1/2 —0

Example 26.2.4 1If 0 < a < 1 then

[e. 9]

Z (j —1a)2 B (sinﬂﬂ'a)Z'

j=—o00

Let f(z) =1/(z — a)?. Then wcot7z/(z — a)? has a pole of order 2 at a,
with residue —(7/sin7a)?, so that PRI VG a)? = (7/sinma)?.
In particular, putting a = 1/2, it follows that

o0 o0 o0

1 1 1 1 1 )
1;)(2“1)2 4,;)(%%)2 8;_:00 (n+ 3)?
Since
(o] [o¢] o0 [o¢] [o¢]
1 1 1 1 1 1
ZW =2 (2n + 1)2 2 (2n)2 =2 (2n +1)2 +ZZF’
n=1 n=0 n=1 n=0 n=1

it follows that > o° ; 1/n? = 72/6. We can also obtain this result directly.
The function (7cot7z)/z? has a pole of order 3 at 0, and straightfor-
ward calculations show that the residue is —72/3. Thus we again find that

o0 1/n? =72 /6.

26.3 The functions wcosec 7wz

The function g(z) = sinwz is an entire function. It is periodic, with period
2. Tts zero set is Z and ¢/(z) = wcos 7z, so that ¢'(n) = (—=1)"n, for n € Z.
Thus the function wcosecmz = 7/sinmz is a meromorphic function on C,
with singular set Z; the residue at n is (—1)".

Proposition 26.3.1 Let z = v+ iy. If Kk € Z and x = k + %, then
|mcosec mz| < 2me~ ™ and if |y| > 1 then |mcosec wz| < dme~ Yl

Proof If |z] = k + 1 then

|mcosec mz| = w/ coshy < 2me ™Y,
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If |y| > 1 then

2T
- e7T|y‘ —e —7|yl

2w

eimT—TY _ o—imx+TY

< Ame~ 7yl

|rcosec mz| =

Theorem 26.3.2 Ifze€ C\ Z then

. :
—1)
meosec Tz = Z ( ) s

Jj=—00
and the double series converges locally uniformly on C\ Z.
Proof  First observe that

(1)) 1 1 < 1
z—y_;<z—2j_z—(2j—1>>_Z<z—2j>(z—(2j—1>>’

J=1

2k

=1

and

i’“:(—w'_ A 1
jzlz—lrj_.:l 242 z+(2-1)

<

= G2+ (2 - 1)
so that each of the series E;il(—l)j/(z —j) and E;il(—l)j/(z + j) con-
verges locally uniformly on C\ Z, and so the double series converges locally
uniformly on C\ Z.

Now cosecu = cot u/2 — cot u. It therefore follows from Theorem 26.2.2
that

2+22 2/2 1+2§: z
TCOoSseC Tz = — — 5 — — -
(2/2)? — z j:122—32

1 > 2z > z

=42 mmmwm X

z o2 o

1 — (—1)7z (—1)

Loy G0 s O

7j=1 j=—00
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We can require weaker conditions on the decay of f when we consider
infinite sums, using the function wcosec 7wz instead of 7 cot 7z.

Proposition 26.3.3 Suppose that f is a meromorphic function with a
finite singular set disjoint from Z, for which

Mp =sup{|f(2)| : |2| > R} = 0 as R — oc.

Let h(z) = mf(z)cosec z. Then

Zresh( Z + f(=J))-

seSy 7j=1

Proof The function h has simple poles on Z, the residue at j being
(=1)7 f(j). Here it is convenient to consider square contours 7y /2, With
vertices at (£1 & i)(k + 3). Let Vir1/2 = sup{|f(2)] © 2 € ypq1/2}; then
Viy1/2 — 0 as k — oco. By the residue theorem,

k
/ 7 f(z)cosec mz dz = 2mi Z res 4(s) + Z (—1)jf(j)
Ye4+1/2

seSy j=—k

Using Proposition 26.3.1, it follows that
/ h(z)dz
Ye4+1/2

as k — 0o, and so the result follows. O

1
k+§
< Uy | 4 / Ame”™ dt + dme” " FF2) (4F + 2)
0

< 32Vk+1/2 —0

Example 26.3.4 If a € R and a # 0, then

u :l+2az (=1

sinhma a - j2+a?
j=

Take f(z) = 1/(z — ia). The residue of h(z) = wf(z)cosecmz at ia is
m/isinh(ma), so that

T = 1
isinhma Z (]—m—{_—j—ia)'

J=1

Multiply by ¢, and simplify the summands.
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Recall that the beta function B on (0,00) x (0,00) is defined as B(z,y) =
Jo vt — )yt dt.

Corollary 26.3.5 If0<x <1 then B(z,1 —x) = mcosec .

Proof  For each is equal to Y 7 7 (See Volume I, Section 10.3.) O

Jj=—00 x—j

Exercises

26.3.1 Show that if 0 < a < 1 then

[e. 9]

1 2(—1)’a
TCcosec Ta = P ]Z; m.
Show that when a = % then this formula reduces to the familiar
formula
T 1 1 1
1~ 73 5"

26.3.2 Show that if 0 < a < 1 then

io: (-1)"  w?cosma
(n—a)?  sin’ma

n=—oo

26.3.3 Calculate the sum

1 1 1 1
TE TR E g

26.4 Infinite products

Suppose that F' is a meromorphic function on C, with nonzero poles
{s1,s2,...} and zeros {(1, (2, ...} listed in order of increasing modulus. Sup-
pose that k; is the order of the pole s; and that I; be the order of the zero ;.
Then, as in Section 23.5, the function f(z) = F’'(2)/F(z) is a meromorphic
function on C, with simple poles on Sr U Zp, the residue at s; being —k;
and the residue at ¢; being [;. Again, let (r,) be an increasing unbounded
sequence of positive numbers for which T, N (Srp U Zp) is empty, and let
M, = sup{|f(2)| : z € T, }. Then there are finitely many poles and zeros
of f inside T, : let them be {s1,s2,...,s;, }U{C1,C2,.-., G}
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Theorem 26.4.1  Suppose that F' is a meromorphic function on C with the
properties described above, that M, — 0 as n — oo, and that 0 ¢ Sp U Zp.
Suppose that w € C\ (SpU Zp). Then

in l,, jn 7]6]'
w w
F = F(0). li 1——= 1-—
(w) = F(0). lim_ 131( Q) H< 3])
The limit exists locally uniformly on C\ (Sp U ZF).

Proof  Applying Theorem 23.5.6, we see that

P o (& ke
F(w)if(w)i_“hﬁngo Zw—JSj_Zw—Ci ’

Jj=1

the limit existing locally uniformly. Suppose that zy € C\ (Sp U ZF), that
K = Ms(zp) C C\(SpUZF) and that w € K. Integrating along a rectifiable
path in C\ (Sp U ZFp) from 0 to zp, and in K from 2o to w we see that

]'Vl
log F(w) = log F(0)— hm Zk: log s <1 - —) Zl log <1 - C_> ,

where log;- is appropriately defined for w € K, and that the convergence is
uniform on K. Applying the exponential function, the result follows. O

If the sequence (M,)0° is bounded, but not a null sequence, we must
appeal to Theorem 23.5.7.

Theorem 26.4.2 Suppose that F is a meromorphic function on C with
the properties described above, that (My)32 , is a bounded sequence, and that
0¢ SrpUZp. Suppose that w € C\ (SpU Zp). Then

i : i k,
F(w) = F(0). lim H ((1 — %) eliw/<i> . H <<1 — ?) ekfw/3j>
n—00 i i 1 j

7j=1

The limit exists locally uniformly on C\ (SpU ZF).
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Proof  Using Theorem 23.5.7, and arguing as above,

log F(w) — log F(0)

Jn
— ki (1 . L (1 B
e j;”("gU(l sj> ) Z <°gU<1 c) @) |

and exponentiation again gives the result. O

Corollary 26.4.3 If, in addition, F is an even function, with zeros
{1, ¢, ...} and poles {s}, sh, ...} in the half space H, = {z = x+iy:z > 0}
(listed in order of increasing modulus) then

F(w) = F(0). lim H (1 — 72) H 1-—
i=1 v j=1 J
Proof  Pair the zeros ¢; and —(}, and the poles (; and —(’. 0

Example 26.4.4 (Euler’s product formula)
- _ 2= T((1-2 z/n)
sin mz= 7TZH (1 ) T2 H ((1 n) e
Jj=1
A2 ) )
, n
7j=1

and each of the products converges locally absolutely uniformly on C\ Z.

Proof  Let F(z) = (sinmz)/7z. Then F'(2)/F(z) = wcot 7z —1/z, and so,
taking r, = n+ %, the sequence (M,,)5° ; is bounded. We can apply Theorem
26.4.2, and Corollary 26.4.3. Corollary 26.4.3 gives the first equation. Since
0<1—(1-w)e” <w?for0<w< 1, it follows from Proposition 20.5.2
that each of the products

[((1-3)e) H(( )

Jj=1
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converges locally absolutely uniformly on C\ Z. Thus

s (T2 ) (1004 5) e )

(105 (2 IT0 ) ).

so that the second equation follows from Theorem 26.4.1. O

26.5 *Euler’s product formula*

(This section can be omitted on a first reading.)

In Example 26.4.4, we established Euler’s product formula for sin wz. The
proof depended in an essential way on the residue theorem. Euler established
his formula long before Cauchy established the residue theorem, and it is
of interest to prove Euler’s theorem in a more elementary way. In Euler’s
time, rigorous analysis had not been developed, but we shall proceed accu-
rately, making use of Weierstrass’ uniform M test for products (Volume II,
Corollary 14.2.10).

Let us set w, = €>™/™ for n € N. Then w = 1 and the roots of the

polynomial X" — 1 are 1,wy,w?,...,w" ! so that
n—1
X" —1=(X-1)J[(X—w).
j=1

Note that w? ™ is the complex conjugate of w%, so that

(X —wl)(X —wh) = X? —2cos(2mj/n) X + 1.

Thus if n = 2k + 1 is odd then the homogeneous polynomial X™ — Y™ can
be factorized as a product of real polynomials

k
X" =YY"= (X -Y) [[(X* = 2cos(2mj /n) XY + Y?),
j=1

while if n = 2k is even then we have the factorization

k—1
X"—Y" = (X -Y)(X+Y) [[(X? - 2cos(2nj/n) XY +Y?).
j=1
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These factorizations are very useful, and we use them to establish Fuler’s
product formula.

Theorem 26.5.1 Ifz € C then
sinmz = 7TZH (1 - —2> ,
=N
and the product converges locally uniformly.

Proof  Suppose that z € C and that n = 2k 4+ 1 is an odd natural number
greater than |z|. If log is the principal value of Log in the right half-plane,

then
| <1+Z) 22 1+z 22 N
nlo Z)—z=2 =2 4.
& n n 3n  4n? ’

so that

2
|nlog(1+i>—z|<ﬁ 1_1_@_1_ m 4. :ﬁ
W) U 20— 4]

and (1 + z/n)" — €* as n — oo. Thus if we set

o= (102 - (-2))

it follows that sin,(z) — sinz as n — oo.
Since (1 +w)? + (1 —iw)? = 2(1 — w?) and (1 + iw)(1 —iw) = 1 + w?,
applying the formula above we find that

(1 + iw)" — (1 — iw)"

(1 —w?) —2cos(2mj/n)(1 + w? )

((2 = 2cos(2mj/n)) — (2 + 2 cos(2mj/n))w?)

k
v e
k
e 1

1 — cos(2mj/n)

k .

j

A || 1 — w?cot? ==
nj1< w” co n>’

) _
— 2iwA, H <1 _ _Feostemy/m) COS(%]/")w?)
j=1
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where A, is a constant. Comparing the coefficients of w on the two sides of
the equation, we see that A, = n.
Setting w = wz/n = wz/(2k + 1) we see that

k 2 2 .
] B Tz o T
singgy1(m2) = ﬂzj”l <1 — A cot ST 1) )

We now appeal to Weierstrass’ uniform M test for products. (Volume II,
Corollary 14.2.10). Let N = N U {co} be the one-point compactification of
N.If k € N let

fi(k) =0 for k < j,
2,2

Tz 9 TJ .

= (2k+1)2COt 1 for j < k < 400,
2

:;—Qfork:—i—oo.

Since fcotf — 1 as § — 0, it follows that each f; is continuous on N.
Further, fcot @ is a decreasing function on (0,7/2) (verify this!), so that
il < 12%|/4% and > 721 1filloe < co. Thus the conditions of Weierstrass’

uniform M-test for products are satisfied, and so the product szl (1—f;(k))

converges uniformly to a continuous function g, on N as J — oo. But

oo
w29, (k) = H 1 — f;i(k)) = singg41(m2)

for k € N, and
w29, (00) = 7TZH (1 - —2> )
j=1
so that, since g,(k) — g.(o0) as k — oo,

o0
. o 22
sinTz = lim singg41(7z) = 72 H 1-—=).
k—ro0

2
=N

Finally, the product converges locally uniformly, since if |z| < R then
2%/5% < R?/5%. O

We can use this to give a proof of Theorem 26.2.2 which does not depend
upon the residue theorem.
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Corollary 26.5.2 Ifz € C\Z then

o0

1 <z 1 1 1
trz=-+2Y) —— == —
reonz= L2y T LY (o).

Z [e—
j=1 J

and the convergence is uniform on the compact subsets of C\ Z.

Proof  First consider the case where z € (0,1), so that 0 < sin7ma < 1.
Since the function log is continuous on (0, 1],

2
log sin 7tz = log wx + Zlog (1 — —) .
j2
7j=1

Now

and ) 2%, 2x/ (22 — j2) converges uniformly on compact subsets of (0,1). We
now appeal to Corollary 12.1.7 of Volume II. This implies that

d 1 !
wcotﬂw—d—logsmwx—;-i-QZ . 2Z<x_] $+]>

and that the convergence is uniform on the compact subsets of (0,1).

The series on the right also converges locally uniformly on C\ Z to a
holomorphic function f on C\ Z. Since f(x) = mwcotma for x € (0,1), it
follows that f(z) = mcotmz for z € C\ Z. O

Exercises

26.5.1 Suppose that n = 2k. Show that

k
X"+ Y™ =[] (X = 2cos((2j — D) /2k) XY +Y7?).
j=1

Argue as in Theorem 26.5.1 to show that

j=1
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26.5.2 Obtain the same result, by using the formula sin2x = 2sinx cosz,
and carefully using Euler’s product formula for sin x.

26.5.3 We define secz = 1/cos z for z # (2n — 1) /2. Show that if z # w
and w # 0 then (1 — z/w)™! = 14 z/(w — z). Use this to establish
the following identities:

15 22
TCOSeC T2 = ;]1_[1 <1+j2—722> for z € \ Z;

(o]
422 1
WSQCWZ:H<1+m> fOI'Z—§€C\Z,

(45 —1)2* 1 i
tanﬂz—ﬂzjl—ll <1+j2((2j—1)2—422) for z — 5 € C\ Z;

o0

i (45 — 1)22
COtﬂ'Z:; <1_(2j—1)2(j2—z2) for z € C\ Z;

sinmz 2 = w? — 22
:_H<1+ﬁ> for w e C\ Z.
wj:1 —w

sin Tw J

Show that the products for m cosec mz and cot 7z converge uniformly
on the compact subsets of C\Z and that the products for 7 sec 7z and
tan 7z converge uniformly on the compact subsets of C\ (Z + 1/2).

26.5.4 Show that (d/dx)logtanz = 2/sin2z, for « ¢ wZ. Establish the
following identities:

- 1 1
:E — -— for z—1/2 € C\ Z;
j—f—z j—3+z

1 - ; z
== 12) (1) (5o
cosec Tz = — + (—1) <z2 — j2>

j=1

- . 1 1
== —1)/ f C\Z.
z+;( )<z+j+z—j> or 2 € G\
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26.6 Weierstrass products

Suppose that (,...,(y are distinct non-zero complex numbers, and that
l1,...,ln are natural numbers. Then the polynomial function
N z
1
p(z) = H(1 - =)
j=1 G

has zeros at (1, ..., (N, with multiplicities [y, ..., [y. If, further, [y € N then
Zlop(z) also has a zero at 0, with multiplicity lo. (The fact that we have to
consider 0 separately is a rather trivial nuisance, but is one that will recur.)

Suppose that U is a domain and that Z is an infinite discrete subspace
of U \ {0}. We can write Z = {(1,(2,...} where the terms are distinct,
and are arranged in order of increasing modulus. Suppose that (lj)]o-‘;l is a
sequence in N. Can we find a holomorphic function f on U with zero set
Zy equal to Z, and with the multiplicity of the zero at each (; equal to

[;7 A first attempt might be to try f(z) = H;’il (1 - é)lj; but as Euler’s
product formula shows, the product need not converge. On the other hand,
the inclusion of an exponential term in each factor of Euler’s product formula
produced a product which converges locally uniformly. Weierstrass showed
that if suitable exponential terms are included in each factor, then a locally
uniformly convergent product results.

First, let us describe the exponential terms that we shall need. We

introduce several entire functions. Suppose that n € Z* and that w € C. Let

)\o(w) = 0,

M(w) = w4 w?/2+ -+ w"/n, for n >0,
dp(w) = M),

Ep(w) = (1 —w)dy(w),

gn(w) =1 — Ep(w)

Note that if |w| < 1 then A\, (w) — —log(1—w) as n — oo, so that d,(w) —
1/(1 —w), E,(w) — 1 and g,(w) — 0 as n — oo.

The entire functions F, are called elementary factors. Suppose that U
is a domain and that m is a Mdbius function on U which does not have a
singularity in U. The holomorphic function E,, om on U is called a Weier-
strass factor, and a product of Weierstrass factors which converges locally
uniformly on a domain is called a Weierstrass product, as is the holomorphic
function which it defines. We shall answer the question above by constructing
functions which are Weierstrass products.
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We need to know how quickly g, (w) converges to 0 as n — oo.
Proposition 26.6.1 Ifn € N and |w| <1 then |g,(w)| < |w|"H1.

Proof  Each of the functions described above is an entire function. Since
dy(0) = 1, dy, has a Taylor series expansion dy,(w) = 1+3272, ajw’ /4!. Since
all the coefficients of the Taylor expansion of e and all the coefficients in
the definition of A, (w) are positive, it follows that a; > 0 for j € N. Since
E,(0) = 1, E;, has a Taylor series expansion Ey,(w) = 1+322, bjw’ /4. Let
us consider the derivative of E,,:

El(w) = —dp(w) + (1 — w)d] (w)
= —dp(w) + (1 — W)X, (w)dy (w)
= —w"d,(w).

We draw two conclusions from this. First, b; = 0 for 1 < j < n. Secondly,
b; <0 for j > n+ 1. Thus

— — Jo—1_ ihea]
0=E,(1) =1+ ) =1 > R
Jj=n+1 Jj=n+1
so that 322 . |bj|/j! = 1. Consequently, if [w| <1 then
o :
bwd—(n+1)
|9 (w)] = |1 = Ep(w)] = |w["* | Y ]f
j=n+1
S
< |w|n+1 Z _J' _ |w|n+1‘
j=n+1

We begin with the simplest case, when U = C.

Theorem 26.6.2 Suppose that Z is an infinite closed discrete subspace
of C\ {0} and that (I;)32, is a sequence of natural numbers. Let Z =
{¢1,Ca, ...}, where the terms are listed in order of increasing modulus. Write
Z ={ni,m2,...}, where each (; is repeated l; times, and the terms are listed
in order of increasing modulus. If (p,)s2, is a sequence in N for which

o0 r O\ Pl
Z(—) < o0 for all r > 0,

o— |7
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then the product

= w N w

11 & (—) = lim || E,, <—>

n=1 T N=voe n=1 T
converges locally uniformly to an entire function f on C, for which Zy = Z
and the zero at (; has multiplicity l;, for j € N.

Proof ~ We begin with two remarks. First, |n;| — oo as j — 0o, and so the
condition holds if we take p, = n for n € N. But it is desirable to take p,
small; for example, if Z = Z\ {0}, the we can take p, = 1 for all n, as in
Euler’s product formula. Secondly, the infinite product does not converge in
the strict sense of infinite products, since there are terms which are zero at
points of Z.

We show that the product converges locally uniformly. Suppose that K is
a compact subset of C. Let r = sup{|z| : z € K}. There exists ng such that
|| > 7 for n > ng. If w € K and n > ng then

T. p’7l+1
< <—> for w € K,
7]

w

Ipn (W_n)

so that the sum )37 g, (
follows from Proposition 20.5.

I (= () - 1L ()

n=no n=no

) converges uniformly on K. It therefore
that the infinite product

Flg

[\

converges uniformly on K to a continuous function, not taking the value 0.
Consequently [[7; Epn(w/ny,) tends locally uniformly to an entire f on C,
Zy = Z, and each zero (; has multiplicity /;, for j € N. a

We can easily deal with the case where 0 € Z: let h(z) = 2 f(z). Then h
also has a zero, with multiplicity [y, at 0.

Example 26.6.3 The product

wie) = [ 2= T1((1-2) e ).
n=1 n

=1

The product converges, since Y oo ;(1/n?) < oo, and so W is an entire
function with zero set N. Each of these zeros is a simple zero. Euler’s product
formula can then be written as sinmz = m2W;(2)W1(—2). We shall consider
this function further in the next section.
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Next we consider the case where U is a proper subset of C and Z is
bounded. The idea of the proof is the same, but the details are rather more
complicated.

Theorem 26.6.4 Suppose that U is a domain which is a proper subset of
C, that Z is an infinite bounded closed discrete subspace of U and that (1;)52,
is a sequence of natural numbers. Let Z = {(1,(a, ...}, where the terms are
distinct. Then d(¢;,0U) — 0 as j — oo. Write Z = {n1,n2, ...}, where each
(j 1is repeated l; times, and the terms are listed so that (d(n,0U))22 is
a decreasing sequence. The sequence (d(ny,0U))>> is a null sequence. For
each n, there exists 6, € OU such that |n, — 0n| = d(ny, OU). If (pn)s; is a

sequence in N for which

[oe} d . pn+1
Z(M> < oo for allr >0,

r
n=1

then the product

e (35)

n=1
converges locally uniformly to a holomorphic function f on U, for which
Zy = Z and the zero at (; has multiplicity 1;, for j € N.

Proof  If r > 0 then the set {¢ € Z : d((,0U) > r} is a bounded closed
subset of U, and is therefore finite. Thus d(n,,0U) — 0 as n — oo. If
Mn € Z then {6 € OU : |n, — d] < 2d(n,,0U)} is a compact set, so that
there exists 6,, € U for which |n, — 0,| = d(nn,0U). Suppose that K is a
compact subset of U. Let r = inf{d(w,0U) : w € K}. Then r > 0, and so
| (N — On)/(w — dp,)| < d(ny,0U)/r, for w € K. Thus

> Mn — On > d(nnaaU) potl
< e
;gpn(w_én)\_;( : < oo,

so that the product

ﬁ E . <77n B 5n>

ot w — O
converges locally uniformly to a holomorphic function f(w) on U, for which
Zy = Z and the zero at (; has multiplicity [;, for j € N. O

Example 26.6.5 Blaschke products.

Theorem 26.6.4 applies when U is a bounded domain, and in particular,
it applies when U = D. For example, suppose that ({,)>° is a sequence of
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distinct non-zero elements in D and (I,,);2; is a sequence in N for which
S22 1u(1 = [Ga]) < oo. Then, writing ¢, = rne", the function f(w) =
122, ((w = ¢)/(w — €))l is a holomorphic function f on D for which
Zy = Z and the zero at (; has multiplicity /;, for j € N. This function has
some unfortunate features, since |(w — ¢,)/(w — )| — oo as w — e'n

Let us replace each &, by v, = 1/, Then Y 0% 1,[¢n — | < 00, and so
the product
10_0[ <1 . Cn _'Yn>ln — 10_0[ <Cn - w>ln
1 W —Yn S\ Tn — W
i l"
H & (52

also converges locally uniformly to a holomorphic function f(w) on D for
which Zy = Z and the zero at (; has multiplicity [;, for 7 € N. But
[15%,(1/[¢a])!i also converges, and so the product

ln
el Cn 1 - Guw
converges to a function B(w), with the same properties. This function is
called a Blaschke product. Each function (¢, — w)/(1 — (,w) is a Mobius
function which is an automorphism of D and which is a homeomorphism of
D. Consequently |B(w)| < 1 for w € D. As we shall see in Part Six, B(w)

also behaves well as w approaches the boundary T of D.
We now return to our original problem, and consider the general case.

Theorem 26.6.6 Suppose that U is a domain which is a proper subset of
C, that Z is an infinite closed discrete subspace of U and that (lj);‘)il s a
sequence of natural numbers. Let Z = {(y,(a, ...}, where the terms are dis-
tinct, and let Z = {n1,1m92, ...}, where each (j is repeated l; times. Then there
exists a sequence (my)>2, of Mobius functions such that 177 En(my(w))
converges locally uniformly to a holomorphic function f on U, for which
Zy = Z and the zero at (j has multiplicity l;, for j € N.

Proof  Note that if Z is bounded, then the result follows from Theorem
26.6.4. For then, with the notation of Theorem 26.6.4, |1, — d,| — 0, so that

= nn_én = 77n_5n i
; gn(w—5n> EZ <w—5n>

n=1
consequently, the product converges locally uniformly.

< 00;
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Suppose first that Z is bounded, and that U is unbounded. We retain
the notation of Theorem 26.6.4. We show that f(w) — 1 as w — oo. Let
R = Sup{[¢|| : ¢ € Z}. Then |z| < Rforall z € Z, and so there exists z € U
with |z| < R. Consequently |n, — d,| < 2R for all n € N. Suppose that
0 < € < 1. There exists S > 0 such that if [w| > S then 2R/(jw| — R) < e.
For such w, |1, — d,|/|w — 0| < € for all n, so that

ig (!nn—én]> < ien-i—l <e
n=1 ! ’w o 6"’ a n=1
Consequently, f(w) < 2¢, by Proposition 20.5.2.

Now return to the general case. Let wg be an element of U. There exists
r > 0 such that M, (wg) C U. Let T'(w) = r/(w—wy), for w € U\{wp}. Then
T maps U \ {wp} conformally onto V' =T(U \ {wp}) and T(Z) C D. Thus
there exists a Weierstrass product which converges locally uniformly on V
to a holomorphic function f, for which Z; = T'(Z), and the zeros have the
appropriate multiplicity. Let f(z) = h(T(z)) for z € U \ {wp}. Then f has
a removable singularity at wy; setting f(wg) = 1, we obtain a holomorphic
function on U with the required properties. O

Theorem 26.6.7 (The Weierstrass factorization theorem)  Suppose that f
18 a non-constant holomorphic function on a simply connected domain U.
There exist a holomorphic function h and a Weierstrass product w on U
such that f = e"w.

Proof  Let Z; be the zero set of f. There exists a Weierstrass product w
on U with zero set Zy, and with zeros with the same multiplicity as the
zeros of f. Thus the function f/w has removable singularities at the points
of Zy. Let g be the function obtained by removing the singularities. Then
g is a holomorphic function on U with no zeros. By Theorem 22.7.1, there
exists a continuous branch of logg on U. Let h = log g. Then f = e"w. O

In the case where f is an entire function for which f(0) # 0, with zero
set {(1,(2,...}, we can take w to be [[°2,(E,, (2/¢y))!, where [, is the
multiplicity of the zero (,, and the sequence (p, )52 is chosen in such a way
that the Weierstrass product converges locally uniformly. If f(0) = 0, we
must include a factor 2%, where Iy is the multiplicity of the zero at 0.

We can use these results to construct meromorphic functions with given
zeros and poles. If S is a closed discrete subspace of a domain U and k is
a mapping from S to N, we can construct a holomorphic function A on U
with zero set S, where the zero at s € S has multiplicity k(s): then 1/h is a

meromorphic function on U with no zeros, and with singular set S, the pole
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at s € S having order k(s). If Z is a closed discrete subspace of U disjoint
from S and [ is a mapping from Z to N, we can construct a holomorphic
function g on U with zero set Z, where the zero at ( € Z has multiplicity
[(¢): then f = g/h is a meromorphic function on U with given zeros and
poles.

In fact, meromorphic functions can be constructed with more strongly
prescribed properties at the poles.

Theorem 26.6.8 (The Mittag—Leffler theorem)  Suppose that S is a closed
discrete subspace of a domain U and that p is a mapping from S into
the space of complex polynomials of positive degree. Then there exists a
meromorphic function f on U such that the principal part of f at s is

ps(1/(z = 5)).

Proof ~ We shall only prove this in the case where U = C or D: the proof
in the general case requires results about the approximation of holomor-
phic functions by rational functions. The proof involves sums, rather than
products.

First we consider the case where 0 ¢ S. Let ()22, be a strictly increasing
sequence such that infseg|s| > 71, and such that r, — oo (if U = C) or
rn, =1 (1 U=D)asn— oco. Let D, = {z: |z| <r,}, let A, =Dy41\ Dy
and let S, = SN Ay, for n € N. The function f,(s) = > ,cq ps(1/(z — 5))
has poles in A,, with the correct principal parts, and is holomorphic in a
neighbourhood of D,,. Thus the Taylor series expansion of f,, about 0 has
radius of convergence greater than r,. It follows, by taking sufficiently many
terms, that there is a polynomial g, such that sup,cp_|fn(2)—gn(2)| < 1/27.
But then the function h,, = f,, — ¢, has the correct principal parts in A,,, and
the series Y ° | hy, converges locally uniformly on U \ S to a meromorphic
function with the required properties.

If 0 € S, we simply add py(1/z) to the function obtained for the set

S\ {0} 0

Corollary 26.6.9 Suppose that f is a meromorphic function on a domain
U, and that Sy is the disjoint union of A and B. Then there exist
meromorphic functions g and h such that f=g+h, Sg=A and S, =B.

Proof By the theorem, there exists g with S;=A such that f—g has
removable singularities at the points of A. Remove them, and set h=f — g.
O
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Corollary 26.6.10 Suppose that f and g are holomorphic functions on a
domain U, and that Zy N Zy = 0. Then there exist holomorphic functions h
and k on U such that hf + kg = 1.

Proof  The function 1/fg is meromorphic on U, with singular set Z;U Z,.
By the preceding corollary, we can write 1/fg = a + b, with S, = Zy and
Sp=Zy. Let k =af.1f ( € Zy, then 1/g and af are both holomorphic in a
neighbourhood of ¢, and so k = 1/g —af is holomorphic in a neighbourhood
of (. Since it is holomorphic elsewhere, k£ is a holomorphic function on U.
Similarly, h = bg is a holomorphic function on U. Finally, 1 = fgb+ fga =
hf + kg. O

Exercises

26.6.1 Suppose that U is a domain other than C. Show that there is a
closed discrete subspace Z of U such that Z = Z U 0U. Construct a
holomorphic function f on U with the property that if V' is a domain
which contains U as a proper subset, then f cannot be extended to
a holomorphic function on V.

26.6.2 Construct a holomorphic function B on D with the property that for
each z € T there exist sequences (2,,)72 ; and (wy,)22; in D such that
Zn = 2, Wy — 2, B(z,) = 0 and B(w,) — 1 as n — oo.

26.7 The gamma function revisited

In Volume I, Section 10.5, we established properties of the gamma function,
considered as a function of a real variable. Here we consider it as a function
of a complex variable.

If 2= x4y and ¢t > 0, then |t*te~t| = t*" et so that the integral

R
lim (/ t# et dt>
e—0,R—0c0 €

converges locally uniformly on the right half-plane H, = {z = z+iy : > 0}
to a holomorphic function I' on H,.. We can however extend I' further. We
split the defining integral into two. Let

1
To(z) = 113(1] </ t* et dt)

R
and I'1(z) = lim e tat ).
R—o0 1
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The integral for I'y converges locally uniformly on C, and so I'; is an entire
function.
Suppose that z = x 4 7y, with x > 1. Since

oo

et =Y (=1)""/nl,

n=0
and since the series converges uniformly on [0, 1],

Lo(2) = lim (i(_l)n </01tz_1i_’;dt>>

n=0

-y ([ ) <L ety

Now this series converges locally uniformly on C\ {0,—1,-2,...}, and so
it defines a holomorphic function on C\ {0,—1,—2,...}; we again denote
this function by I'g. Further, omitting the term (—1)"/n!(z + n), we see
that Ty has a simple pole at —n, with residue (—1)"/n!. Thus, if we set
I'(z) =To(z) + I'1(2) for z € C\ {0,—1,—2,...}, we obtain a meromorphic
function on C.

Proposition 26.7.1 Ifze€ C\{0,—1,-2,...} thenI'(z 4+ 1) = 2I'(2).

Proof Let f(z) =T'(z2+1) — 2I'(2) for z € C\ {0,—1,-2,...}. Then f
is a holomorphic function. By Proposition 10.5.1 of Volume I, f(x) = 0 for
x € (0,00), and so the zeros of f are not isolated. Thus f = 0. O

Proposition 26.7.2 Ifz € C\ Z then I'(2)I'(1 — z) = wcosec 7z.

Proof  Proposition 10.5.4 of Volume I stated that if  and y are real and
positive then I'(z)T'(y) = B(z,y)T'(x + y); in particular, if x € (0,1) then

I'(x)I'(1 —z) = B(x,1 — z) = wcosec 7z,

by Corollary 26.3.5. Thus I'(2)I'(1 — z) — mcosec 7z is a holomorphic function
on C\ Z which vanishes on (0, 1), and is therefore zero. O

Corollary 26.7.3  The function I'(z) has no zeros in C\ {0,—1,—-2,...}.

Proof 1If z € C'\ Z and I'(z) = 0 then mcosecmz = 0; but mcosec wz has
no zeros. If z € N, then I'(z) = (2 — 1)! # 0. 0

Corollary 26.7.4 F(%) = /7.
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Proof  For mcosecn/2 = . O

We can see this another way. Setting ¢t = s2/2,

I'(3) :/0 tl/Qetdt:\/i/O e 2 ds = /x.

We can also extend the beta function. Let B, (z) = I'(2)I'(w)/T'(z + w)
forw ¢ {0,—-1,-2,...} and 2 ¢ {0,—1,-2,.. . }U{—~w, -1 —w,—2—w,...}.
Then B,, is a meromorphic function of z. If n € Z™ then B,, has a simple pole
at —n, with residue (—1)"T'(w)/n!T'(w —n). On the other hand, the function
I'y(z) =T'(z 4+ w) has a simple pole at —n — w, and so B,, has a removable
singularity at —n — w. Thus B, can be extended to be a meromorphic
function on C\ {0, —1,—2,...} and B,, then has zero set {—n—w:n € Z*}.
We therefore define B(z,w) to be By(z) for z,w € C\ {0,—1,-2,...}; if z
and w are real and positive, this agrees with the previous definition of the
beta function.

The function 1/T is an entire function, with simple zeros at 0, —1, —2,. ..,
and we can apply the Weierstrass factorization theorem to it. What is the
result?

Theorem 26.7.5 (i) Let

o0

L(z) = e [2Wi(=2) = e /2 [[ (1 + 2/m)e*/),

n=1

where v is Fuler’s constant. Then L =T
(ii) Let L,(z) = (n—1)n*/z(z+1)...(2z+n—1). Then L,(z) — I'(2)
locally uniformly on the domain U = C\ {0,—1,-2,...}.

Proof  First we show that L, (z) — L(z) locally uniformly on U. Now
P ez(logn7(1+%+---ﬁ))

T 2012 (04 ) 2B(—2)E(FE) . Bi(—)

n—1 n—1

Z<10gn—<1+%+---+ﬁ>> — vz
and Ey(—2)E; <_7Z> B <_ z 1> W (—2)

n [e—
locally uniformly on U as n — oo, the result follows.

since
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Now L,(1) =1 and L,(z+ 1) = nzL,(z)/(z + n), so that L(1) = 1 and
L(z+1) = zL(z), for z € U. Let T} be the strip {z =z +iy: 1 <z < 2}
If 2z =241y € T1, then |1 + z/n| > |1 + z/n| and |n*| = n”, so that

|Ln(2)| < Lp(z) and |L(z)| < L(z). Since L is bounded on [1,2], it follows
that L is bounded on 77. Similarly

o0 [e.e]
/ 7 et dt‘ g/ t* et dt = I'(z),
0

0

IT(2)| =

so that I' is also bounded on T;.

Now let F(z) = L(z) — I'(z). The function F' is a meromorphic function
on U which satisfies F(z + 1) = zF(z) for z € U and is bounded on T3.
Since L(1) =I'(1) = 1, F(1) = 0. Using the equation F(z + 1) = zF(z), it
follows that F'(z) — F'(1) as z — 0, so that F' has a removable singularity
at 0. Using the equation F'(z + 1) = zF(z) repeatedly, it then follows that
F(z) = (=1)"F(0)/n! as z — —n, so that all the singularities are removable;
removing them, F' becomes an entire function. We must show that F' = 0.
Let Ty be the strip {z = z + iy : 0 < = < 1}. Since F' is continuous, F is
bounded on the set {z = x+ iy € Ty : |y| < 1}. If 2z = x + iy € Tp and
ly| > 1, then |F(2)| = |F(2+1)/2| < |F(z+1)|, and so F' is bounded on Tj.

Let us now set G(z) = F(2)F(1 — z). Then G is an entire function which
is bounded on Tp, and G(z) = G(1 — z). Further,

G(z+1)=F(z+ 1)F(—2) =2F(2)F(—2) = —F(2)F(1 — z) = —G(2)

so that G(z +2) = G(z) and G(—z2) = —G(1 — 2) = —G(—=2). Thus G is
periodic, with period 2, and is bounded on Ty UT7. It is therefore a bounded
entire function, and so is constant, by Liouville’s theorem. Since F(1) = 0,
G =0, and so F(2)F(1 — z) = 0 for all z. This implies that F' = 0; for if
not, then Zg = Zp U (1 — Zp) would be countable. O

We shall see in Part Six (Exercise 29.1.3) that this theorem can be proved
more directly, once the Lebesgue integral has been introduced.

Exercises

26.7.1 Show that if z € C\ (—o0,0] then

logl'(z) =log z — vz — i (log (1 + %) — %) .

n=1

26.7.2 Let W(z) =1"(2)/T'(2), for z € U =C\ {0,—1,-2,...}.
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(i) Show that

oo

1 z
V(z)=—v—=-+ ) —/—,
T3 nz:ln(z—i-n)

and that the sum converges locally uniformly in U.
(ii) What is the singular set of U7 What is the order of each pole?
What is the residue there?
(iii) Evaluate ¥(1).
(iv) Show that U(z+1) = U(z)+1/z. What is lim, o (¥ (n)—logn)?
(v) Show that if z € C\ Z then ¥(z) — ¥(1 — z) = —7wcot 7z.

26.8 Bernoulli numbers, and the evaluation of {(2k)

Euler not only showed that ((2) = E]Oil 72 = 72/6, but also evaluated
C(2k) =227, j72F for k € N, in terms of the Bernoulli numbers. We begin
by considering the function B(z) = z/(e* —1). The entire function (e*—1)/z
has a removable singularity at 0 and zeros at 2miZ\ {0}. Consequently B(z)
is a meromorphic function on C, with simple poles at 27iZ\ {0}. We denote
its power series expansion about 0 as

z > B ;
B(z) = :1—1—27']27, for |z < 1;
=17

er —1

the series has radius of convergence 2m. The coefficients (B;)72, are the
Bernoulli numbers. Note that B; = —1/2. Now consider

z  z2(ef+1) zel24e2 2 z
B(z)+ % = _Z — Z coth 2.
G 45 = e 1) T 2 e 2Ny

This is an even function, and so Bog1 = 0 for £k € N. If z # 0 then

(e 5) () =5

so that

i j = 2 1 2
211+ — | =52+ -
! ;(g+1)! 2 Z
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Multiplying the two series, and equating the coefficient of 22*, we obtain the

equation
By Ba; P S
(2k)! st N2k —27+ 1) 2(2k)!  (2k+ 1)1
Consequently,
(2% + 1) By, — _jé <2’“2]+, 1)32]- Fh %
Thus
By = é, By = —%7 Bg = £7 Bg = —%, By = %7 By = —%-

Note that it follows from the recurrence relation that the Bernoulli numbers
are rational numbers. The form of Bjs suggests that there is no obvious
pattern for them. A formula for By is given in Exercise 2.

Putting z = 2iw in the formula above, we see that if |w| < 7 then

0 . ka
wcot w = kzzo(—ll) sz(Q—k)!

Theorem 26.8.1 Ifk € N then

. 22k71ﬂ.2kB2k _ 22k71ﬂ.2k’B2k‘
(2k)! (2k)!

11
<(2k):1+2@+3ﬁ+---:(—1)k

Proof  1If |w| < m then
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It therefore follows from Theorem 26.2.2 that

wecotw =1—2 _

()

w2k =1
SR piie p pi=
k=1 j=1
oo ok
w
=1-2 ——((2k
> e,

the change of order of summation being justified, since

> (Sl

The result now follows by equating the coefficients of w?*
series for w cot w.

in the two power

Note that this implies that the Bernoulli numbers By, alternate in sign.
What about the values of ((2k + 1)7 They remain a mystery. It was not
until 1979 that the French mathematician Roger Apéry showed, to great

acclaim, that ((3) is irrational.

Exercises

26.8.1 Use Stirling’s formula to show that

(em)** | Bog|

— — 4/ as k — oo.

26.8.2 Show that
LT AN
B2 <Z<‘1) <z>m> 7

for k € N. (I don’t know how difficult this is!)
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26.9 The Riemann zeta function revisited

Since |n~?| = n~7 for z = x + iy, the series

)=
n=1
converges locally uniformly to a holomorphic function ¢ on the open half-
space Hy = {z + iy : > 1}. Can we extend ¢ to a meromorphic function
on C7? If so, what are its properties?
In order to answer this, we need to establish relations between ¢ and the

gamma function I'.

Proposition 26.9.1 If z € Hy then

oo 4z—1
r(z)g(z):/o "

et —1

Proof  Making the change of variables t = nu,

o0 [e.9]
I'(z) = / et dt = nz/ u? e du,
0 0

so that if z € Hy then

['(2)¢(z) = g:l n " T(z2) = i < /0 Tt dt)

n=1

0o 0o
:/ (th_le_"t> dt
0 n=1
[e%¢) tzfl
[
0 et —1

(Justify the interchange of addition and integration!) O

The function 1/(e® — 1) is a meromorphic function on C, with simple
poles on the set {27ij : j € Z}. Recall that if z = re?® with 0 < § < 27 then
w(z7r_)1 = 72~ 1eiz=10 The function f,(w) = wér_)l/(e“’ — 1) is meromorphic
on the cut plane C; = C\ [0,00). If j € N then the residue at 2mij is
(2mj)?~Le>=17/2 " and the residue at —27ij is (2m5)> Ll Dmeilz=D)m/2 f
0<r<2r <R, let us set

T o tZ—l R tz—l
I, = mE_____dt . d dt.
#(2) /R — +/}gr(0)ﬁf(w)w+/r S
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Then I, g is an entire function on C, which converges locally uniformly as
R — o0 to the entire function

T ) tz—l [e8) 75z—1
I(2) = izt L(w)d dt.
(2) / i +/;<T(0)Ff(w) w—i—/r ]

o0

Further, it follows from Cauchy’s theorem that I,. does not depend on r. We
therefore denote I, by I.

Theorem 26.9.2  Let ((2) = ie ™ [(2)T'(1 — 2)/2r for z € C\ N. Then
¢ has removable singularities at 2, 3,... and a simple pole at 1, with residue

1. If z € Hy \ N, then ((z) = ((z), so that { extends ( to meromorphic
function on C.

Proof If z =z +iy € Hy and 0 < r|w| < % then |e¥ — 1| > |u| —
> 7o lw]? /5! > |w|/2, so that |f.(w)| < 2r*~2, and

/ fz(w) dw
fr(0)<

Thus if z € H; then

< 4rr* 1 S5 0asr— 0.

o) 25z—1

dt = (1 — e™)I(2)¢(2).

I(2) = (1 — 2™7) /0

et —

In particular, I(n) = 0 for n € {2,3,4,...} Recall that T'(2)I'(1 — 2) =
mcosec mz. Thus if z € Hy \ N then

sin(m2)I(2)I'(1 —2) ~

() =T ey =)

Since I' has poles at 0, —1,-2,..., the function ¢ appears to have singu-
larities at 1,2,3,.... Since ((z) = ((z) for z € H; \ N, the singularities
at 2,3,... are all removable, and there is a single simple pole at 1, with
residue 1. O

The next step is to evaluate I, and to obtain a functional equation for (.

Theorem 26.9.3 If z # 1 then
((z) = 271 sin(3m2)I(1 — 2)¢(1 — 2).

Proof  As usual it is only necessary to establish this identity for all real z
in an interval in R. We consider z = s € (—1,0). Let S; be the sum of the
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residues of fs(w) in the annulus Ay = {z : 7 < |z| < (2k 4+ 1)7}. It then
follows from the residue theorem that

I7r,(2k+1)7r(3) + / fs(w) dw = 2mwi Sk

K (2k+1)7(0)
= 2mi(1 — '™ E (2gmi)*~

J]=

]31

M»H

(27TZ ZT('S

J=1

Suppose that w = u + v and that ¥ = z = x + iy. If |w| = (2k + 1)7 then
either (2k 4+ £)m < |v| < (2k + 3)7, in which case < 0 and |e¥ — 1| > 1,
or |u| > 7/2, in which case either z > ¢™2 > 4 or x < ¢™™? < 1. Thus
le¥ — 1| > 3, so that

/ fs(w) dw
K(2k+1)7(0)

Consequently

<Arn[2k + 1]t = 0 as k — oo.

I(s) = (2mi)%(1 — €™ i]s b= (2mi)®(1 — €™)¢(1 — s).
7=1

Combining this with the equation ((s) = ie I (s)['(1 — s)/27, the result
follows. O

What can we say about ((z) for z € C\ Hy?
Proposition 26.9.4 Ifk € N then ((—k) = (=1)*Byy1/(k +1).
Proof

= — / w21+ Z ,—']wj dw
. (0) =
—k—2 = B, —k—2
= — w dw — Z - w dw.
tr(0) =1 J+ Jk.(0)

(Again, justify the interchange of addition and integration!)
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All the terms vanish, except for the term where j = k+1, so that I(—k) =
—27iByy1/(k + 1)!. Thus, applying the formula of Theorem 26.9.2,

C(—k) = ™ I(~R)D(k + 1) = (<) Bya/(k + 1),
O

Note that this implies that ((—2k) = 0 for & € N. These zeros are the
trivial zeros of (. If ( € Hy then

o)==

p

where the product is taken over all primes, and so there are no zeros in
H;. In fact, it can be shown that all the other zeros lie in the critical strip
{z+iy:0 <z < 1}. In 1857, Riemann conjectured that all the zeros lie on
the critical line {x + iy : x = 1/2}. This is still the great unsolved problem
of mathematics, and here is a good place to stop.'

Exercises

26.9.1 Let p1,pa, ... be the sequence of primes, and suppose that z € H;.
(i) Show that 1/(1 —p,*) = Z;’;Op;jz.
(ii) Suppose that [[;_, 1/(1 —p;7) =1+ Z;il(agn))_jz. When is
ag-n) =07
(iii) Show that the product [[,>_,1/(1 — p;;?) converges locally
uniformly on Hj to ((z).
26.9.1 Show that if z € H; then ((2)* = Y00, 7(n)/n?, where 7(n) is the
number of divisors of n.
26.9.2 Show that if z € Hy then ((2)¢(z + 1) = Y 00, o(n)/n*T!, where
o(n) is the sum of the divisors of n.
26.9.3 Show that if z € H; then ((2) = ((z + 1) Y02, #(n)/n*T!, where
¢(n) is the number of positive integers less than n which are coprime
to n.

1 There are many accounts of the analytic properties of the Riemann zeta function: see, for
example, G.Tenenbaum, Introduction to analytic and probabilistic number theory, Cambridge
University Press, 1995.
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Measure and Integration






27

Lebesgue measure on R,

27.1 Introduction

In Volume I, we developed properties of the Riemann integral. This is very
satisfactory when we wish to integrate continuous or monotonic functions,
and is a useful precursor for the complex path integrals that we considered
in Part Five, but it has serious shortcomings. It can only be applied to a
rather small class of functions, and it is not good for taking limits. Let us
give two examples to illustrate this; they also indicate how the shortcomings
will be overcome.

First, let us recall the definition of a fat Cantor set. Suppose that ¢ =
(€j)52; is a sequence of positive numbers, for which 372 ¢; = o < 1. We
set C’ée) = [0, 1], and define a decreasing sequence (Cy(f));’f:o of closed subsets
of [0, 1] recursively. The set C}(f) is the union of 2" closed intervals, each of
length (1 — o,,)/2"; the set Cr(;)rl is obtained by removing an open interval
of length €,4+1/2" from the middle of each of these intervals. Then the fat

Cantor set C'®) is the intersection O%OZOC}(LE); it is a perfect subset of [1, 0] with

empty interior. Let U = [0,1]\ C©) and let Ul = [0,1] \Cy(f); (U,Ef))fle is
an increasing sequence of open subsets of [0, 1] with union U(¢). The indicator
function of C'©) is not Riemann integrable (Volume I, Example 8.3.11). That
is, 9 is a perfect compact set which is not Jordan measurable (Volume

IT, Section 18.3), and consequently U (©) is a bounded open set which is not

Jordan measurable. On the other hand, each of the sets U,Ef) is a finite union
j=1
This suggests that the size of U©) should be Zj’;l €, the sum of the lengths

of the disjoint intervals whose union is U.

of open intervals, and is therefore Jordan measurable: U(Uy(f)) =" €.

The second example is rather simpler. The set Q N [0,1] is a countable
dense subset of [0, 1], and its indicator function f is not Riemann integrable.

803
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Let (rj)72; be an enumeration of Q N [0,1], and let f,, be the indicator
function of the set {ry,...,r,}. Then f, is Riemann integrable, and its
Riemann integral is 0. The sequence (f,,)5 ; increases pointwise to f. This
suggests that the integral of f should be 0, and that the size of Q N [1,0]
should be 0.

How do we resolve these difficulties? The trouble with the Riemann inte-
gral, and with Jordan content, is that very simple functions (step functions)
and very simple sets (finite unions of cells) are used to provide approxima-
tions. Lebesgue’s fundamental insight was to see that it is easy to define
the size of a bounded open subset O of R as the sum of the lengths of
the disjoint intervals whose union is O. The size of a compact set is then
defined by taking complements. Open sets are then used to measure the size
of a bounded subset A of R from the outside, and compact sets to measure
the size from the inside. If the two values coincide and this is not always
the case — A is Lebesgue measurable, and the common value is the Lebesgue
measure A\(A) of A. In this chapter, we develop these ideas in some detail.
This reveals one of the unfortunate features of measure theory; much of it
develops by taking many small steps, rather than one big one.

27.2 The size of open sets, and of closed sets

We begin by considering a non-empty open subset U of R. Recall (Volume I,
Theorem 5.3.3) that U is the union of a finite or infinite sequence of disjoint
open intervals I;. We define the size [(U) of U to be the sum _I(1;),
where [(I;) is the length of I; (here summation is over a finite set {1,...,n}
or over IN). Since the summands are all positive, the sum does not depend
upon the order in which the terms are listed. Then 0 < [(U) < co. We define
[(0) = 0. The size of U can be infinite, even if U does not contain an infinite
or semi-infinite interval; for example if U = U2, (n,n + 1), I(U) = .
This can cause some inconvenience; the next result shows how this can be
avoided.

Proposition 27.2.1 If U is a bounded open subset of R and U C (a,b),
then [(U) <b—a.

Proof  Suppose first that U = Uil is a finite union of disjoint open
intervals, and that I; = (aj,b;). We order the intervals from left to right,
so that

a<ar <by<ag<by<...<a,<b, <b.
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Then
n n—1
(U)=> (bj—aj)=—a1+ > (bj —aj11) + by < by —a1 <b—a.
j=1 j=1

It U = U2, 1; then

I(U) = sup I(I;) =sup l(U_11;) <b—a.
) neN;(a) neN(’”)

O

Thus if an open set is bounded, it has finite size. The converse is not true;
for example, if U = U2 (n + n%rl,n + 1) then I(U) = 1.

We now establish some fundamental properties of the size of open sets.
The results of this theorem lie at the heart of the theory of Lebesgue mea-
sure and the Lebesgue integral: you should take note of this as the theory
develops. Most of the proofs only involve simple manipulation; the exception

is the proof of (ii), which involves topological properties of R.

Theorem 27.2.2  Suppose that U, (Uy,)52; and V' are open subsets of R,
and that U = Uy2_ U,

(1) If U CV then L(U) <1(V).

(11) If (Up)22y is an increasing sequence, then [(U) = limy, o0 [(Uy,).
(112) {U)+1U(V)=1({UUV)+1(UNV).

(iv) 1) < 350, UUy).

(v) IfU;NU; =0 fori# j then [(U) =Y 1(Uy).

n=1
Proof (i) If [(V) = oo, there is nothing to prove. Otherwise, suppose
that U = U;I; and V = UJ} are representations as unions of disjoint
intervals. Since each I; is connected, it is contained in some Ji. Then, using
Proposition 27.2.1,

UO) =D UL) = 3 (YU 4 € ) < DU = UV,
J k k

(ii) Since U, C U for all n € N, [(U,,) < l[(U), for each n € N, by (i),
and so sup,, [(U,) < I(U). It is the converse inequality that is important. We
consider the case where I(U) < oo and U = U;I;, where (I;) = ((a;,b;)) is
a finite or infinite sequence of disjoint open intervals. Suppose that ¢ > 0.
There exists J € N such that ijl [(I;) > I(U)—¢€/2. Choose n > 0 so that
n < e/4J and n < (bj —a;)/2 for 1 < j < J. Let

L; = (aj +n,b; —n) and let K; = [a; +1,b; — 1],
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and let L = U}-’Zle, K= U}']:1Kj- Then K is a compact subset of R. Since
(Up) is an increasing sequence of open sets which covers K, there exists
N € N such that L € K C Uy. Thus if n > N then

J J
(Un) > W(Uy) > UL) =Y (bj —a; —2n) = > (b —¢/2>1(U) —
7j=1

J=1

Thus [(U,) — (U) as n — oo.

When [(U) = oo it is necessary to make some straightforward modifica-
tions to the proof; the details are left to the reader.

(iii) The result holds when U and V are open intervals, and a straight-
forward inductive argument shows that the result holds when U and V are
finite unions of open intervals. In general, U = U2 U, and V = U2, V,,,
where (Up)02; and (V,,)0°, are increasing sequences of open sets, each of
which is a finite union of open intervals. Since UUV = U2 (U, UV,,) and
UNV =02 ,(U,NV,),

U(U) +UV) = lim ({(U) +1(Va))
= lim ((U, UV,) + (U, NV,)) =L(UUV)+1(UNV).

n—o0
(iv) Let Wy, = U7_1U;. Then {(Wyy1) < {(Wy) + {(Un41), by (iii), and so
(W) < 2?21 (U ) < ZOO [(Uj). Since (W,,)22, is an increasing sequence
of open sets whose union is U,

o0

[(U) = lim (W) < Zz
by (ii).

(v) In this case, (Wy41) = I(Wy,) + 1(Up+1), by (iii), so that [(W,,)
Z?:l [(Uj) and I(U) = Z;o L UT;).

Corollary 27.2.3 Suppose that K is a compact subset of R, and that U
and Uy are bounded open subsets of R, each containing K. Then

o |l

() + 103\ K) = U(T) + 1(U; \ K.
Proof  Since
U1U(U2\K) =U; UU;y and Ulﬂ(Ug\K) = (UlﬂUg)\K

I(U1) + (U2 \ K) = (U1 UU2) + (U1 N U) \ K).
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Exchanging U; and Us,
Z(UQ) + l(Ul \K) = Z(Ul U Ug) + l((Ul N Ug) \ K),

which gives the result. O

If K is a compact subset of R we define the size s(K) of K to be [(U) —
[(U\K), where U is a bounded open set containing K; Corollary 27.2.3 shows
that s(K) does not depend upon the choice of U. Note that s(K) < I(U).

Here are some easy examples: you should verify the details.

. 8([a,b]) = b —a.
. If F is a finite set, then s(F') =0
. If C is Cantor’s ternary set, then s(C') = 0.

If C© is the fat Cantor set described in the previous section, then
S(C(e)) =1-o.

W N

The following theorem follows from Theorem 27.2.2 by taking comple-
ments.

Theorem 27.2.4 Suppose that K, (K,)°, and L are compact subsets
of R.

(i) If K C L then s(K) < s(L).
(11) If (K)o, is a decreasing sequence, and K = N9 K, then s(K) =
limy, 00 (K).

(11i) s(K)+s(L) =s(KUL)+s(KNL).

The size of open and closed sets behaves well under translation, scaling
and reversal:

la+U)=1UU)=1(-U), and l(cU) = cl(U) for ¢ > 0,

and corresponding results hold for the size of compact sets. On the other
hand, there are no good results concerning addition. For example, the Cantor
ternary set has size 0, while C' + C = [0, 2], so that s(C' + C') = 2. Similarly,
if U =UX (n+ %H),n + 1 then A(U) = 1, while A(U + V) = oo, for any
non-empty open set V.

Exercises

27.2.1 Suppose that U and V are bounded open subsets of R, each of which
is the finite union of disjoint open intervals. Use Riemann integration

to show that [(U) + (V) =1(UUV)+1(UNV).
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27.2.2 Suppose that U and V are non-empty open subsets of R. Show that
LO)+UV)<ULU+V).

27.2.3 Let U be the set of non-empty open subsets of (0, 1). Show that there
does not exist K € R such that [((U + V) < K(I(U) + [(V)) for all
U VinlU.

27.24 Let U = U2, (n+ 15, n+ 1). Show that I(U) = 1, and that (U +
V') = oo, for any non-empty open set V.

27.2.5 Suppose that U is an open subset of R, that K is a compact subset
of U and that V is an open subset of U. Show that s(K) < s(K \

V)+1(V).

27.3 Inner and outer measure

We now use open sets to measure the size of a bounded subset of R from
the outside, and use compact sets to measure the size from the inside. We
restrict attention to bounded subsets of R, to avoid problems with infinite
values; we shall come to these later.

Suppose that A is a bounded subset of R. We set

A*(A) = inf{l{(U) : U open and bounded, A C U},
A(A) = sup{s(K) : K compact, K C A}.

The quantity A\*(A) is the outer measure of A, and A\, (A) is the inner measure
of A.

Proposition 27.3.1 If A is a bounded subset of R then \.(A) < X\*(A).

Proof If K C A CU,where K is compact and U is bounded and open then
s(K)=1(U)—=1l(U\ K) <I(U). Letting K vary, we see that A\.(A) <I(U).
Letting U vary, A«(A) < A*(A). O

If A is a bounded subset of R for which A\,(A) = A*(A), we say that A is
Lebesgue measurable, and set \(A) = A\.(A) = A*(A). The quantity A(A) is
the Lebesgue measure of A.

Theorem 27.3.2 (i) A bounded open subset U of R is Lebesgue measur-
able, and A\(U) = I(U).
(i) A compact subset K of R is Lebesque measurable, and A\(K) = s(K).

Proof (i) If V is a bounded open subset of R which contains U, then
L(U) < 1(V); hence \*(U) = I(U). If U = () then [(U) = 0, so that \*(U) =
A*(U) = 0. Next, suppose that U = Uj_y1; is a finite disjoint union of non-
empty open intervals I; = (aj,b;), and that € > 0. Choose > 0 so that
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n <¢€/2n and n < min{(b; —a;)/2:1 < j < n} Let K = U} [a;+n,b; —n].
Then K is a compact subset of U, and

n

S(K) =) (bj—a;—2n) > (bj—a;) —e=1U) -

J=1 J=1

Since € is arbitrary, \.(U) = {(U) = X*(U).

Finally suppose that U = U725 is an finite disjoint union of non-empty
open intervals I; = (aj,b;), and that e > 0. There exists ng € N such that
Z;”’ll( 5) > E 1 U(T;) —€/2 = L(U) — €/2. Let Uy, = U;Lilfj- By the
previous case, there exists a compact subset K of U,, such that s(K) >
WUn,) —€/2 =372, 1(Ij) — €/2. Hence s(K) > I(U) — e. Since e is arbitrary,
A(U) =1U) = (U).

(ii) As in (i), A(K) = s(K). There is a bounded open set U such that
K C U. Suppose that € > 0. There exists a compact subset L of U \ K such
that s(L) > (U \ K) —e€. Let V.=U \ L. Then

I(V)=1U)—-s(L) <l(U)=I(U\K)+e=5s(K)+e.
Thus A\ (K) = s(K) = M\(K). O
We now establish results which correspond to Theorems 27.2.2 and 27.2.4.

Theorem 27.3.3  Suppose that A, (A,)32, and B are bounded subsets of
R, and that A = U2 | Ay,

(i) If AC B then A\(A) < A(B) and A*(A) < X*(B).
(i) X(A) < T2, A (An).
(iii) If A;NAj = Q) for i # j then \(A) > 300 1 A(Ay).
(iv) )\*(AUB) + A (AN B) <A (A) + X\ (B).

(v) Me(AUB) + M (ANB) > M\(A) + A\(B).

Proof (i) follows immediately from the definitions.

(i) Suppose that € > 0. For each n € N there exists a bounded open set
Uy, such that A, C U, and I[(U,) < A\*(Ay) +¢/2". Let U = U2, U,,. Then
A C U, and, using Theorem 27.2.2,

2% ( <Zz <ZA*

Since € is arbitrary, the result follows.
(iii) Suppose that € > 0. For each n € N there exists a compact set
K, such that K,, C A, and s(K,) > \.(A,) —€¢/2". Let L, = U' | K,.
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Then L, C A and s(L,) = > 1", s(K;) > >0 A(Ai) — €. Thus A\ (A4) >
o1 A(A;) — €. Since this holds for all n € N, A (A) > > A(4;) —e.
Since this holds for all € > 0, the result follows.

(iv) Suppose that € > 0. There exist bounded open sets U and V such

that AC U, BCV, I(U) < \(A) +¢/2 and (V') < \*(B) + ¢/2. Then

N (A) +X(B) > U) + (V) — ¢
UUV)+IUNV)—e> N (AUB)+ A (ANDB) —e.

Since this holds for all € > 0, the result follows.
(v) The proof of this is similar to the proof of (iv), and is left as an exercise
for the reader. O

As with length, if A is a bounded subset of R, then
AN (a+ A) =X(A) = X (—A), and X\*(cA) = cA*(A) for ¢ > 0,

and similar results hold for inner measure.

Exercises

27.3.1 Suppose that A is a subset of a bounded open subset U of R. Show
that A (A) =1(U) = X*(U \ A).
27.3.2 Suppose that A and B are bounded disjoint subsets of R. Show that

A(AU B) < A(A) + \(B) < \(AU B).

27.4 Lebesgue measurable sets

Here are the fundamental properties of Lebesgue measurable sets, and
Lebesgue measure.

Theorem 27.4.1  Suppose that A, (A,)S2, and B are Lebesgue measurable
subsets of a bounded interval I. Let C = U2 A, and let D = N22 Ay,.

(i) The sets AU B and AN B are Lebesgue measurable and
AMAUB) + AANB) =AA) + \(B).

(i) A\ B is Lebesgue measurable, and A\(A) = A(A\ B) + A(AN B).

(iii) If B C A then A(B) = AM(A) — A(A\ B) < A(4).

(i) (Countable additivity) If A;NA; =0 for i # j, then C is measurable,
and \(C) = > M(Ap).
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(v) (Upwards continuity) If (A,)o, is an increasing sequence then C' is
measurable, and A\(C) = sup,,en A(Ap).
(vi) The set C is measurable, and sup,en A(An) < A(C) <307 A(Ay).
(vii) (Downwards continuity) If (A,)5, is a decreasing sequence, then D
is measurable, and then A\(D) = inf,en A(Ay).
(viii) The set D is measurable, and \(D) < inf,eN.

Proof

(i) It follows from Theorem 27.3.3 (iv) and (v) that
N(AUB)+ X (ANB) = A(AUB) + M\(ANB).
Thus
0<A(AUB) = MN(AUB)=X(ANB)—-\(ANB) <0.

Consequently (AU B) = A\,(AU B) and \*(ANB) = A\.(AN B),

(ii) Suppose that € > 0. There exist bounded open sets U and V and
compact sets K and L such that K C ACU and L C B CV, and
such that A\(K) > A(U) —e and A\(L) > A\(V) —e. Then, using Exercise
27.2.5

N(A\ B) S AU\ L) = AU) — A(L) < MA) — A(B) + 2,
and\*(A\ B) > MK\ V) > A(K) — AMV) > A(A) — A(B) — 2.

since € is arbitrary, A*(A\ B) = A*(A\ B) = A(4) — A(B).
(iii) is an immediate consequence.
(iv) By Theorem 27.3.3 (ii) and (iii),

A0 €3N (A = S MA) = 3 A(A) < A (C) < X(C),
n=1 n=1 n=1

so that all the terms are equal. Thus C is measurable, and \(C) =
N A(AL).

(v) Let By = Ay and let B, 11 = A1\ A, for n € N. Each E,, is Lebesgue
measurable, by (i), and C is the disjoint union of the sequence
(En). Hence C' is Lebesgue measurable, and A\(C) = Y7 | A(Ej).
Since M(A,) = >_7_; A(Ej), by (i), the result follows.

(vi) Let G,, = Uj_,A;j, for n € N. Then Gy, is Lebesgue measurable, and
N(Gh) = S AEy) € S0 A(4y), by (i) and (ii). Since (Ga)32, is
an increasing sequence and C' = U2 G, C is Lebesgue measurable
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(vii)

(viii)

27.4.1

27.4.2

27.4.3

So far

Lebesgue measure on R

and A\(C) = sup,en AMGr) < 3071 AM(Ap), by (v). Since A4,, C C for
all n € N, sup,en A(Ay) < A(CO).

This is a matter of taking relative complements. Let F,, = Ay \ A4,,, for
n € N. Then (F,)° is an increasing sequence of Lebesgue measur-
able sets, with union the bounded set A; \ D. Thus A; \ D is Lebesgue
measurable, and

)‘(Al \D) - Slelll\)T)\(Al \ An) - )‘(Al) - JQI&A(ATL%

by (iii) and (v). Using (iii) again,

AMD) = AA1) = A(A1\ D) = inf A(An).

Let H, = ﬂ;‘zlAj, for n € N. Then H, is Lebesgue measurable,
and A\(H,) < A(4,), by (i) and (ii). Since(H,)°

n=1
sequence and D = N9, H,, D is Lebesgue measurable, and A\(D) =

is a decreasing

Exercises

Suppose that A and B are bounded subsets of R, and that A is
Lebesgue measurable. Show that A*(B) = A*(ANB) + A" (B \ A).
Suppose that A is a bounded Lebesgue measurable subset of R, that
A(A) > 0, and that 0 < r < 1. Show that there is a non-empty open
interval I such that A(AN1) > rl(I). [Hint: Consider an open subset
U of R such that A C U and I[(U) < (1/r)A(A).]

Suppose that A is a bounded Lebesgue measurable subset of R, and
that A(A) > 0. Let A— A = {a; —az : aj,as € A}. Choose r in
(1/2,1); by the previous question, there is a non-empty open interval
I such that A\(AN 1) > rl(I). Suppose that |z| < (2r — 1){(I). What
is the length of I U (I + x)? What is A(ANI)+z)? Can AN I and
(ANT)+ z be disjoint? Deduce that 0 is in the interior of A — A.

27.5 Lebesgue measure on R

we have only defined Lebesgue measure on the bounded subsets of R.

We now use the fact that R is a countable union of disjoint bounded inter-

vals, or that R is the union of an increasing sequence of bounded intervals,
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to extend the definition to unbounded sets. Let us count the unit intervals
in R: we set

;o @it if k=20 +1,
T (=L =1+1) itk =2,

We also set J, = (—k,k] = U% 2L (Jg)P2, is an increasing sequence of
bounded intervals whose union 1s R. We say that a subset A of R is Lebesgue
measurable if A N I is Lebesgue measurable, (or, equivalently, if A N Ji
is Lebesgue measurable) for all k& € N, and denote the set of Lebesgue
measurable subsets of R by £L(R). If A € L(R), we define the Lebesgue
measure A\(A) to be

[ee]
Z)\ (AN 1) = sup A(AN Jg).
=1 keN
Thus 0 < A(A) < oco. This definition clearly extends the definitions of
Lebesgue measurability, and of the Lebesgue measure, of a bounded set.
Most, but not all, of Theorem 27.4.1 extends to this case.

Theorem 27.5.1  Suppose that A, (Ay,)22, and B are Lebesque measurable
subsets of R. Let C' = U2 Ay, and let D = N2, Ay,

(i) The sets AU B and AN B are Lebesgue measurable and
AMAUB)+AANB)=AA)+ A(B).

(ii) A\ B is Lebesque measurable, and \N(A) = A(A\ B) + A\(AN B).
(i1i) If B C A then A\(B) < A(A).
(iv) (Countable additivity) If A;NA; =0 fori# j, then C is measurable,
and \(C) =377 1 MAy).
(v) (Upwards continuity) If (A,)52 is an increasing sequence then C' is
measurable, and \(C) = sup,en AM(An).
(vi) The set C is measurable, and sup,en A(Ayp) < AC) < >0 A(Ap).
(vii) (Downwards continuity) If (A,)5, is a decreasing sequence, and if
AA1) < oo, then D is measurable, and then A\(D) = inf,en A(Ay).
(viii) The set D is measurable, and \(D) < inf,en A(Ay).

Proof ~ We prove (iv) and (vii), and leave the other parts as easy exercises
for the reader.
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(iv) Since C N Iy = UX (A, N I) for each £ € N, C is Lebesgue
measurable. If A; N A; = ) for ¢ # j then

niMAn) Z (ZA (A, mk>

n=1

Z(ZA mk>

k=1

Mg

A(UpZi4n) N Ik) = MUpZi An),

k=1

the change of order of summation being justified, as all the summands are
non-negative.

(vii) Since DN I = N2 (A, N 1) for each k € N, D is Lebesgue measur-
able. Suppose that (A,,)2° is a decreasing sequence, and that A(A4;) < oo.
Certainly, \(D) < inf,en A(Ay), since D C A, for n € N. Suppose that
€ > 0. There exists k such that A\(A;\Jx) < e.If n € N then A,\J; C A;\Jx,
so that M(A, \ Jx) < € and AN(A, N Ji) > A(A4,,) — e. Thus

> — inf A(A > inf AM(A,) —e.
AD) 2 XD N Jg) = mf A(An N Jy) 2 inf A(An) —e

Since this holds for all € > 0, A(D) > inf,en A(4,,). 0

Note carefully that downwards continuity requires that A(A;) < oo. If
A, = (n,00) then (A,)>2, is a decreasing sequence, and N2, A, = 0;
A(Ay) = oo and A(A,) = oo does not tend to A(NS2; A,,) = 0. This phe-
nomenon will recur. If A\(A) = oo then A must be unbounded, but the
converse does not hold. For example,

A(G<”’"+ n+1>> Z n+1

n=1

Thus infinite values can cause problems: these problems will continue to
recur.

27.6 A non-measurable set

Is every bounded subset of R measurable? It depends! If we assume that
the axiom of choice holds, we can give an example of a subset C' of the
interval I = [0,1) which is not Lebesgue measurable. On the other hand,
Solovay has shown that, starting from the axiom system ZF', but denying
the axiom of choice, it is possible to construct a model of the real numbers
for which every subset of the real line is Lebesgue measurable. In general,
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mathematicians are reluctant to give up the axiom of choice, and prefer to
accept that not all subsets of R are Lebesgue measurable.

Let « be an irrational number in I. We define a bijection v : I — I by
setting v(x) = = + a (mod 1). Thus v translates the interval [0,1 — «) by
an amount « onto the interval [a, 1) and translates the interval [1 —a, 1) by
a negative amount « — 1 onto the interval [0, «). The bijection v generates
a group I' = {1 : n € Z} of bijections of I onto itself. Since « is irrational,
if x € I then 4™ (x) # v"(x) for m # n, and the orbit O, = {7"(x) : n € Z}
of x is a countably infinite set. It is an easy exercise to show that O, is a
dense subset of [0,1).

Using the axiom of choice, we pick one element out of each orbit. That is
to say, there exists a subset C of I such that C'N O, is a singleton set, for
each z € [0,1). We claim that C' is not Lebesgue measurable.

Suppose, if possible, that C' is Lebesgue measurable, with measure A(C').
Then A\(C) = A(CN[0,1—a))+ACNI[1—aq,l)). Since

(C) =~4(CN[0,1 =) Un(C N[l -a1)),

7(C) is Lebesgue measurable, and A\(y(C)) = A(C). Similarly, v~ *(C) is
Lebesgue measurable, and A(y~1(C)) = A(O). Iterating, v"(C) is Lebesgue
measurable, for all n € Z, and A\(7y"(C)) = A(C).

Now the sets 4" (C') are disjoint, and U,eny"™(C) = [0, 1), by the construc-
tion. Thus

1=(0.1)) = YA ().

If MC)=0, then Y > A~"(C))=0, and if A(C)>0, then » = X
(v"(C)) = oo; in either case we obtain a contradiction.

In fact, we can say more. Let A= {7?"(0) : n € Z} and let B = {y*"*1(0) :
n € Z}. Then A and B are dense in [0,1). Let P = C' + A (mod 1) and
let @ = C' + B (mod 1). Then [0.1) is the disjoint union of P and @, and
Q@ = v(P). Suppose that K is a compact subset of P. Since (K —K)NB = ()
(why?), and since B is dense in [0, 1), it follows from Exercise 27.4.3 that
s(K) = 0. Thus A\ (P) = 0 and A\(Q) = A(7v(P)) = 0. Consequently if E
is any Lebesgue measurable subset of I of positive measure, \,(PNE) =0
and A*(PNE) = AE)— A A(BNE)=AE). Thus AN E is not Lebesgue
measurable. Now let D = Upecz(P +n). Then D is a subset of R with the
property that if F is any Lebesgue measurable subset E or R with positive
measure, then D N E is not Lebesgue measurable.
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Lebesgue measure on R

Exercises

27.6.1 We recall the construction of the Cantor-Lebesgue function,

described in Volume I (Exercise 6.3.9). At the jth stage in the con-
struction of Cantor’s ternary set C, 27! intervals, each of length 1/37,
are removed. List these intervals from left to right as Iy j,..., Ioi-1 j:
that is, sup(; ;) < inf(Z;11;) for 1 <14 < 2771, Define a function f on
[0,1]\ C by setting f(z) = (2i—1)/27 for x € I; j. Set f(1) = 1, and if
x € Candx # 1,set f(z) =inf{f(y) : y > z,y € [0,1]\C}. Then f is
a continuous increasing function on [0, 1]. This is the Cantor—Lebesgue
function.

Now let g(z) = f(x) + . Show that g is a uniformly continuous
homeomorphism of [0,1] onto [0,2]. Show that A(g(C)) = 1. There
exists a subset D of g(C) which is not Lebesgue measurable. Let
F = g~ Y(D). Show that F is Lebesgue measurable. Thus D is the
uniformly continuous image of a Lebesgue measurable set F' which is
not Lebesgue measurable.
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Measurable spaces and measurable functions

28.1 Some collections of sets

Since we have seen that, if we assume that the axiom of choice holds, then
not every subset of R is Lebesgue measurable, it is sensible to consider
the properties that the collection of Lebesgue measurable sets possesses.
We use the ideas that result from this to provide a setting for more general
measures than Lebesgue measures. We make several definitions. Throughout
this section, X is a non-empty set.

A set R of subsets of X is called a ring if

(i) the empty set belongs to R,
(ii) if A,B € R then AU B € R, and
(iii) if A,B € R then A\ B € R.

Proposition 28.1.1 If R is a ring and A,B € R then AN B € R and
AAB € R.

Proof For ANB=DB\(B\A)and AAB=(A\ B)U(B\ A). O
Example 28.1.2 Three examples of rings.

The collection of finite subsets of X is a ring.

The collection of subsets of R of the form A = U115, where each I; =
(aj,b;] is a bounded half-open half-closed interval in R, is a ring.

The collection of bounded subsets of R? which are Jordan measurable is
a ring.

A set F of subsets of X is called a field, or algebra, if it is a ring, and if,
in addition, X € F.

817
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Example 28.1.3 Two examples of a field.

Suppose that (a,b] is a bounded half-open half-closed interval in R. The
collection of sets of the form A = UJ_,I;, where each I; = (a;,b;] is a
half-open half-closed interval contained in (a, b], is a field.

The collection of subsets of a compact cell C' in R? which are Jordan
measurable is a field.

A set S of subsets of X is called a o-ring if it is a ring, and if, in addition,

(iv) if (A;)32, is a sequence of sets in S then N2 A; € S.

Example 28.1.4 Four examples of o-rings.

(i) The collection of countable subsets of X is a o-ring.
(ii) The collection of bounded Lebesgue measurable subsets of R is a o-ring.
(iii) The collection of Lebesgue measurable subsets of R of finite measure
is a o-ring.
(iv) The collection of Lebesgue measurable subsets of R of measure 0 is a
o-ring.

The first result is an immediate consequence of the definition. The others
are consequences of Theorems 27.4.1 and 27.5.1. Other characterizations of
o-rings are given in Exercise 2.

A set S of subsets of X is called a o-field, or o-algebra, if it is a o-ring,
and if, in addition, X € R.

Example 28.1.5 The collection £ of Lebesgue measurable subsets of R
is a o-field.

This is a consequence of Theorem 27.5.1.

Proposition 28.1.6 Suppose that ¥ is a non-empty collection of subsets
of a set X. The following are equivalent.

(i) ¥ is a o-field.
(ii) (a) if A€ X then X \ A€ X, and
(b) if (An)p2, is a sequence of disjoint elements of X then
U A, € X,
(iii) (a) if A€ X then X \ A€ X, and
(b) if (A,)52, is an increasing sequence in ¥ then US| A, € X.

Proof  An easy exercise for the reader. O

A measurable space is a pair (X,Y), where X is a set and X is a o-field
of subsets of X. o-fields and measurable spaces are the natural setting for
measure theory. Here are some basic facts concerning them.



28.1 Some collections of sets 819

Proposition 28.1.7 Suppose that F is a set of subsets of a set S. Then
there is a smallest o-field o(F) of subsets of S which contains F.

Proof  Let s be the collection of those o-fields of subsets of .S which contain
F. It is non-empty, since P(S) € s. Let

o(F)={A:AcX, forall ¥ € s}.

Then it is easy to verify that o(F) is a o-field, and that it belongs to s. It
is then clearly the smallest element of s. O

The o-field o (F) is called the o-field generated by F. An important feature
of this proposition is that its proof is indirect, and gives no indication of the
structure of sets in o(F). This fact gives a particular flavour to much of
measure theory.

Proposition 28.1.8 Suppose that (X, %) is a measurable space, that' Y is
a set and that f : X — Y is a mapping. Then {A CY : f~1(A) € &} is a
o-field.

Proof  Suppose that f~!(A) € ¥, and that (A,)%; is a sequence of subsets
of Y such that f~1(A,) € Sforn € N. Then f1(Y)=X € %, f1(Y\A)
X\ fHA) € £ and [ (UnenAn) = UnenfH(4An) € 2.

O |l

A mapping f : (X1,%1) — (X2,%2) from a measurable space (X1, Y1)
to a measurable space (Xo,¥s) is said to be measurable if f~1(A) € ¥, for
each A € Y.

Corollary 28.1.9 Suppose that F is a set of subsets of Y, and that
f"YA) € X for A € F. Then f~1(A) € ¥ for A € o(F); the mapping
f:(X,2) = (Y,0(F)) is measurable.

Proof TFor {A C Y : f7Y(A) € X} is a o-field containing F, and so
o(F)C{ACY : f~1(A) e} Thus f~1(A) € ¥ for A € o(F). 0

Exercises

28.1.1 Suppose that (X, 7) is a topological space and that = € X. Show that
the collection of sets R = {A : 2 ¢ A} is a ring of subsets of X.
28.1.2 Show that the intersection of a collection of o-fields is a o-field. Show
that the union of two o-fields need not be a o-field.
28.1.3 Suppose that R is a ring of subsets of a set X. Show that the following
are equivalent:
(i) Ris a o-ring;
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(ii) if (A;)52, is a decreasing sequence of sets in R then N?2, 4; € R.
(i) if (A4;)72, is a sequence of sets in R and if there exists B € R
such that U;?ilAj C B then U;-";lAj € R.
28.1.4 Prove Proposition 28.1.6.

28.2 Borel sets

Suppose that (X, 7) is a topological space. The o-field B generated by the
collection of open sets is called the Borel o-field, and its elements are called
Borel sets. Since the Lebesgue measurable subsets of R form a o-algebra
which contains the open subsets of R, the Borel o-field B is contained in the
o-field £ of Lebesgue measurable sets. The restriction of Lebesgue measure
to the bounded Borel sets of R is called Borel measure. The collection of
open subsets of R is closed under countable unions, but not under countable
intersections. Recall that a G5 is a countable intersection of open sets. The
collection of open subsets is contained in the collection of Gg sets, which is
closed under countable intersections. This, in turn, is not closed under count-
able unions. We can therefore consider the collection of G, sets (countable
unions of G sets), Gs,s sets, and so on. But it happens that this is a strictly
increasing sequence, and that if we consider countable unions and countable
intersections of all such sets, the resulting collection is not closed under
countable unions or countable intersections. Thus there is no simple way to
describe what a typical Borel set looks like: it is often necessary to proceed
indirectly.

Proposition 28.2.1 Consider the following collections of subsets of R.

Fi={(r,00) :7€Q}, Fo={(—o00,7]:7r€Q},
Fy={[r,00) :re€Q}, Fy={(—o0,r):7re€Q},
Fs ={(c,0) :ce R}, Fg={(— :c € R},

00, c] :
Fr={[c,0):ceR}, Fg={(—o00,¢):ceR},
Fg={U : U open}, Fro ={K : K compact},
Fi1={A: A aGs sety, Fio={B:B an F, set}.

Then B = o(F;) for 1 <i <12.

Proof  Since B = o(Fy), it is enough to show that F; C o(F;) for i # j.
Taking complements, F; = Fo, F3 = Fy, F5 = Fg, Fr = Fg, Fog 2 Fio
and F11 = JFi2. Since an open set is the countable union of compact sets,
Fg9 D Fp. Since

(ryo00) =Up2q[r 4+ 1/n,00) and [r,00) = No2; (r — 1/n,00),
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F1 = F3, and similarly F5 = F7. Since
(c,00) = U{(r,00) : 7 € Q,r > ¢},
and since this is a countable union, /; = F7. If ¢ < d then
(¢,d) = (¢,00) N (—00,d) € Fr.

Since an open set is the countable union of open intervals, it follows that
F7 = Fy. Finally it is clear that Fg = Fi3. O

Proposition 28.2.2 Suppose that (Xi1,71) and (Xo,72) are topological
spaces, equipped with their Borel o-fields By and By. If f : X1 — Xo s
a continuous mapping, then f is measurable.

Proof  This is an immediate consequence of Corollary 28.1.9. O

Lebesgue asserted, mistakenly, that the continuous image of a Borel set is
a Borel set. The Russian mathematician Suslin showed that this was not so;
indeed, there exists a Borel set B in R? such that 71 (B) = {z € R : (z,y) €
B for some y € R} is not a Borel set. In fact, Suslin’s results opened up a
large new theory, descriptive set theory, which is far too difficult to describe
here.!

Exercises

28.2.1 Let F' be the subset of the Cantor set C' defined in Exercise 27.6.1.
Show that F' is not a Borel set. Deduce that the Borel o-field in R is
a proper sub-o-field of the Lebesgue o-field L.
(This result can also be proved by showing that the Borel o-field
B has the same cardinality as R: there is a bijection of B onto R. On
the other hand, since every subset of the Cantor set C is Lebesgue
measurable, £ has cardinality at least as big as the cardinality of
P(C). But there is a bijection of C' onto R, and so there is a bijection
of £ onto P(R). By Cantor’s theorem (Volume I, Theorem 1.6.3), the
inclusion mapping B — £ cannot be surjective.)

28.3 Measurable real-valued functions

Throughout this section, we shall consider a measurable space (X,X) and
real-valued functions defined on X.

1 See A. Kechris, Classical Descriptive Set Theory, Springer, 1995.
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Let us describe some notation that we shall use. We shall, for example,
consider sets of the form {x : |f(x) — g(x)| < 1/k}. When the context is
clear, we shall denote this by (|f — ¢g| < 1/k), and use similar notation for
other such sets. Thus

(f € A) = f7(4) and (f = ¢) = f ' ({c}).

Similarly, if a set such as (f € A) is a measurable subset of X, and ¢ is a
function on X, we write ¢(f € A) for ¢((f € A)).

We say that a real-valued function f on X is X-measurable (or simply
measurable, if it is clear what ¥ is) if it is a measurable mapping of (X, )
into (R, B); that is, f~1(A) € X for every Borel set A in R.. If X is an interval
I (finite or infinite) in R and ¥ is the o-field of Lebesgue measurable sets,
then we say that f is Lebesgue measurable; if X2 is the o-field of Borel sets,
then we say that f is Borel measurable.

It follows from Corollary 28.1.9 that a real-valued function f on X is
Y-measurable if and only if (f € A) € ¥ for all A in some F;, where F; is
one of the collections of subsets of R defined in Proposition 28.2.1. In many
cases, as in the next two corollaries, it is convenient to use the collection
Fs5 = {(c,00) : ¢ € R}. Thus f is measurable if and only if (f > ¢) € ¥ for
each ¢ € R.

Corollary 28.3.1 (i) If A C X, then the indicator function I4 of A is
Y -measurable if and only if A € 3.

(ii) A simple function f = Z;LZI ajls, (where a; < o and A;NA; =0 for
i < j)is X-measurable if and only if A; € ¥ for 1 < j <n.

Proof
(i) For
X ife<0,
(Ia>c)=¢ A if0<c<1,
O ife>1.

(ii) We can suppose that X = U | A;.
If c < apthen (f >¢) =X = Ui A,
if a; < c <ajprthen (f >c) = UL, 14,
and if ¢ > a, then (f > ¢) = 0.
O

Recall (Volume II, Exercise 13.1.6) that a real-valued function f on a
topological space (X,7) is upper semi-continuous if for each z € X and
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each € > 0, there is a neighbourhood N(z) of x such that f(y) < f(z) + €
for y € N(z), or equivalently, if (f < ¢) is open, for each ¢ € R. Lower
semi-continuity is defined similarly.

Corollary 28.3.2 If (X,7) is a topological space and X is the o-field
of Borel measurable sets, then wupper semi-continuous and lower semi-
continuous functions on X are measurable functions.

Proposition 28.3.3 If f is a measurable function on X and ¢ is a Borel
measurable function on R, then ¢ o f is a measurable function on X.

Proof If Ais a Borel subset of R then ¢~!(A) is a Borel subset of R, and
so (9o f)7H(A) = 1 (o71(A) € X. =

Theorem 28.3.4 Suppose that f and g are real-valued ¥-measurable
functions on X. Then each of the functions

_fa f+> fi? |f|> f+.g> fga f\/ga (l’fldf/\g
is X-measurable. The sets (f < g), (f <g) and (f = g) are in X.

Proof  We consider some continuous real-valued functions on R. Let

b1(x) = —x, ¢po(x) =27, ¢3(x) =27, ¢u(x) = |z| and ¢5(x) = z2.

Then ¢; o f is Y-measurable, for 1 < i < 5: the functions —f, f+, f~, | f]
and f? are Y-measurable.
Addition and multiplication are a little bit more complicated. Since

(f+g>c)=U{(f>r)n(g>c—r):reqQ},

and since Q is countable, f + ¢ is Y-measurable.

Since fg = 3((f +9)® — (f — 9)%), fg is S-measurable.

Next, fVg=35(f+g+I|f—gl)and fAg=5(f+g—|f—gl), and so
they are both ¥-measurable.

Finally, f(z) < g(z) if and only if there exists r € Q such that
f(z) < r < g(z), sothat (f < g) =U{(f <r)Nn(g >r) :r e Q},
which is in ¥, since Q is countable. Similarly, (f < g) =X\ (g < f) € %,
and (f=g)=(f<g)\(f<g) €. m

Thus the set £° = £°(X, %, 1) of real-valued measurable functions on X
is a real vector space, when addition and scalar multiplication are defined
pointwise.
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We now consider sequences of measurable functions, suprema, infima and
limits. These may be infinite, and so we need to consider extended real-
valued functions, functions taking values in R = {—oc} UR U {oo}. We say
that such a function f is ¥-measurable if (f € A) € ¥ for each Borel set A
in R and if both (f = —o00) and (f = 00) are in 2.

Theorem 28.3.5 Suppose that (f,)32, is a sequence of extended real-
valued Y-measurable functions on X. Then each of the extended real-valued
functions

sup fn, inf f,, lim sup f,, and lim inf f,
neN neN n—00 n—>00
s X-measurable.

Proof  Since

(sup fn, > ¢) = Upen(fn > ©),

neN
(sup fn = OO) - mkEN(UnEN(fn > k))a
neN
(sup fn = _OO) = mneN(fn = —OO),
neN

the function sup, cn fn is X-measurable. The proof for inf,en f,, is exactly
similar.
Since

lim sup f, = inf (sup fx),
n—

n—00 X k>n
the function limsup,cnfn 1S X-measurable, and so, similarly is
liminf,en fr. O

Corollary 28.3.6 The set
C* = {x: fu(x) converges in R asn — oo}

is in 3. Let f(x) = limy, o0 fr(x) if © € C*, and let f(z) = 0 otherwise.
Then f is X-measurable.

Proof  For

C* = (lim sup f, = lim il)lf fn) and f = (lim sup f,).Ic-.

n—oo n—oo

Corollary 28.3.7 If each f, is real-valued, then the set

C ={x: fn(x) converges in R as n — oo}
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is in . Let f(z) = limy, oo fn(z) if x € C, and let f(z) = 0 otherwise.
Then f is X-measurable.

Proof  For C = C*\ ((liminf,, o fr = +00) U (limsup,,_,o fn = —00)).
O

28.4 Measure spaces

Many of the results about Lebesgue measure extend to a more general set-
ting. A finite measure space is a triple (X, X, u), where (X, X)) is a measurable
space and p is a countably additive, or o-additive mapping of ¥ into R if
(Ay) is a sequence of disjoint elements of ¥ then p(US2 1 A,) = > 07 u(Ay).
(Note that, since all the summands are non-negative, the sum does not
depend upon the order of summation.) The function u is called a measure.
(The adjective ‘finite’ is included, because (X)) is a real number, and so is
finite.) Thus if I is a bounded interval in R then (I, £(I), \), where £(I) is
the o-field of Lebesgue measurable subsets of I and A is Lebesgue measure, is
an example of a finite measure space. Similarly, if B(I) is the o-field of Borel
measurable subsets of I and A is the restriction of A to B, then (I,B(I),\)
is a finite measure space; in this case, A is called Borel measure on I.

The construction of Lebesgue measure was quite complicated, and the
same is true of other measure spaces. We shall defer the construction of
other measure spaces until Chapter 30.

Theorem 28.4.1  Suppose that (X, %, p) is a finite measure space. Suppose
that A, B € ¥, and that (A,,)}2 is a sequence in 3.

(i) n(AU B) + p(AN B) = p(A) + pu(B).
(ii) If B C A then pu(B) < u(A).

(#i) (Upwards continuity) If (A,), is an increasing sequence then

M(UzozlAn) = sup ,UJ(An)

neN

(iv) (Downwards continuity) If (A,)>2 is a decreasing sequence then

W(PEE, Ay) = inf p(A,).

neN

(v) SupneNu(An) pRZ1AR) <3000 (A
(vi) p(MpZ1An) < infpen p(An).

Proof  The proof is left as an exercise for the reader. O
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Corollary 28.4.2 If f is a measurable real-valued function on X, then
p(|fl >n) =0 asn— co.

Proof  For the sequence (|f| > n)5 ; decreases to the empty set. O

Suppose that (X, %, ;) is a finite measure space and that (A4,)5°; is a
sequence in Y. We define

lim sup A, =Ny, (U;‘;nAj) and lim nlggo A, =Up2, (ﬂ;‘;nAj) .
n—o0

Thus z € limsup,,_,, A, if and only if x is frequently in A,: for each n € N

there exists m > n such that = € A,,, or, equivalently, = € A,, for infinitely

many n. Similarly, z € liminf,, ., A, if and only if z is eventually in A,:

there exists n € N such that z € A4,,, for m > n.

Corollary 28.4.3 (The first Borel-Cantelli lemma) If >">°, u(Ay) < oo
then p(limsup,,_, . An) = 0.

Proof  Suppose that ¢ > 0. There exists N € N such that
ZZO:N_H u(A,) < €. Then

o0
pim sup Ap) < p(UpyiAn) < Y p(An) <e
n—oo
n=N-+1
Since € is arbitrary, the result follows. O

Measure spaces provide the natural setting for probability theory. A prob-
ability space is a finite measure space (2,3, P) for which P(Q2) = 1. The
elements of ¥ are called events, P is called a probability measure, and P(A)
is called the probability of A. The development of probability theory has
contributed greatly to measure theory, but it would take us too far afield to
investigate this”.

When we constructed Lebesgue measure on R, we began by restricting
attention to bounded sets, and then extending the results to more general
sets. We can do the same in the present setting. For example, we could
consider an arbitrary set X, consider the o-field of all subsets of X and define
i to be counting measure on A: p(A) is the number of elements in A, if A is
finite, and p(A) = oo if A is infinite. We shall however restrict our attention
to o-finite measure spaces. A o-finite measure space is a measurable space
(X,X), together with a sequence (I;)7°, of disjoint elements of ¥ whose

2 There are many excellent texts on probability theory; my favourite is Probability Theory and
Ezamples by Rick Durrett (CUP, 2010).
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union is X, and a function p on ¥ (a o-finite measure), taking values in
[0, o0], with the properties that

(i) p is countably additive; if (A,,)7, is a sequence of disjoint elements of

¥ then pu(UnenAn) = > ey 1(Ay), and
(i) p(ly) < oo for k € N.

Thus A € ¥ if and only if AN, € ¥ for k € N, and then p(A) =
> peq (A N I). The results of Theorem 27.5.1 extend easily to o-finite
measure spaces.

We can also define o-finite measures in terms of increasing sequences. Let
(Jk)72; be an increasing sequence in ¥ whose union is X. Then A € ¥ if
and only if AN Ji in ¥ for each £k € N. Then u is a o-finite measure on
¥ if it is countably additive and if p(Jk) is finite, for each k& € N. Then
w(A) = limg_, 00 p(A N Jg). This definition is clearly equivalent to the one
above.

In future we shall use the term ‘measure’ to mean either a finite measure
or a o-finite measure.

Suppose that (X, ¥, ) is a finite or o-finite measure space. An element
N of ¥ is a null set if u(N) = 0. If M € ¥ and M C N, where N is a
null set, then M is a null set. If (IV,)52; is a sequence of null sets, then
p(US2 Ny) < 30 w(Ny) = 0, so that US| N, is a null set. Thus the
collection of null sets is a o-ring contained in X.

A measure space (X,X, ) is complete if every subset of a null set is
measurable, and is therefore a null set. Lebesgue measure is complete, since
if M C N, where N is a null set, then

0 < A (M) < X (M) < A(N) =0,

so that A\, (M) = X*(M) = 0.

It is quite easy to complete a measure space.

Theorem 28.4.4 Suppose that (X,%, ) is a finite or o-finite measure
space. Let

N ={M C X : there exists a null set N such that M C N}.

Let > = {AUN : A e X,N € N}. Then % is a o-field containing X. If
B=AUM €%, let i(B) = u(A). Then ji is well defined, and (X,%, i) is
a complete measure space. If B € S there exists A, Cin ¥ with ACBCC
and p(A) = 4(B) = p(C).
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Proof If B=AUM = A'UM’ € %, there exists a null set N such that
M UM C N. Since AAA C MUM C N, u(A) = pu(A’), and so i is
well defined. If (B,)5%; = (4, U M,)>2, is a disjoint sequence in 3, then

U B, = (U, A,) U (U2, M,,). Since U2 M, € N,

ﬂ(USLO:IBn) = M(U%ozlAn) = ZM(AH) = Zﬂ(Bn)7
n=1 n=1

so that fi is a measure which extends p.
If B=AUM € X, there exists a null set N such that M C N. Let
C=AUN.Then C €3, AC BCC and u(A) = i(B) = u(C). 0

Exercises

28.4.1 Suppose that X is a o-field of subsets of a set X, and that  : ¥ — R™T

is a function. Show that the following are equivalent.

(i) p is a measure.

(ii) (Upwards continuity) If (A,,)22 is an increasing sequence in X
and A = U A, then p(A) = sup,en 1(A4n).

(iii) (Downwards continuity) If (A,)°; is a decreasing sequence and
A=A, then u(A) = infren p(A4n).

(iv) (Downwards continuity at () If (A,)22 is a decreasing sequence
and N>, A, = 0, then p(A,) — 0 as n — .

28.4.2 Suppose that (X,7) is a compact Hausdorff space. Show that the
collection R of subsets of X which are both open and closed is a
field. Suppose that ¢ : R — R is finitely additive. Show that it is
countably additive.

28.4.3 Suppose that (X,Y) is a measurable space and that (/) er is an
uncountable family of disjoint elements of > whose union is X, and
a function p on ¥, taking values in [0, 00|, with the properties that

(i) p is countably additive; if (A4,)5%; is a sequence of disjoint
elements of ¥ then p(UpenAn) = > oo 1(Ay), and
(ii) 0 < p(ly) < oo foryeT.
Show that if A € ¥ and p(A) < oo then {y : p(ANI,) < oo} is
countable.
28.4.4 Does Corollary 28.4.2 hold for o-finite measure spaces?
28.4.5 Does the first Borel-Cantelli lemma hold for o-finite measure spaces?

28.5 Null sets and Borel sets
Let us now consider the null sets of (R, L, \).
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Proposition 28.5.1 A subset A of R is a A-null set if and only if \*(A) =
0; that is, given € < 0 there exists a sequence (I,)o; of open intervals which

cover A for which Y 2 I1(I,) < e.
Proof Immediate. (Add end of proof sign here) O
Corollary 28.5.2 (R, L, \) is a complete measure space.

As examples, a countable subset of R, such as Q, is a null set, and Cantor’s
ternary set is a null set which is not countable.

Proof  For a singleton set is a null set. a

On the other hand, Cantor’s ternary set is a null set which is not
countable.

Recall that a subset of R is a G set if it is the intersection of a sequence
of open sets, and is a K, set if it is the union of a sequence of compact
sets. It follows from Theorem 27.5.1 that Gy sets, K, sets and F, sets are
Lebesgue measurable.

Theorem 28.5.3 Suppose that A is a subset of R. The following are
equivalent.

(i) A is Lebesgue measurable.
(ii) There exists a K, set C and a null set M disjoint from C such that

A=CUM.
(i1i) There exists a Gs set B and a null set N contained in B such that
A=DB\N.

Proof  Clearly (ii) implies (i). Suppose that A is Lebesgue measurable.
For each k € Z, AN (k,k + 1] is Lebesgue measurable, and so for each
n € N there exists a compact set Ky, such that Ky, C AN (k,k+ 1], and
AN Kkn) > MA)—1/n. Let Ly = US| Ky, ,, and let Ny, = (AN (k, k+1])\ L.
Then

A(Nk) = MAN (K k+1]) = AM(Li) < AMA) = AM(Kypn) < 1/n,
for each n € N, so that N is a null set. Then
A=CUN, where C = U{K},,, : k€ Z,n € N} and N = UpezNy.

Cis a K, set, N is a null set and C N N = (). Thus (i) implies (ii). Finally,
it follows by taking complements that (ii) and (iii) are equivalent. 0

Suppose that (X, 7) is a topological space. Recall that the o-field B gener-
ated by the collection of open sets is called the Borel o-field, and its elements
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are called Borel sets. Since the Lebesgue measurable subsets of R form a
o-algebra which contains the open subsets of R, the Borel o-field B is con-
tained in the o-field £. The restriction of Lebesgue measure to the bounded
Borel sets of R is called Borel measure.

Corollary 28.5.4 Suppose that A is a subset of R. The following are
equivalent.

(i) A is Lebesque measurable.
(ii) There exists a Borel set B and a null set N contained in B such that

A=DB\N.

(iii) There exists a Borel set C' and a null set M disjoint from C such that
A=CUM.

Proof  Immediate. O

A measure space (X, X, 1) is complete, and the measure p is complete, if
whenever B is a subset of a null set A, then B € X, so that B is also a
null set, Lebesgue measure on R is complete, but the corresponding Borel
measure is not. We can always complete a measure space.

Proposition 28.5.5 Suppose that (X, %, p) is a measure space. Let N be
the set of subsets of null sets in ¥. Then ¥ = {AUN : A € XN € N}
is a o-field containing X. If A = AU N e S, let i(A) = p(A). Then fi is
well defined, is a complete measure on S which extends w, and Nis the set
of pi-null sets.

Proof  First, it is easy to verify that /\/ is a o-ring of subsets of X. If
A1 = Ay UNy and A2 = As U N,, then A1 N A2 = (A1 N Ag) U N, where

—(AlﬂNg) (NlﬂAg) (NlﬂNg)E./\/’If( )] 1—(A UN) 118a
sequence in ¥ then U‘]?‘;lA] = (U321 4;) U (U2 N;) € &, and so Sigma is a
o-field, which clearly contains 3. O

Exercise

28.5.1 Let ¢ : [0,1] — [0,2) be the mapping of Exercise 27.6.1. If A is a
Borel subset of [0, 1], is g(A) a Borel subset of [0, 2]?

28.6 Almost sure convergence

In measure theory, the first Borel-Cantelli lemma is frequently used to show
that a property holds on a measure space, except possibly on a set of mea-
sure 0. If so, we say that it holds almost everywhere almost surely. Thus
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if (f,)5% is a sequence in £°(X, ¥, ) and if f € £O(X, ¥, 1) then we say
that f, — f almost surely, as n — oo if there exists a null set N such that
fn(z) = f(x) for all z € X \ N. Note that we do not require that f,(z) does
not converge to f(x) for x € N; we are content to remain ignorant about
what happens on N.

Proposition 28.6.1 Suppose that (X,¥,u) s a measure space,
that (fn)2%; and (gn)2%, are sequences in L°(X,¥,u) and that
f,g € LYX, S, pn). If fo — f and g, — g almost everywhere, as n — oo,
then fn, + gn — f+ g and f,g9, — fg almost everywhere, as n — oo.

Proof  For the union of two null sets is a null set. a

Suppose that (X, X, 1) is a finite measure space, that (f,,)22; and (g,)52,
are sequences in £°(X, ¥, ). We say that f,, — f almost uniformly if for each
€ > 0 there exists A € ¥ with u(A) < e such that f,, — f uniformly on X\ A
as n — oo. This terminology is standard, but is unfortunate, since ‘almost’
usually involves sets of measure 0: ‘nearly uniform convergent’ would be
better.

How are these notions of convergence related? The next result is rather
remarkable.

Theorem 28.6.2 (Egorov’s theorem) Suppose that (X,%,pu) is a
finite measure space, that (f,)°%, is a sequence in L°(X,X,u) and that
feL%X,%,u). Then f, — f almost everywhere as n — oo if and only if
fn — [ almost uniformly as n — oo.

Proof  Suppose first that f, — f almost everywhere as n — oo and that
€ > 0. Let
C ={x: fn(z) converges in R as n — oo},

and let
B = (fn— f] > 1/k) and Ay, = Upn>nBp i, for n,k € N.

First, keep k fixed. Then (A4, )72, is a decreasing sequence in ¥, and
N1 A e € (limsup,, o | fn—f| > 1/k) € X\C, so that, since u(X\C') = 0,
1(Ay ) — 0 as n — oo, by lower continuity. Thus there exists nj such that
w(An, k) < €/2F.

Now let A = U Ay, k. Then p(A) <377 (A, k) < e If x ¢ Aand
k€ N,thenz ¢ A, i, andsox & B, j, for n > ny. Thus |f,(z)—f(z)| < 1/k
for n > ny; f, — f almost uniformly.

Conversely, suppose that f, — f almost uniformly as n — oco. For each
k € N there exists Ay € ¥ with u(Ay) < 1/k such that f,, — f uniformly on
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Figure 28.6.

X\ A asn — oo. Let A =2 A,. Then pu(A) =0 and f, — f pointwise
on X \ A. Thus f, — f almost everywhere as n — oo. O

Let us also establish an easy, but important, approximation result that
we shall need later, when we consider integration. Here the convergence is
pointwise.

Theorem 28.6.3 Suppose that f is a real-valued measurable function on
a measure space (X,%, p). There ezists a sequence (D)0, of simple mea-
surable functions which converges pointwise to f. If f is non-negative, then
the sequence (D)2, can be taken to be a pointwise increasing sequence of
non-negative functions.

Proof  We use a simple construction. Suppose that f € L°(X, %, i), and
that n € N. We divide the interval [—n, n) into 2n.2" disjoint intervals, each
of length 1/2"; we set I;,, = ((j —1)/2",j/2"] for —n2" 4+ 1 < j < n.2". Let
Ajn=(f €1ly); then Aj, is measurable. We set

n.2™

Du(f)= > ((G-1)/2")a,,.

j=—n27+1
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Thus D,(f) is a simple measurable function, and if n > |f(z)| then
D,(f)(x) < f(x) < Dy(f)(z) + 1/2". Consequently, D, (f) — f point-
wise. If f > 0, then the functions D,, are non-negative, and the sequence
(Dp )52 increases pointwise to f. O
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Integration

29.1 Integrating non-negative functions

After so much consideration of measure and of measurable functions, we
are now in a position to develop the theory of integration. We begin by
considering the integral of a non-negative extended-real-valued measurable
function f defined on a finite or o-finite measure space (X, 3, u). We define
the tail distribution function Ay to be

Af(t) = p(f > t), for t € [0,00).

If \f(t) = oo for some ¢ > 0 (so that A\f(s) = oo for 0 < s < t) we
define [ « [ dp = oo. Otherwise, the function Ay is a decreasing real-valued
function on [0,00). It is continuous on the right, since if ¢, \, t as n — oo

then (f > t,) 7 (f > t), so that u(f, >t) A u(f >t). If p(X) = oo, it
may happen that A¢(t) — oo as ¢t N\, 0. We define

/deu = /Ooo Ap(t) dt.

Here, the integral on the right is an improper Riemann integral, taking values
in [0,00]; this integral exists, since A; is a decreasing function. Note that
Ap(t) = p(f = 00) as t — oo, so that if u(f = o0) > 0 then [ fdu = oco.
The diagram below shows why this definition is made: the ‘area under the
curve’ is shifted to the left, and then evaluated.

Note that if 0 < f < g almost everywhere then Ay < Ay, and so fX fdu <
fng,u. In particular, if f = g almost everywhere then fX fdu = fng,u,
and if f = 0 almost everywhere then [ < fdu=0.

As an important but easy example, let us consider the integral of
a non-negative simple measurable function f. We can suppose that
f= Z§:1 a;la,, where Ay,..., Ay are disjoint measurable sets of finite

834
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— N

Figure 29.1.

measure, and 0 < a1 < -+ < ay. Let agp = 0 and let B; = Uf:in. Then
Bj = (f > aj_1), so that

B;) foraj_; <t<aj forl <j<Ek,
)\f(t)—{ g( ;) J—1 J

for ay, < t.
Thus
k
/ fdp= Z(aj - ajfl)U(B])
j=1
k
= (aj—aj) [ Y p(A)
Jj=1 i=j
k ) k
- Z Z(aj - aj—l) IL['(AZ) = ZO(ZM(AZ)
i=1 \ j=1 1

It follows by elementary arguments that if f = Z?Zl a;la,, where the «;
are non-negative, but not necessarily distinct, and the A; are not necessarily
disjoint, then [y fdu = Z§:1 ajp(Aj).

We need the following easy, but fundamentally important, result concern-
ing improper integrals of decreasing functions.

Theorem 29.1.1  Suppose that (g,)2>, is a sequence of decreasing non-
negative functions on (0,00), which increases pointwise to a function g. Then

/ g(t)dt = lim gn(t) dt.
0

n—o0 0

Proof  The function g is a decreasing non-negative function, so that the
improper Riemann integral exists. We consider the case where fooo g(t)dt is
finite; the proof when it is infinite is proved in exactly the same way.
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The sequence fo gn(t)dt)s | is increasing, and is bounded above by
fo t) dt. Suppose that € > 0. There exist 0 < a < b < oo such that

[ swas [“owa- e,

and there exists a dissection D = (a =ty < --- <ty = b) of [a, b] such that

k

b
spl9) = > alt)(ty 1) > [ g(tyde — /3.

J=1

Since g, — g pointwise, there exists N € N such that g,(t;) > g¢(t;) —
€/3(b—a),for1 <j<kandn>N.If n> N, then

o) b
| ontde= [ g0y = snan) Zgn )t — ;1)
0 a

I
[M] =

k
g(t;)(t; —tj-1) Z ()t —tj-1)

1 7j=1

> splg) — /3 > /Ooog(t) dt— e

<.
Il

which establishes the theorem. O
This enables us to prove the fundamental theorem of integration theory.

Theorem 29.1.2 (The monotone convergence theorem) Suppose that
(fn)o2 is an increasing sequence of non-negative measurable functions on a
finite or o-finite measure space (X, %, 1) which converges pointwise almost
everywhere to a function f. Then

/fnd,u—>/fd,u as n — 0o.
X X

Proof  The sequence ([ « fndp);2 | is increasing, and converges to a limit
less than or equal to [ « J dp. The importance of the result is that equality
holds.

If As, (t) = oo for some N € N and some ¢t > 0 then [ f,du = oo for
n > N, and the result holds trivially. Otherwise, if £ > 0 then the sequence
(fn > t)52, of sets in X increases to (f > t), so that As, (t) — Af(t) a
n — oo. If fo Af(t)dt < oo then the result follows from Theorem 29.1.1. If

fo Af(t) dt = oo, then given M > 0 there exists 7" such that fo Af(t)dt >
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M. But then lim, o0 [y Az, (£)dt > M, and so0 limy, oo f3° As, (8) dt > M.
Since this holds for all M >0, [y fndp — oo as n — oco. O

The following example shows how powerful and useful this theorem is; it
provides a direct proof of Theorem 26.7.5.

Example 29.1.3 If x > 0 then

nln®
Tr =1
(@) = e e

The functions #*~1(1 — t/n)"Ijp ) increase pointwise to the function

t*~te~t on [0,00) as n — 0o, so that

n

I'(z) = / t* et dt = lim "1 — E)" dt.
0

n—oo [q n

Making the change of variables s = t/n,

/ t* N1 — =) dt = n‘r/ s 11 —s)"ds =n"B(z,n +1),
0 n 0

where B is the beta function. As in Volume 1, Section 10.3, if z > 0 and
y > 0 then, integrating by parts, B(x,y + 1) = (y/(x + y))B(x,y). Using
this repeatedly,

" t nln
1= =) dt = :
/0 ( n) z(x+1)...(x+n)

T

We use the monotone convergence theorem to prove a useful inequality.

Theorem 29.1.4 (Fatou’s lemma) Suppose that (f,)5%, is a sequence

of non-negative measurable functions on a finite or o-finite measure space
(X,%2,1). Then

/ lim inf f,dp <lim inf /fn dp.
X n—o0 n—oo

In particular, if f, — f almost everywhere then

/ fdu <lim inf /fnd,u.
X n—oo
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Proof  Let g, = inf;>, f;. Then g, < f, and g, increases pointwise to
liminf,, .o fn, so that

n—o0

/ lim inf f,dy = lim gn dr < lim inf /fn dp.
X n—oo X n—oo
O

Equality need not hold: for example if f,, = nl( 1/, or if f = (1/n)lj
then f,, — 0 pointwise, but fR fndX =1, for n € N.
The integral respects algebraic operations.

Theorem 29.1.5 Suppose that f and g are non-negative measurable func-
tions on a finite or o-finite measure space (X, %, 1), and that o and 3 are
non-negative numbers. Then

/)((aerﬁg)dM:a/dequﬁ/ngﬂ.

Proof  First suppose that f = Z§:1 ajly, and g = Y 4 Bmlp, are
simple measurable functions, with U?:lAj =U} 1B, = X. Then

k n
af +Bg=>_ (aa;+ BBm)lans,.

j=1m=1

so that
k n

—a/deu—i-B/deu.

If f and g are measurable then, by Theorem 28.6.3, there exist increasing
sequences (f)22; and (g,)5; of non-negative simple measurable functions
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which converge pointwise to f and g respectively. Then the sequence (af,, +
Bgn)s; of simple functions increases pointwise to af + Bg. Applying the
theorem of monotone convergence,

/X (of + Bg)dp= tim [ (afu+ Bgn) du

n—oo X

= lim_ <04/andu+5/xgndu>

a/)(fdu+ﬁ/)(fdp.

O

Suppose that f is a non-negative measurable function on a finite or o-
finite measure space (X, X, 1), We can also integrate f over measurable sets.
If A€, we set fA fdp= fX f1a,du, where I, is the indicator function of
A. Alternatively, let ¥4 = {B € ¥, B C A}. Then X4 is a o-field of subsets
of A, the restriction g of pu to 34 is a measure on X4, the restriction f4
of f to A is ¥ s-measurable, and fA fdu= fA fadua.

Exercise

29.1.1 Suppose that f is a non-negative measurable function on a mea-
sure space (X, X, u) and that f(z) > 0 for almost all . Show that
Jx [ dp=0if and only if 4(X) = 0.

29.2 Integrable functions

We next consider the problem of integrating a real-valued measurable
function f on a finite or o-finite measure space (X, X, ), when f is not
necessarily non-negative. This is done by integrating the positive and neg-
ative parts of f separately, and trying to combine the integrals. Thus we
make the following definitions:

o [y fdu= [y fTdu— [y f-dpif [ fTdu <ocoand [, f~du < oo;
o [y fdu=o00if [ fTdu=o0and [, f~ du < oo;

o [y fdu=—o0if [ fTdu<ooand [, f~ du=cc.

o [y [dpis not defined if [y fTdu = o0 and [ f~ du = occ.

The function f is said to be integrable if fX ftdu < oo and fX fdp < oo
this is clearly the case if and only if [ |f|dp < oc.
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Proposition 29.2.1 If f and g are integrable, if h is a bounded measurable
function and if o € R then hf, af and f + g are integrable, and

/onfdu—oz/xfdu and /X(f+g)du—/xfdu+/xgdu-

Proof — Let M = sup,cx |h(z)]. Since (hf)" < M|f| and (hf)~ < M|f],
the function hf is integrable, and so therefore is af. If o > 0 then

/onfdu—/X(Oéf)+du—/x(0¢f)_du—/Xoaf+du—/xaf‘du
=a</Xf+dM—/deu>=a/deﬂ,

and if @ < 0 then

Jasan=[ @t du= [ (@p an= [ i du= [ 1olf*dn

—lol ([ sdn— [ 1t au) =l [ Fadu=a [ ran

Since |f + g| < |f] + |g|, the function f + g is integrable.
Since (f +9)* +f~+g9” =(f+9) + [T +g7,

/X(f+g)+du+/Xfdu+/ngu=/X(f+g)du+/Xf+dM+/Xg+du.

Rearranging,
/(f+g)du—/ fdu+/ gdpu.
X X X

We denote the set of integrable functions on (X, X, ) by Lk (X, X, ).
The proposition shows that Eh(X , 2, i) is a vector space and the mapping

|

= + fdp is a linear functional on it.
We have the following simple consequence of the monotone convergence
theorem.

Proposition 29.2.2 (Beppo Levi’s theorem) If (f,)22, is a sequence of
integrable functions increasing pointwise to f, then

/fnd,u—>/fd,u as n — 0o.
X X
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Proof  For [y(fn— f1)du — [(f — f1)dp as n — oo, by the monotone
convergence theorem, and so

[ fan=[ (¢ =pydu+ [ fa
~ lim (/}((fn—fl)d/i)Jr/)(fldu—nlgrgo </andu>-

Here is an application.

Example 29.2.3 Euler’s number 7 is given by the formula

1 —t oo ,—t
1 _
'y—/ ¢ dt—/ e—dt.
0 t 1t

In Volume 1, Exercise 8.8.9, it was shown that

the first integrand increases to (e~! — 1)/t and the second to e /t.
A much more important result follows from Fatou’s lemma.

Theorem 29.2.4 (The dominated convergence theorem) Suppose that
(fn)oy is a sequence of measurable functions which converges pointwise
almost everywhere to f, and that g is an integrable function such that
| fnl < lgl, for each n. Then

/fnd,u—>/ fdu as n — oo.
X X

Proof  The functions |g| + f, and |g| + f are non-negative. By Fatou’s
lemma,

[ g+ gy < tim int [ ol + ) d = [ ol ds+tim nt [
X n—oo [x X n—oo [y

so that f is integrable, and fX fdp < liminf,,_, fX fn dp. Similarly, the
functions [g| — f, and |g| — f are non-negative, so that [y (—f)dp <
liminf,, o fX(—fn) dp; thus

fdp > lim sup/fndMZIim inf/fndMZ/fdu.
X X n—eo Jx X

n—oo

Consequently, all the terms are equal, and the result follows. O
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Corollary 29.2.5 Further, [y |fn — fldp — 0 asn — oc.

Proof  For |f, — f| < 2¢ almost everywhere, and |f,, — f| — 0 almost
everywhere. O

Corollary 29.2.6 (The bounded convergence theorem) Suppose that
(fn)22y is a uniformly bounded sequence of measurable functions on a finite

measure space (X, %, u) which converges pointwise almost everywhere to f.
Then

/fndp%/fdpand/|fn—f|d,u—>0asn—>oo.
X X X

Proof Take g to be the constant function taking the value M =
sup{|fn(x)| :n € N,z € X}. O

The dominated convergence theorem and the bounded convergence
theorem can be applied to infinite series, as the exercises show.

What is the relation between the Riemann integral and the Lebesgue
integral? In order to answer this, we need to introduce the notions of the
upper and lower envelopes of a bounded function. Let f be any bounded
real-valued function on an interval I. We define the upper envelope M(f)
and the lower envelope m(f) as

M(f)(z) = Inf (sup{f(y) 1y € I, |z —y| <4}),

m(f)(z) = Sup (inf{f(y) :y € I,z —y| <4}).

Proposition 29.2.7 If M(f) is the upper envelope of a bounded real-
valued function f on an interval I and m(f) is the lower envelope of f, then
M(f) is upper semi-continuous and m(f) is lower semi-continuous.

Proof  Suppose that © € I and € > 0. There exists 6 > 0 such that if
y € (x —d,x+0) NI then f(y) < M(f)(x) + €. For such y, there exists
n > 0 such that (y—n,y+n) C (z—06,2+9), and so M (f)(y) < M(f)(x)+e.
The lower semi-continuity of m(f) is proved similarly. O

Thus M (f) and m(f) are measurable, even though f need not be. Note
that m(f)(x) < f(x) < M(f)(x), and that m(f)(x) = M(f)(x) if and
only if f is continuous at z. The function Q(f) = M(f) — m(f) is the
oscillation of f.
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Theorem 29.2.8 Suppose that [ is a bounded real-valued function on a
closed interval I = [a,b]. Then

b

/M(f) d\ = / f(x)dx, the upper Riemann integral of f,
I a
b

/m(f) d\ = / f(x)dx, the lower Riemann integral of f.
I Ja_

Proof  Suppose that € > 0. There exists a step function v > f such that
f;v(w) dx < fff(x) dx + €. Then M(f)(x) < v(x) except possibly at the
finite set of points of discontinuity of v, and so [, M(f)du < ffv(x) dz.
Since € is arbitrary, it follows that [, M(f)d\ < fff(x) dx.

Let M,(f)(z) = sup{M(f)(y) : v € [z — 1/n,x + 1/n| N I}, for
n € N. Since M (f) is upper semi-continuous, M, (f) decreases pointwise

to M(f). Thus [, M,(f)d\ — [; M(f)dX as n — oo, by the theorem of
bounded convergence. Hence there exists N such that [, My(f)d\ < [,
M(f)d\+e. Let

D=(a=xzy<---<zp=0D)

be a dissection of [a, b] with mesh size less than 1/N. If

Kj = suwp{f(x) : w € [wj-1, 2]},

then K; < My(f)(x) for z € [xj_1,2;], and so

b k
/af(x)da;gjz:;Kj(xj—xj_l)g/IMN(f)d)\</IM(f)d)\+e.

Since € is arbitrary, it follows that f_ff(w) de < [; M(f)dA.
The other equality is proved similarly. O

Corollary 29.2.9 The function f is Riemann integrable if and only if it
s continuous almost everywhere. If so, then the Riemann integral of f and
the Lebesque integral of f are equal.

Proof  The theorem implies that f is Riemann integrable if and only if
[;(M(f) — m(f))dx = 0. Since M(f) > f > m(f), this happens if and
only if M(f) = f = m(f) almost everywhere; that is, if and only if f is
continuous almost everywhere.
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If f is Riemann integrable, then f = M(f) almost everywhere, so that f
is Lebesgue measurable and

/abf(x)dx:/IM(f)dA:/lfdA.

Complex-valued integrable functions can also be defined. If f is a complex-

|

valued measurable function on (X,X), and f = g + ih, where g and h are
real-valued functions, then f is integrable if g and h are, and the integral is

defined as
/fd,u,—/gdu—i—i/ hdpu.
X X X

The set of complex-valued integrable functions is denoted by £&(X, X, u).
It is readily verified that £}3(X , 2, ) is a complex vector space, and that
the mapping f — | [ du is a complex linear functional on it. The reader
should verify that the dominated convergence theorem and the bounded
convergence theorem also hold for complex-valued functions.

Exercises

29.2.1 Suppose that (X, %, u) is a finite measure space, and that ¢ is a
bounded finitely additive real-valued function on ¥ which is abso-
lutely continuous with respect to u. Show that ¢ is countably
additive. Does the result extend to o-finite measure spaces?

29.2.2 By making the substitution x = ny, calculate

n—o0

1
lim n/ (1 —y)" cosay dy.
0

29.2.3 Prove the following form of Dirichlet’s test. Suppose that (f,)>2,
is a decreasing sequence of integrable functions which converges to
0 almost everywhere and that (g,)22; is a sequence of bounded
measurable functions for which the sequence of partial sums
(3_7=19j)71 is uniformly bounded. Show that 372 f,.gn converges
almost everywhere to an integrable function s, and that

sdp = /fngnd,u-
frm=2 ),

29.2.4 Let f be the indicator function of a fat Cantor set. Show that there
exists no function equal to f almost everywhere which is Riemann
integrable.
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The remaining exercises provide examples of the use of the
theorem of dominated convergence, and the theorem of bounded
convergence..

29.2.5 Use the thorem of dominated convergence to prove Kronecker’s
lemma:

o0 n
. 1
If a; > 0 and Elaj/]<ootheng Elaj—>0asn—>oo.
Jj= Jj=

29.2.6 Suppose that 1 is a finite Borel measure on the Euclidean space R,
If y € RY, let

) = [ e dufa,
Rd

it is the Fourier transform of p. Show that [ is a bounded continuous
function on R
29.2.7 Suppose that 1 < a < 2. Let f,(x) = n%z/(1 + n%x?), for x € [0,1].
Show that f, — 0 pointwise, but not uniformly. Use the theorem
of dominated convergence to show that fol fn(x)dz — 0 as n — oo.
Show that this can also be proved by making a change of variables.
29.2.8 Suppose that 0 < z < 7. Let

n . .
sp(z) = Z s1r}]x and let ¢, Zcos jx.

j=1

Show that

x /2 o
sn(x):/ tn(t)dt:/ sinn+ Dt 2
0 0

sint 2

29.2.9 Show that if 0 < a < b < /2 then

b.
2 1)¢
/ Sm(,ni—i_)dt%Oasn%oo.
a sint

Deduce that s,(z) — (7 — z)/2 as n — oc.
29.2.10 Show that

0

N

w/(2n+1) o
/ sin(2n + 1)t it < / sin(2n + 1)t gt
0 0

sint sint

sint ™ sint
:/ dt < —/ —dt.
o (2n+1)sin(t/(2n + 1)) 2 )y t
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Deduce that there exists K such that

sup |sp(z)| < K, for z € [0, 7).
neN

29.2.11 Let

- sin(2j — 1)z

3+1s1n]x
d let =
and let v, (z ; 2 1

J=1

By making a change of variables, show that u,(z) — z/2 as n — o
and that sup,en [un(z)] < K (the constant in the previous exer-
cise), for x € [0, 7). Deduce that v,(z) — 7/2 as n — oo and that
SUppen [vn(2)] < 2K, for x € (0,7).

29.2.12 Suppose that f is a Lebesgue integrable function on [0,7]. Show
that

o0

2 1 T T
- in — dt = d
S S

29.3 Changing measures and changing variables

In this section, we establish various results involving changes of measure and
changes of variable.

Proposition 29.3.1 Suppose that ¢ is a measurable mapping from a
finite measure space (X,%,pn) into a measurable space (Y,T). If A € T,
let pupi(A) = u(¢~1(A)). Then ¢.u is a finite measure on T.

Proof If (A,)%2 is a sequence of disjoint sets in T' then (¢~1(A,))%, is
a sequence of disjoint sets in X, and so

Gutt(UnenAn) = p(Unene ™ Z o (An) =Y dupa(An)
n=1

|

Some care is needed when (X, X, i) is o-finite. For example, if ¢ : R - R
is defined by ¢(x) = sinx and if A is a Borel subset of R then (¢~1(4)) = 0

or o0.

Proposition 29.3.2  Suppose that ¢ is a measurable mapping from a o-
finite measure space (X, %, ) into a measurable space (Y,T). Suppose also
that there exists an increasing sequence (Ap)22, in T with union Y such
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that p(¢p~(A,)) < oo for eachn € N. If A € T, let ¢ ju(A) = p(dp~(A)).

Then ¢y is a o-finite measure on T'.

Proof  Suppose that (Bj);?‘;l is an increasing sequence in 7', with union B.
Then
¢«(1)(B) = p(¢™1(B)) = lim p(¢~' (BN 4y))

n—o0

= lim lim p(¢ Y (B;NA,)) = lim lim u(¢ '(B;NA,))

n—0o0 j—00 J—00 N—00
= lim p(¢™(By)) = lim ¢.u(B),
j—00 j—00
so that ¢.p is a measure on T'. Since ¢, u(A,) < 00, it is o-finite. O

The measure ¢, is called the image measure, or push-forward measure.

If ¢ is real-valued, then ¢,u is called the distribution of ¢. In the case
where p is a probability measure, it is also called the law of ¢.

For example, if (X, %, 1) = ((0,27],£,)) and e(t) = €', then the image
measure is Lebesgue measure on T, and if we replace £ by B, then the
image measure is Borel measure on T. On the other hand, if (X, %, u) =
((0,1],£,\) and h(t) = e*™ then the image measure is called Haar measure
on T.

Proposition 29.3.3  Suppose that ¢ is a measurable mapping from a mea-
sure space (X, X, 1) into a measurable space (Y, T'), and that ¢.p is finite or
o-finite. Suppose that f is a measurable function on Y. Then f is an inte-
grable function on (Y, T, ¢«u) if and only if f o ¢ is an integrable function

on X; if so, then
[ rosdn= [ sam.
X Y

Proof 1If f =14, where A € T, then

/Y fd(bup) = p(61(A)) = /X Ty iy dp = /X foddu.

By linearity, the result also holds for simple functions. If f > 0 then there
exists an increasing sequence (f,)0 ; of simple functions increasing point-
wise to f. Then f, o ¢ increases pointwise to f o ¢, and so by monotone
convergence,

/X fodd(n)= lim /X fuodd(n) = lim /Y fud(up) = /Y F d(dun).

Finally the result follows for general f by considering f* and f~, and
subtracting. O
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Corollary 29.3.4 If g is an integrable real-valued function on (X, %, u)

then
/ngu—/th(g*u)(t)-

Proof  Take ¢ = g and f the identity mapping on R. O

We can also construct new measures by multiplying by integrable
functions.

Proposition 29.3.5 Suppose that g is a non-negative integrable function
on a measure space (X, X, ). If A€ X, let (9.du)(A) = [, gdu. Then g.du
is a finite measure on (X,X), and if f is a measurable function for which

fg is p integrable, then fX fd(g.du) = fX fagdpu.

Proof  Suppose that (A,,)22; is a sequence of disjoint elements of ¥, with
union A. Let B, = U;‘ZlAj, for n € N. Since glp, increases pointwise to
gl 4, it follows from monotone convergence that

(9 du)(A) = lim (g-du)(B,) = lim Z g-dp)(A,) = (g-dp)(A
7j=1

and so g.dy is a finite measure.

The proof that the equation holds is essentially the same as in the pre-
ceding proposition. If f = I then [y fd(g-du) = [y fgdu, and the result
also holds for simple functions, by linearity. If f > 0 then there exists an
increasing sequence (fy,)22; of simple functions increasing pointwise to f.
Then f,g increases pointwise to fg, and so by monotone convergence,

/de(g-du)—nlgrolo/xfnd(g-du)—nligr;o/xfngdu—/xfgdu-

Finally the result follows for integrable f by considering f* and f~, and
subtracting. O

29.4 Convergence in measure

In order to go further, we need to introduce another mode of conver-
gence of measurable functions, namely convergence in measure. Suppose that
(X, X, 1) is a finite measure space, and that £° = £°(X, ¥, ) is the vector
space of of real-valued measurable functions on X. Suppose that ()0, is
a sequence in £° and that f € £°. We say that f, — f in measure if, for
each ¢ > 0, u((|fn, — f| > ¢) = 0 as n — co. In the case where (X, %, P) is a
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probability space, probabilists call ‘convergence in measure’ convergence in
probability.

Proposition 29.4.1 Suppose that (f,)°, is a sequence in L° and that
fe Ll If f, — f almost everywhere, then f, — f in measure.

Proof By Egorov’s theorem, f, — f almost uniformly. Thus if ¢ > 0 there
exists A € ¥ with pu(A) < ¢ such that f, — f uniformly on X \ A; hence
fn — f in measure. 0

The following example shows that the converse of this proposition is not
true. Let (X, %, ) = ((0,1],£,\). If n = 2% +j € N, with 0 < j < 2¥  let f,
be the indicator function of the interval (j/2%, (j +1)/2%]. If 0 < ¢ < 1 then
A fn > ¢) = 1/2% and if ¢ > 1 then A(f,, > ¢) = 0. Thus f,, — 0 in measure
as n — o0o. On the other hand, if € (0,1] then f,(x) = 0 for infinitely
many values of n, and equals 1 for infinitely many values of n, so that f,
does not converge at any point of (0, 1].

Nevertheless, convergence in measure and convergence almost everywhere
are closely related.

Theorem 29.4.2 Suppose that (X, %, n) is a finite measure space, that
(fn)2, is a sequence in LO(X,X,u) and that f, — f in measure. Then
there exists a subsequence (fp, )5, which converges almost everywhere to f
as k — 0.

Proof  We use the first Borel-Cantelli lemma. For each k € N there exists
ny, such that u(|f, — f| > 1/k) < 1/2% for n > ny. We can clearly suppose
that (ng)52, is a strictly increasing sequence. Let By, = (| fn, — f| > 1/k);
then Y 72 | pu(By) < o0, so that p(limsupy_,., Bg) = 0. If & & limsupy,_, ., Bk
then there exists K such that x ¢ U2 . By, so that | fy, (z) — f(z)| < 1/k for
k> K, and f,, () = f(x)as k — oco. Thus f,,, — f almost everywhere. O

Convergence in measure can be characterized by a pseudometric. We
define the function ¢y on [0, 00) by setting

¢o(t) =t for 0 <t <1, and ¢o(t) =1 for 1 <t < 0.

Since ¢g is bounded and continuous, ¢g o |f| is integrable, for each f € L°.

Theorem 29.4.3 If f,g € LO(X, 2, i), let

o(f,g) = /X ool — g) dp.
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Then p is a pseudometric on LO(X, o, 1), and p(f,g) = 0 if and only if f = g
almost everywhere. If (£,)°%, is a sequence in LO(X, o, ), then p(fn, f) — 0
if and only if f,, — f in measure.

Proof  Clearly p(f,g) = p(g, f). Suppose that f,g,h € L°(X, %, u). Since
¢o is an increasing function and ¢g(x +y) < ¢o(z) + ¢o(y) for z,y € [0, c0),

p(f,h>=/X¢o<|f—h|>dus/X¢0<|f—g|+||g—h|>du

S/Xéo(\f—g!)dwr/xqﬁo(\g—h\)du—p(f,g)+p(g,h)-

Also p(f,g) = 0 if and only if ¢(|f — g|) = 0, almost every where and this
happens if and only if u(|f —g| > 0) = 0; that is, if and only if f = g almost
everywhere. Thus p is a pseudometric on £%(X, 3, u1).

Suppose that f,, — f in measure, and that ¢ > 0. There exists ny such
that p(|fn — f| > €/2u(X), for n > ng. Then

¢o(!fn—f\)du+/ b0l — 1) du

| fn=f1>€/2u(X)

o) = [
[ uf<e/20(X)
<€/2+¢€/2=¢

for n > ng, and so p(fn, f) = 0 as n — oo.
Conversely, suppose that p(f,, f) — 0 as n — oo, and that 0 < ¢ < 1.
Then

C

W= f1= 0= [ ollh = i <l e =0

as n — oo, so that f, — f in measure as n — oo. O

How does convergence in measure relate to the algebraic structure of
LO(X, %, p) ?

Proposition 29.4.4 Suppose that (X,X,p) is a finite measure space,
that (fn)%, and (9,)%%, are sequences in LO(X, ¥, u) and that f,g €
LOX, 2 w). If f — f and g, — g in measure, as n — oo, then
fnt+gn— f+9 and fugn — fg in measure, as n — co.

Proof It is easy to see that f, + g, — f + ¢g in measure, as n — oo.
Let us establish the result for products. First we show that f2 — f? in
measure as n — 0o. Suppose that 0 < e < 1. There exists £ € N such
that if B = (f > k) then u(B) < ¢/3, and there exists ng such that if C;, =
(Ifn—17F| > €/3(2k+1)) then u(C,) < €/3, for n > ng. Let A, = X\ (BUC,).
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If x € A, then |f,(z) + f(x)| < 2k + 1, so that ¢o(|f2 — f?|) < ¢/3. Thus if
n > ng then

/ 160(f2 — £2)|du
X

s/An\tbo(fﬁ—f2)\du+/B\¢o(f3—f2)\du+/cn 0(f2 — 2] dy
< ¢/34+ u(B) + u(Cy) <

and so f2 — f? in measure.
The general case follows by polarization. (f, +gn)* — (f +¢)% and (f,, —
gn)? = (f — 9)? in measure, as n — oo, and so

fngn = i((fn +gn)2 - (fn - gn)2) — i((f +g)2 - (f - 9)2) = fg
in measure as n — oo. O

We now define an equivalence relation ~ on the space £°(X,%, ) of
real-valued measurable functions on X by setting f ~ g if f = g almost
everywhere, and denote the quotient space by L% = L%(X, X, ). Since f ~ ¢
if and only if p(f, g) = 0, it follows that if we define do([f], [g]) = p(f, g) then
this is well-defined (it does not depend upon the choice of representatives),
and dp is a metric on L°(X, %, 1) (See Volume II, Section 11.1). Further,

0] = N9 = {f : f = 0 almost everywhere},

and L is the quotient vector space £°/N7.

We shall follow the usual custom, and write f both for a measurable
function and for its equivalence class. For example, we shall write ‘f,, —
f in measure if and only if dy(f,,f) — 0 as n — oo’. This practice is
so well established that the reader needs to become accustomed to it. In
fact, since countable unions of null sets are null sets, the transition between
functions and their equivalence classes is usually quite straightforward. Very
occasionally it is necessary to argue in a more detailed way.

We now consider properties of the metric space (Lo (X, X, i), dp). It follows
from Proposition 29.4.4 that the mappings (f,9) — f + ¢ and (f,9) — fg
from LY x LY into LY are continuous. Notice also that a translation mapping
is an isometry of L°.

Theorem 29.4.5 The space S(X, %, p) of simple measurable functions is
a dense linear subspace of L°(X, %, ).

Proof  Suppose that f € L? and that 0 < € < 1. By Corollary 28.4.2, there
exists n € N such p(|f| > n) < €/2. By the construction in Theorem 28.6.3,
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there exists a simple measurable function g such that |g(x)—f(z)| < ¢/2u(X)
for z € (|f| < n). Then

po<f,g>—/ ¢o(!f—g\)du+/ bolf —gl)dp < e/2+ /2 ="c.
(If|>n) (If]

<n

|

The next theorem lies at the heart of many of the results in the theory of
measure and integration.

Theorem 29.4.6 If (X, X, i) is a finite measure space then (L°(X, %, 1), do)
is a complete metric space.

Proof  Suppose that (f,)52 is a dp-Cauchy sequence in L°. We shall show
that there is a subsequence (fy, )72, which converges almost everywhere to
an element f of L°. Then f,, — f in measure, and so f, — f in measure.

For each k € N there exists ny such that p(|f, — fm| > 1/2F) < 1/2F
for m,n > ny. We can clearly suppose that (ny);2; is a strictly increasing
sequence. Let By = (|fn, — fapea| > 1/2F), and let C' = limsup;,_, ., By.
Since Y o2, u(Bg) < o0, u(C) = 0, by the first Borel-Cantelli lemma. If
x ¢ C then there exists kg such that x € By, for k > kg. Thus

|fnk($) - fnk+1(x)| < 1/2k’ for k > k(]a

and s0 | fn, (z) — fo,.(z)] < 2/2F for I > m > ko. Hence (fn, (7))52, is a real
Cauchy sequence, which converges, by the general principle of convergence.
Thus (fp,(x))52, converges, to f(x), say. If x € C, set f(x) = 0. Then f is
measurable, and f,, — f almost everywhere. O

We have seen that convergence in measure can be characterized very sat-
isfactorily in terms of a metric. Is the same true for convergence almost
everywhere? The next result shows that the answer is ‘no’.

Proposition 29.4.7  Suppose that T is a topology on L°(X,%, i) with the
property that if ()%, is a sequence in LY which converges almost every-
where to f, then f, — f in the topology T, as n — co. It then follows that
if fn — f in measure then f, — f in the topology T, as n — co.

Proof  Suppose not. Then there exists a neighbourhood N of f and a
subsequence (fy, )72 such that f,, & N for all k € N. Let g, = f,,, Then
gr — [ in measure as k — oo, and so there is a subsequence (g, )7, such
that gy, — f almost everywhere, as [ — oo. But g, ¢ N, for all [ € N,
giving a contradiction. O
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We can extend these results in two ways. First, suppose that (X, %, ) is
a o-finite measure space. Suppose that (f,)5%; is a sequence in L(X, 3, 1)
,and that f € LO(X, %, pu). If A€ ¥ and pu(A) >0, let 74 : LO(X, %, 1) —
LY(A, %, i) be the restriction mapping. Then f,, converges locally in measure
to fif ma(fn) — ma(f) in measure, as n — oo, for each A € ¥ with pu(A) > 0.

Proposition 29.4.8 Suppose that (X,%, 1) is a o-finite measure space,
with a sequence (Iy,)7°, of disjoint elements of ¥ of finite positive mea-
sure, whose union is X . Suppose that (f,)°, is a sequence in LY(X,3, i),
and that f € L°(X,%, ). Then f, — f locally in measure if and only if
1. (fn) = w1, (f) in measure, as n — oo, for each k € N.

Proof A worthwhile exercise. O

Then L°(X,X,p) is isomorphic to the product [[pe, L(Ix, X, ), and
local convergence in measure is characterized by a complete product metric
such as

e do(mr () 7 (9))

Secondly, we can consider the space L%(X , 2, 1) of (equivalence classes
of) complex-valued measurable functions. Results corresponding to those
established above are obtained, usually by considering real and imaginary
parts.

Exercises

29.4.1 Show that the set of step functions is dense in L°([0,1], £, \).

29.4.2 Show that the space C([0,1]) of continuous functions is dense in
LO([0,1], £, \).

29.4.3 Suppose that (f,)5; is a sequence of measurable functions on a finite
measure space (X, >, ). Show that f, converges in measure if and
only if whenever (g;)72; = (fn;)52; is a subsequence of (f,);2; there
exists a subsequence (hg)p2; = (g5,)32; of (g;)72; which converges
almost everywhere.

Use this to give another proof of Proposition 29.4.4.

The remaining exercises show how to construct a metric which
defines convergence in measure, without using integration. Suppose
that (X, X, i) is a finite measure space, and that f € £L9(X, %, ) is
non-negative. Let A\; be the tail distribution of f: A¢(t) = pu(f > t).

29.4.4 Show that As is a decreasing right-continuous function on [0, c0), and
that A\¢(t) — 0 as t — oo.
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29.4.5 Let ¢(f) = inf{t : A\p(t) < t}. If f,g € LO9X, S, ), let p(f,g) =
#(|f — g|). Show that p is a pseudometric on £°(X, ¥, 1), and that
p(f,g) =0 if and only if f = g almost everywhere.

29.4.6 Let d be the corresponding metric on L%(X, ¥, x). Show that d is
uniformly equivalent to the metric dy defined above.

29.5 The spaces L (X, X, p) and LE(X, 2, p)

We now consider metric properties of the real vector space Eh(X , 2, 1) of
real-valued integrable functions, and the complex vector space E}; (X, %, 1)
of complex-valued integrable functions on a finite or o-finite measure space
(X,%, ). We shall concentrate on the complex case: the corresponding
results in the real case are easier, and the details are left to the reader.

Proposition 29.5.1 The function pi(f) = [y |f|du is a seminorm on
LE(X, S, p1). pi(f) =0 if and only if f =0 almost everywhere.

Proof
+g) = +g|d + dp
pi(f+g) / If + 4 Hé/(|f| lgl)

_/ \f\d/ﬂr/ gl = p1(f) + p1(9)
X X

and

pan)= [ lafldn= [ lal\fldn=lal [ 171dn = lalp (1)
X X X
Further, p1(f) = 0if and only if [ |f|du = 0, if and only if | f| = 0 almost
everywhere, if and only if f = 0 almost everywhere. O

Thus the quotient space L&(X, X, 1) = L&(X, %, 1) /N becomes a normed
space when we set ||[f]||; = p1(f). Again, we write f both for an integrable
function and for its equivalence class in L&(X, X, u).

Theorem 29.5.2 L&(X,%,u) is a linear subspace of LL(X, X, u). The
inclusion mapping

j : (Lé(XaEuu)a ||||1) - (LO(X,E,,U,),dO)
Uniformly continuous.

Proof  We use Markov’s inequality.
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Lemma 29.5.3 (Markov’s inequality) If f € L&(X,%, 1) and a > 0 then
u(fl = a) < | flly /o

Proof  For al(|f>q) < |f], so that

anllf] = ) = /X ol f1sa dji < /X Fldu= £,
O

Thus if € > 0 and ||f —g|; < € then u(|f —g| > €) < ¢ so that
dO(fag) <e O

Theorem 29.5.4 The normed space (L&(X, 3, p), ||.|l,) is complete.

Proof  We use Proposition 12.1.9 of Volume II, which implies that
(LY (X, 3, p1), ||.]l,) is complete if j(M.(f)) is do-closed in (L°(X, 3, u),do),
for each f € L1(X, X, u) and each € > 0 (where M(f) = {g: |f — gll, < €}).

Suppose that g, € M(f), and that do(g,,g) — 0 as n — co. There exists
a subsequence (gy, )72, such that g,, — g almost everywhere, as k — oo,
and so |gp, — f| — |g — f| almost everywhere, as kK — co. By Fatou’s lemma,

/\g—f\dﬂélim inf/!gnk—f!duﬁe,

so that g € Mc(f). 0

Proposition 29.5.5 The vector space Sr(X, %, 1) of simple real-valued
measurable functions is dense in (L5 (X, 3, w), ||.|l;)-

Proof  First, suppose that f is a non-negative function in L%{(X,Z,u).
There exists an increasing sequence (f,)o2; of non-negative functions in
S(X,%, ) which converges pointwise to f, and so [y fdu — [y fdu, by
monotone convergence. Thus

/X(f—fn)d/i_/xfndu—/xfduﬁ()asn—>oo.

Thus f is in the closure of S(X, X, ). If f € LY(X, %, ) then f* and f~
are both in the closure of S(X, 3, 1), and so therefore is f. O

Corollary 29.5.6 The vector space Sc(X, 3, 1) of simple complex-valued
measurable functions is dense in (LG (X, 3, w), ||-l,)-

Proof  Consider real and imaginary parts. O
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29.5.1

29.5.2

29.5.3

29.5.4
29.5.5

29.5.6

29.5.7

Integration

Exercises

Suppose that (X, %, u) is a finite measure space.

(i) Let ®(A,B) = p(AAB) = u(A\ B) + u(B\ A), for A,B € X.
Show that @ is a pseudometric on X.

(ii) Let (M,(X,X),d) be the quotient space, with the quotient
metric. (M,(X,X),d) is the measure algebra of (X,%,p).
Show that the mapping [A] — [I4] from (M,(X,X),d) to
(LYX, %, 1), -]l;) is an isometry.

(ili) Show that (M, (X, X),d) is a complete metric space.

Suppose that (X, X, u) is a finite measure space, and that (f,)5; is

a sequence of unit vectors in Lh(X , 2, 1) which converges pointwise

almost everywhere to a unit vector f. Use Fatou’s lemma to show

that

/f;du—>/f+duand/fn_du—>/f_d,u,asn—>oo.
X X X X

Deduce that f,, — f in norm as n — oo.
Suppose that (X, X, p) is a finite measure space. Let

P={feLh<X,z,u>:fzo,/deuzl}-

Is P a closed subset of L (X,%, u)?

Show that the vector space of step functions is dense in L1([0, 1], £, ).
Show that the vector space C(]0,1]) of continuous functions on [0, 1]
is dense in L'([0,1],£,)), and that the vector space of continuous
functions of compact support is dense in L'(R, £, \).

Suppose that f € L'([~1,1],\). Set f(x) = 0 for |z| > 1. Show that

1
/ |f(x+h)— f(x)|de — 0 as h — 0.
-1

Suppose that f € LY(R, \), Let f(y) = ffooo f(x)e~ ¥ dx, for y € R.
By considering suitable approximations, show that f is a bounded
continuous function on R and that |f(y)| — 0 as |y| — oc.

29.6 The spaces L (X, X, p) and LR(X, X, ), for 0 < p < oo

We now introduce some further spaces of functions, and of equivalence
classes of functions. Suppose that 0 < p < co. We define E% = E%(X, DI
to be the collection of those real-valued measurable functions for which
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Jx |fIPdp < 0o, and define L£¢ = LE(X, X, i1) to be the collection of those
complex-valued measurable functions for which [ |f[Pdp < co. We shall
establish results in the complex case, and again leave it to the reader to
verify that corresponding results hold in the real case.

If f € £{ and « is a scalar, then af € L. Since

|a +b" < 2P max(|al”, [b]7) < 2P(|al” + [b]7),
f+g¢€ E% if f,g€ E’é. Thus E% is a vector space.

Theorem 29.6.1 (i) If 1 < p < oo then ¢,(f) = ([ |fIPdp)/P is
a semi-norm on L, and ¢p(f) = 0 if and only if f = 0 almost
everywhere.

(i) If 0 < p < 1 then py(f,9) = [x|f — g|P du is a pseudometric on L,
and pp(f,g) = 0 if and only if f = g almost everywhere.

Proof  The proof depends on the facts that the function ¢P is convex on
[0,00) for 1 < p < oo and is concave for 0 < p < 1.
(i) As in Proposition 29.5.1, ¢p(af) = |al¢y(f), and ¢p(f) = 0 if and

only if f = 0 almost everywhere. If f or g is zero almost everywhere then
trivially ¢,(f + 9) = ¢p(f) + ¢p(g). Otherwise, let ' = f/¢,(f) and let

G = g/¢p(g), so that ¢p(F) = ¢p(G) = 1. Let A = ¢p(9)/(¢p(f) +¢p(9)>a S0
that 0 < A < 1. Then

f=(op(f) + &p(9)(1 = N F and g = (¢p(f) + ¢p(9))AG,
so that
9)P (1 =N F +AG)P

(
< (p(f) + Dp(9)” (L= NIF[ + AIG])?
(9))" (1 = N[FP+ ANGIP),

since the function P is convex, for 1 < p < oo. Integrating,
1t sl du s @+ ooy (=2 [1FPaue [ 161 an)
= (¢p(f) + 9p(9))".

Thus we have established Minkowski’s inequality

1/p 1/p 1/p
Pd Pd Pd
</X|f+9| M) S(/lel u) +</X|g| M) ,

and shown that ¢, is a semi-norm.
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(i) If 0 < p < 1, the function #*~! is decreasing on (0,00), so that if a
and b are non-negative and a + b > 0, then

(a4 b)P =a(a+bPt+bla+b)P L <al + 1P

Integrating,
/ |f + gl dp < / (LF1+ 1g)P dp < / !f!pdwr/ lg1? dp;
X X X X
this is enough to show that p, is a pseudometric. O

As with Lg, we define LIL(X,X,u) to be the quotient space
L%(X, %, p) /N, and set

If1ll, = ¢p(f) for p =1, and dy([f], [9]) = pp(f,9) for 0 <p < 1;

I.]|, is a norm, and dj, is a metric. We again write f both for a function in
L2(X, %, ) and for its equivalence class in L& (X, 3, p).

Theorem 29.6.2 If0 < p < oo then the inclusion mapping

J i (Le(X 2w, |, — (Le(X, 2, 1), do)
is uniformly continuous.

Proof — Markov’s inequality shows that if f € L%(X, %, u) and o > 0 then
p(lfl = o) < ([x [P dp)/oP.

Ifp>1e>0and|f—gl, < TP then pu(|f — g| > €) < ¢, so that
d(](fa .g) <e.

If0<p<1, e>0and dy(f,g) < et then u(|f —g| > €) < ¢, so that
d(](fa .g) <e. o

Theorem 29.6.3 (Lg, ||.ll,) is a Banach space for 1 < p < oo and
(LG, dp) is a complete metric space for 0 < p < 1.

Proof  The proof is essentially the same as the proof of Theorem 29.5.4,
inserting an exponent p when this is required. O

Proposition 29.6.4 If0 < p < 1 then the vector space Sr(X,%, u) of
simple real-valued measurable functions is dense in (L} (X, %, pu),d,) and
the vector space Sc(X, 2, 1) of simple complez-valued measurable functions
is dense in (L%(X, %, p), dp).

If 1 < p < oo then the vector space Sr(X,%, ) of simple real-valued
measurable functions is dense in (Lg (X, %, p), [|.||,,) and the vector space
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Sc(X, X, u) of simple complex-valued measurable functions is dense in
(LG (X2 0, -11,)-

Proof  Once again, by considering real and imaginary parts, and positive
and negative parts, it is enough to approximate a non-negative function f by
simple measurable functions. There exists an increasing sequence (f,,)5 ; of
non-negative functions in S(X, ¥, u) which converges pointwise to f. Then
(f — fn)P — 0 pointwise as n — oo, and (f — f,)P < fP, and so by dominate
convergence [y (f — fn)? dpp — 0 as n — oo; this gives the result. O

In metric space terms, these results are the most important results of
integration theory. When (X, ¥, u) = (R, £, A), the vector space of step func-
tions, and the vector space of continuous functions of compact support, are
dense in LP(X, %, p) (Exercise 29.6.2). The results show that L4 (X, 3, u)
can be thought of as the completion of Sc(X, X, u), when Sc(X, X, ) is
given an appropriate norm, or metric, and that L5 (R, £, A) can be thought
of as the completion of step functions, or the vector space of continuous func-
tions of compact support, when it is given an appropriate norm, or metric.

The Banach space L% (X, X, ) is particularly important.

Theorem 29.6.5 If f,g € L&(X, %, pu) then fg € L (X, %, n). The func-
tion (f,g9) = [y fgdu is an inner product on LE(X, S, 1), which defines the
norm, so that LE(X, S, ) is a Hilbert space.

Proof  Since fg=3((f+9)*>— f>—3%), fg € L&(X, %2, p). It then follows
that (f,g) = [y fgdp is an inner product on L%(X, 2, ) which defines the
norm on L4 (X, S, u). 0

We can also establish Holder’s inequality. Recall that if 1 < p < oo and
1/p+1/p' =1, and if a,b are non-negative, then

a? b
ab < —+ DWE
p p
with equality if and only if a? = b¥'.
If z = re’ is a non-zero complex number in polar form, we define the
signum sgn (z) to be €. We define sgn (0) = 0.

Theorem 29.6.6 (Holder’s inequality) Suppose that 1 < p < oo, that
1/p+1/p' =1 and that f € LL(X, 2, ) and g € LL(X, S, ). Then fg €
Ll(X? E?u)’ and

‘ / fgd/t‘é [ 1ssldn <151, sl
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Equality holds throughout if and only if either | fll,gll, = 0, or g =

Asgn (f).|fIP~ almost everywhere, where X # 0.

Proof  The result is trivial if either f or g is zero. Otherwise, by scaling,
it is enough to consider the case where [/f|, = |lg|l, = 1. Then, by the

inequality above, |fg| < |f[P/p + |g|P"/p'; integrating,
d < |f|p d |g|P/ d _ /I _ /
lfoldp < | —dp+ | =——dp=1/p+1/p =1=|f,llgll,-
X x P x 4

Thus fg € Lg(X, 3, ) and so | [y fgdul < [|fgldu < |IfIL, 9]l

If g = sgn(f).|f|P~! almost everywhere, then fg = |fg| = |f|P = |g|”
almost everywhere, so that

‘ / fgdu‘ _ /X ol di = I£12 = gl = 171, lgll,.

By scaling, the result holds if g = sgn(f).|f[P~!.
Conversely, suppose that

‘/ngd”‘:/X|fg|dﬂz||f|p||g||p,.

Then, again by scaling, we need only consider the case where || f||, = llgl, =
1. Since | [y fgdu | = [y |fgldu, fg = |fg| almost everywhere, so that
either f(z)g(x) =0 or sgn (f(z)) = sgn (g(x)), for almost all x. Since

/ foldu=1= / P /pdp + / (g /o' du and | FP/p + 19?18 > |fdl,
X X

|fgl = |fIP/p+ |g|P' /p’ almost everywhere, and so |f|P = |g|P" almost every-
where. Thus |g| = |f[P/?" = |f[P~! almost everywhere, and g = sgn (g)|g| =

sgn (f)|f|P~! almost everywhere. O

Holder’s inequality shows that there is a natural scale of inclusions for
the LP spaces, when the underlying space has finite measure.

Corollary 29.6.7 Suppose that (X, %, 1) is a measure space, that u(X) <
o0 and that 0 < p < g < oo. Then LE(X, %, p) C LL(X, X, ).
If1<p<gq<ooand f € LELX, 5, p) then [|f], < p(X)VP=Y1 | f]|,.

Proof  Suppose that f € LE(X, X, 1), where ¢ < oo. Let 7 = q/(q — p), so
that p/¢+1/r =1 and 1/rp = 1/p — 1/q. We apply Hoélder’s inequality to
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the functions I'x and |f|P, using exponents r and ¢/p:

[ 1517 < () ( / \f\w)p/q,

so that if p > 1 then

. 1/q
1£l < (ux ) ( / Iflqdu> — u(X) PV £

O

We leave as an exercise for the reader to establish the corresponding
inequalities when 0 < p <1< g < oo and when 0 < p < ¢ < 1.

Suppose that (€2, X, P) is a probability space. It follows from this corollary
that LZ(2,%,P) C LE(, X, P) and that if f € LE(Q, 3, P) then

/QfdP‘ é/QlfldPSIIfllz-

If fe L5(Q,%,P), the quantity Jo [ dP is called the expectation or mean
of f, and is denoted by E(f). If f € LL(Q, S, P), the quantity 012[ = Jo|f -
E(f)|? dP is called the variance of f. Note that

7= [ (7~ B - B P
- /Qf fdP — 2E(f)E(f) + E(HE(f) = | £13 — IE(H)I

Proposition 29.6.8 (Chebyshev’s inequality) If f € L&(Q,%,P) and
t > 0 then

P(|f —E(f)| > t) < a}/t%.

Proof By Markov’s inequality,

P(|f —E(f)|>t) =P(f - E(f)? > ?) < o}/t%.

Here is an application.
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Proposition 29.6.9 (The second Borel-Cantelli lemma) Suppose that
(An)S2, is a sequence of events in a probability space (Q, X, P) for which

> P(A4,) = 0o and P(A; N A;) < P(4;).P(4;) fori# j.

Then
P(lim iﬂf Ap) =P{x: x € A, infinitely often}) = 1.

n=1
is an increasing sequence of functions. We apply Chebyshev’s inequality to

N,,. E(N,) = s,, and

Proof  Let p; = P(A;), let s,, = > " pj and let Ny = 3" Ta,. (N,)22
Dj j=1Pj j=1"1A;

2
A [ (S5

Jj=1

_Z/ In, —pj)?dP +2 Y / Ia; = pi)(Ia, — pj) dP

1<i<j<n
:ij (I=pj)+2 Y (P(ANA) —pipj) < sp.
j=1 1<i<j<n

If k€ N and s,, > k then

PNn<k<PNn_nZn_k 57’
(No < 1) < PN =0l 2 50 = ) < (s

by Chebyshev’s inequality. Thus

P(lim N, < k)= lim P(N, <k) =

n—oo n—oo

Hence P(lim, o N, > k) = 1, and so N,, — oo almost everywhere. This
clearly implies the result. O

The second Borel-Cantelli lemma is frequently used when the events
A,, are pairwise independent ( (AiNAj) = (AZ).P(AJ-) for i # j) or
independent (P(ﬂ Ai) = H _ P(A;)) for iy < - <),

Exercises

29.6.1 Show that the set of step functions is dense in LP([0,1], L, ), for
0<p<oo.
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29.6.2 Show that C(]0, 1]) of continuous functions is dense in LP([0, 1], £, A),
and that the vector space of continuous functions of compact support
is dense in LP(R, L, ), for 0 < p < oc.

29.6.3 Suppose in Corollary 29.6.7 that 0 < p < 1 < g < co. What is the
corresponding inequality relating d,(f,0) and |[|g[|,? Suppose that
0 < p < ¢ < 1. What is the corresponding inequality relating d(f,0)
and d4(f,0)?

29.6.4 Suppose that (X, X, p) is a finite measure space. Show that if f is a
non-negative measurable function and p > 0 than.

/fpd,u:p/ I\ () dt.
X 0

Deduce that if p < g and A¢(t) = O(t79) then f € LP(X, %, ).
29.6.5 Suppose that 0 < p < ¢ < co. Show that

t_l/qI[O,l] (t) € LZI){(Ra [‘a )‘) \ L(IIX(Ra [‘a )‘)7
and t7/P1; )(t) € LR (R, £,\) \ LR (R, £, \).

In this case, there are no natural inclusions.
29.6.6 Suppose that (2,3, P) is a probability space. Suppose that 0 < h < p
and that f € LPTP(Q, ¥, P). Show that

(f Iflde>2§ ([1serap) ([ 1seap).

29.7 The spaces L (X, %, 1) and LY (X, 3, p)

Suppose that (X, X, p) is a finite or o-finite measure space. A function f in
ﬁ%(X, Y, 1) is essentially bounded above if there exists M such that f < M
almost everywhere; that is, there exists M such that u(f > M) = 0. The
essential supremum esssup(f) is then defined to be inf{t : u(f > t) = 0}.
If (t,)02, is a decreasing sequence for which t, — esssup(f), then p(f >
esssup(f)) = limp oo p(f > t,) = 0, while if t < esssup(f) then u(f >
t) > 0. f is essentially bounded below if —f is essentially bounded above,
and f is essentially bounded if it is essentially bounded above and below.

We define L = LF (X, 3, 1) to be {f € LY : [ is essentially bounded}.
LY is a linear subspace of LY.

Theorem 29.7.1 The function p(f) = esssup(f) is a seminorm on
EOO(X’ E?u)’ and

{f:p(f) =0} =NR(X,Z,n) ={f € LR : [ =0 almost everywhere}.
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Let ||| o, be the corresponding norm on the quotient space L>°(X, %, ). Then
(L>=(X, %, 1), ||l) s a Banach space.

Proof  The first statement follows easily from the definitions. If f € £, let
B = (|f] > esssup(|]), and let f' = fLx\ 5. Then esssup(f']) = sup(|f'])
and [/ — f € NR(X,X,pn), so that [f] = [f’]; this idea is always useful
in considering convergence in the norm |.||. In order to prove com-
pleteness, we use Proposition 14.2.5 of Volume II; it is enough to show
that if > 07, ||[fallle < 00, then Y7, [f,] converges in norm. We can
pick representatives f, in L for which esssup(|f,|) = sup(|f}]). Then
Yoo (sup|f)]) < oo, and so the sum > 7, f,(z) converges uniformly on X
to a bounded measurable function f on X. Consequently > >, [f,] converges
in norm to [f]. O

Norm convergence in L (X, %, ) is called uniform convergence almost
everywhere.

We can also consider the space LE(X,X,pn) of essentially bounded
complex-valued functions (measurable functions f for which |f| is essentially
bounded), and the corresponding Banach space (LE (X, %, 1), |||l )-

Exercises

20.7.1 If (X,X, ) is a finite measure space, show that the set of simple
measurable is dense in (L (X, %, 1), [|.|lo)-

29.7.2 Show that Cr([0,1]) is not dense in L ([0, 1], £, A).

29.7.3 Give an example of an element of L§([0,1],£,\) which cannot be
approximated by step functions in the ||.||, norm.
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Constructing measures

30.1 Outer measures

We used outer measure to define Lebesgue measure. Can we do the same in
a more general situation?

An outer measure on a non-empty set X is a mapping p* from the set
P(X) of subsets of X into R* which satisfies

(a) p*(0) =0,
(b) if E C F then p*(F) < p*(F), and
(c) if (Ey))5, is a sequence in P(X), then p* (U, E,) < 302 w*(Ey).

The function p, defined by p«(E) = p*(X) — p*(X \ E) is the cor-
responding inner measure. By (¢), pu*(X) < p*(F) + p*(X \ E), and so
we(E) < p*(E), for all E € P(X).

Thus Lebesgue outer measure A* on a finite interval is an example of an
outer measure.

First we show that if (X, X, i) is a complete finite measure, then it defines
an outer measure, and the resulting outer measure determines the measure
space (X, X, u).

Theorem 30.1.1 Suppose that (X,X,u) is a complete finite measure
space. If E € P(X), let p*(E) = inf{u(A): Ae X, E C A}.

(i) If E C X, there exist sets A and B in ¥ such that A C E C B,
#(A) = pa(B) and p(B) = i*(B).
(ii) p* is an outer measure on X.
(iii) if E C X then E € ¥ if and only if p*(F) = p*(FNE) + p*(F\E)
forall FF C X.

865
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Proof (i) For each n € N there exists B, € ¥ with F C B,, and u(B,) <
W (E)+1/n. Let B={B,:n € N}. Then B € ¥ and E C B, so that

p(E) < u(B) < pu(By) < p*(E) +1/n, for all n € N.

Thus p*(E) = pu(B). Applying this result to X \ E, it follows that there
exists C' € ¥ with X \ E C C and p*(X \ E) = pu(C). Let A = X \ C, so
that A C E. Since p*(X) = p(X), it follows that

ps(E) = p*(X) = p* (X \ B) = p(X) — u(C) = p(A).

(ii) Conditions (a) and (b) are clearly satisfied. Suppose that (E,,)2  is a

sequence of subsets of X. For each n € N there exists B,, € ¥ with E,, C B,,
and p*(Ey) = u(By). Then B = U5 B, € ¥ and

w(UpZi1 En) < u(B) < ZM(Bn) = ZM*(En)
n=1 n=1

(iii) Suppose that the condition is satisfied. There exist sets B and C' in
Y such that E C B, X\ E C C, p*(E) = pu(B) and p*(X \ E) = u(C). Then
BUC =X and

w(B) + p(C) = p*(B) + p" (X \ E) = p*(X) = p(X),

so that u(BNC) = w(BUC) — u(B) — u(C) = 0. Since the measure p is
complete, EN(BNC) € X. Since E=(X\C)U(EN(BNCQ)), E€X.

Conversely, suppose that £ € 3 and that F'is a subset of X. By condition
(c), u”*(FNE)+u*(F\E) > u*(F); we need to prove the converse inequality.
There exists A € ¥ such that F' C A and p*(F) = u(A). Let B= ENA and
let C'= A\ E, so that A is the disjoint union of B and C'. Since ENF C B
and FF\ E CC,

p(F) = p(A) = p(B) + p(C) = p*(F N E) + p*(F\ E). O
This result helps explain the definition of ¥ in the next theorem.
Theorem 30.1.2  Suppose that p* is an outer measure on X. Let
Y={ACX:p"(ENA)+u" (E\A) =u"(E) forall EC X}.

Then % is a o-field, and if p is the restriction of u* to X, then p is a finite
measure, and (X, %, ) is a complete measure space.
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Proof By condition (c), p*(ENA) 4+ p*(E\ A) > p*(E) for all A and E,

and so
Y={ACX:p"(ENA)+p (E\A) <p*(FE) forall EC X}.

The proof comprises six separate steps.

First, we show that ¥ is a field. Certainly X € 3. Since ANE = E\(X\A)
and E\ A=EnN(X\A), it follows that A € ¥ if and only if X \ 4 € ¥.
Thus it is sufficient to show that if A and B are in 3, then so is AN B. If
FE C X, then

pH(B) = p*(E N A) + 5" (B \ A)
= " (ENANB) + u*(ENA)\ B)]
(BN A)NB) +p*((E\ A)\ B)]
>u (ENANB)
+(ENA\B)U(E\NA)NB)U((E\ A)\ B))
= p (EN(ANB)) +p*(E\ (AN B)).

Secondly, we show that p* is additive on X. If A and B are disjoint
elements of X, then

i(AUB) = "(AUB) N A) + w* (AU B) \ 4) = p"(A) + p*(B),

so that p* is additive on X.

Thirdly, suppose that (A4,)7% is a sequence of disjoint elements in ¥,
that B,, = U 1A; and that A = U2 A,,. We show that if £ C X then
w(ENB,) = ijl,u (E N Aj). We prove this by induction on n. It is
trivially true when n = 1. Suppose that it is true for n. Since B,, € X,

1 (E N Bpy1) = " ((E N Bpg) N By) + 1 ((E N Brya) \ Br)

n+1
= (ENB,) +p*(EN A1) ZM (EN Aj)

which establishes the induction.

Fourthly, we show that p*(A) = >, p*(A,). By the previous step,
Z?:l w(A;) = p*(Bp) < p*(A). Since this holds for all n € N, p*(A) >
> o2 1 (Ay): the converse inequality follows from the definition of outer
measure.
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Fifthly, we show that A € X. If ¥ C X and n € N, then
1W(E) = 5 (E N By) + u*(E\ By)

=S W (EAA) + (B By) > Y 1B A + p(E\ A),
j=1 j=1

so that

W(E) = S (BN Ay) + it (B\ A) > g*(E N A) + u*(B\ 4),
j=1
and A € 3.

Consequently, ¥ is a o-field, and the restriction p of p* to 3 is a finite
measure.

Sixthly, we show that ¥ is a complete measure. Suppose that A € 3, that
(A) =0 and that F' C A. Then p*(F) =0, so that if E C X then

(BN F) + i (B\ F) = *(B\ F) < u*(E).
Hence F € X. O

If we start with an outer measure u*, consider the measure p of this
theorem, and use y to construct an outer measure 1", as in Theorem 30.1.1,
then it does not necessarily follow that u* = Y. Nor does it necessarily
follow that if p*(A) = p.«(A) then A € 3, as Exercise 30.1.2 shows.

Exercises

30.1.1 Let p* be an outer measure on a set X, let x4 be the measure which
it defines, and let p" be the outer measure defined by u. Show that
p’(E) > p*(E), for EC X.

30.1.2 Let X be a set with four elements. Let p*(0) = 0, u(E) = 1/3
if E is a singleton set, let pu*(E) = 1/2 if E has two points, let
w*(E) =2/3 if E has three points and let p*(X) = 1. Show that pu*
is an outer measure. What is the corresponding o-field ¥7 What is
the corresponding measure ;7 What is the outer measure " defined
by 1?7 Which subsets E of X satisfy u*(E) = u.(E)?

30.2 Caratheodory’s extension theorem

We are now in a position to prove a fundamental extension theorem, which
allows us to construct many interesting measure spaces. We need another
definition. A collection S of subsets of a set X is a semi-ring if
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(a) D es,

(b) if A,B € S then ANB €S, and

(c) if A,B € S and A C B then there exists a finite sequence (C,...,Cy)
of disjoint elements of S such that B\ A = U?Zle.

Here are some examples.

e The collection S of all subsets of R of the form (a,b], (—o0,b], (a,00) or
R is a semi-ring.

o If Ry is a ring of subsets of a set X; and Rs is a ring of subsets of a set X5
then the collection of sets of the form A; x Ay, with A; € R1 and Ay € Ry
is a semi-ring of subsets of X7 x Xo.

e Recall that the Bernoulli sequence space Q(IN) is the infinite product
H‘;‘;l{O, 1};, and that a j-cylinder set is a set of the form

{z € Q:x; = a; for 1 <i<j}, where (ai,...,a;) € {0,1}.

Q(N) was introduced in Volume II, Section 13.2, and cylinder sets in
Volume II, Section 15.4.) The collection of cylinder sets in € is a semi-ring.

A non-negative real-valued function m on a semi-ring S is a pre-measure if
m(0) = 0 and if it is o-additive: if (A4,,)7°; is a sequence of disjoint elements

of S whose union is in S, then m (U2, A4,) = Y -7 m(A,).

Theorem 30.2.1 (The Caratheodory extension theorem) Suppose that m
is a pre-measure on a semi-ring S of subsets of a set X, and that X € S.
Then there exists a complete finite measure p on a o-field 3 containing S,

for which u(A) =m(A) for A€ S.

Proof If EC X, let

p*(E) = inf {Zm(An) t A, €S8, EC U?leAn} :
n=1

We show that p* is an outer measure, and that if X is the o-field and p the
measure given by Theorem 30.1.2, then ¥ and p have the required properties.
Note that, if A € S, then p*(A) = m(A), since m is a pre-measure.

Clearly conditions (a) and (b) of the preceding section are satisfied. Sup-
pose that (E,)>°, is a sequence of subsets of X, and that ¢ > 0. For
each n, there exists a sequence (A,;)72; in S such that E, C U2 A,
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Yoo m(Ang) < p*(Ep) +€/2". Then USS E,, C U, U | Ay, and

[e.9] o0 [e.9]

P (UpZ En) < Z Zm(Ank) < ZM*(En) + e
n=1k=1 n=1

Since € is arbitrary, condition (c) is satisfied; p* is an outer measure.

Next, we show that S C X. Suppose that B € S, that £ C X and that
€ > 0. There exists a sequence (A,)52 in S such that £, C U, A, and
E CUX A, and Y07 m(A,) < p*(E) + €. Then EN B C U2, (A, N B);
since A, NB € S foralln e N, p*(ENB) <Y > m(A, N B). Similarly,
p*(E\ B) <> >, m(A, \ B). Since m(Ay) = m(A, N B) +m(Ay, \ B), it
follows that

m(A, N B) + im(An \ B)

n=1

WE

W(ENB)+ " (E\ B) <

Il
—

n

ot

m(Ay,) < p*(E) +e.

3
Il
—

Since € is arbitrary, p*(EN B) + p*(E '\ B) < p*(E), so that B € X.
Finally, if A € ¥ then p(A) = p*(A) = m(A). O

Corollary 30.2.2 If E C X, there exists B € ¥ such that E C B and
p(E) = u(B). E € % if and only if u*(E) = u«(E).

Proof If k € N there exists a sequence (A,;)>2; in S such that £ C
U Ay and D07y m(Apg) < p*(E)+1/k. Let B, = U2 Apk. Then By, €
¥, and p(Bg) < > o2 m(Ang) < p*(E) + 1/k. Let B = N2, By. Then
B €3, EC Band u(B) < u(B) < p*(E) + 1/k for all k£ € N, so that
u(B) = p*(E).

If E € ¥, then certainly pu(E) = p*(E) = ps(E). Suppose conversely that
1 (E) = ps(E). Then there exist sets A and B in 3 such that A C E C B
and p(A) = p(E) = p*(E) = p(B). Thus p*(E\ A) < u(B\ 4) =0,
so that, since the measure space is complete, £\ A € 3. Consequently,
E=AU(E\A) ek O

Example 30.2.3 Finite Borel measures on the Bernoulli sequence space

Q(N).

Q(N) is a compact metrizable space, when it is given the product topology,
and the cylinder sets are open and closed. If C' is a j-cylinder set, C' is the
union of the two (5 + 1)-cylinder sets

CO={zeC:zj =0 and CY ={x cC:z;1, =1}.
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If 1 is a finite Borel measure on Q(N), then p(C) = p(C©) 4+ p(CM), for
every cylinder set C. Conversely, suppose that m is a non-negative real-
valued function on the semi-ring of cylinder sets, which satisfies m(C) =
m(CO) + m(CW), for every cylinder set C. Then it is an easy exercise
to show that m is additive. But it is then trivially a pre-measure, since if
(Cp)5e; is a disjoint sequence of cylinder sets whose union C'is a cylinder
set, then all but finitely many sets C,, must be empty, since C' is compact
and the sets C,, are open. It therefore follows from Caratheodory’s extension
theorem that there is a measure p on a o-field containing the cylinder sets,
which extends m. But the cylinder sets generate the Borel o-field, so that
the restriction of u to the Borel o-field is a finite Borel measure on Q(IN).

30.3 Uniqueness

Is the extension provided by Caratheodory’s extension theorem uniquely
determined? There are two closely related results which show that the answer
to this question, and other similar questions, is ‘yes’. We need a definition. A
collection M of subsets of a set X is a monotone class if whenever (A4,)5°
is an increasing sequence in M then U2 | A,, € M and whenever (A4,)5; is
a decreasing sequence in M then N9, A, € M.

Theorem 30.3.1 (The monotone class theorem) If R is a field of subsets
of a set X and if M is a monotone class containing R, then M contains the

o-field o(R) generated by R.

Proof  Since the intersection of monotone classes is clearly a monotone
class, there is a smallest monotone class My such that R C My C M. Since
o(R) is a monotone class, My C o(R). Let My = {A € My : E\ A €
My for all E € R}. Then M; is a monotone class containing R, and so
My = My. If A € My, let

My={ECX:EnNAE€ M}

M4 is a monotone class. If B € R, then R C Mp, and so My C Mp.
This means that if A € My then AN B € My. This in turn means that
B € M 4. But this holds for all B € R, and so R C M 4. Thus My C My.
Consequently if A’ € My then A’ N A € My. Thus My is a ring: since it is
also a monotone class, and since X € My, it is a o-field containing R. Thus
O'(R) C My C M. O

In the next result, we weaken one condition, and strengthen the other.
We need some more definitions. Suppose that X is a set. A w-system in
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X is a collection II of subsets of X with the property that if £, F € II,
then ENFEF € II. A A-system in X is a collection A of subsets of X which
satisfies

(i) X € A,
(ii) if (Ap)52, is an increasing sequence in A, then U2 A, € A, and

(i) If A,Be Aand AC B then B\ A € A.

If (A,,) is a decreasing sequence in a A-system A, then
Mzt An = Az \ Ui’le(Al \ 4n),

so that a A-system is a monotone class. Verify that a A-system which is also
a m-system is a o-field.

Theorem 30.3.2 (Dynkin’s 7-A theorem) IfII is a w-system of subsets of
a set X and A is a \-system containing 11, then A contains the o-field o(1I)
generated by 11.

Proof  Let [(II) be the intersection of the A-systems which contain II. Then
[(IT) is a A-system. We show that {(II) is a m-system, which establishes the
result. Suppose that A € [(II). Let 4 = {F € I(II) : E N A € [(II)}.
Then [(A) is a A-system (verify this). Suppose first that B € II. If C' € I,
then C € g, so that II C Ip. Consequently [(II) C Ip. Now suppose that
A€ (Il). If B €1l then A € I, and so B € l4. Thus II C l4. Consequently
[(IT1) C 4. Thus if A" € [(IT) then AN A" € [(II) : I(II) is a w-system.

Note the similarities in the proofs of the two theorems. For many prob-
lems, either can be used, but often Dynkin’s # — A theorem is more
convenient. O

Theorem 30.3.3 Suppose that py and ps are finite measures on a o-field
Y, and that 11 is a w-system contained in . If p1(A) = po(A) for all A € 11,
then pi(A) = ua(A) for all A € o(II).

Proof Let 3¥g = {A € ¥ : pui1(A) = ua(A)}. Then Xj is a A-system
containing II, and so it contains o (II). 0

Corollary 30.3.4 The extension in Caratheodory’s extension theorem is
unique.

Proof  For a semi-ring is a m-system. O

Exercise

30.3.1 Use the monotone class theorem to prove Theorem 30.3.3.
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30.4 Product measures

Suppose that (X, X)) and (Y, T') are two measurable spaces. A set of the form
A X B, where A € ¥ and B € T, is called a measurable rectangle. The o-field
generated by the measurable rectangles is called the product o-field, and is
denoted by X ® T

Here is an important example.

Example 30.4.1 Suppose that (X, d) and (Y, p) are two separable metric

spaces, and that X is the Borel o-field of X, T the Borel o-field of Y. Then
> ® T is the Borel o-field of the product metric space X x Y.

Proof  Let B be the Borel o-field of X x Y let Xy be a countable dense
subset of X and let Y be a countable dense subset of Y. Let

A= {{(.Z',y) : d(x,ﬂfo) < 1/nap(yay0) < 1/”} 1% € XOa Yo € YOan S N}

Then any open set is a countable union of sets in A, and so B = o(.A). But
every element of A is a measurable rectangle, and so B =0(A) C X ®T.
On the other hand, if A x B is a measurable rectangle, and if U is open in
Y, then

AxUe{CxU:Cex}CBhB,

and
AxBe{AxD:DeT}CB.

hence A x Be B,andso X ® T C B. O

Suppose now that p is a measure on ¥ and v is a measure on 7. Can we
define a measure p®v on ¥ ® T in such a way that if A x B is a measurable
rectangle then (u ® v)(A x B) = u(A).v(B)?

We begin by considering the case where p and v are finite measures. If
CCX xY and z € X, we define C% to be {y : (z,y) € C}.

Theorem 30.4.2  Suppose that C € S@T. Then C®) € T for each z € X,
and the function v(C®) is p-measurable.

Proof  We use Dynkin’s -\ theorem. Let C be the collection of subsets of
X x Y for which C®) € T for each z € X, and the function v(C®)) is p-
measurable. If C, D € C and C' C D then (D\C)@ = D&\ C®) and v((D\
C)®)) = py(D@) — p(C®)), so that D\ C € C. If (C,)°, is an increasing
sequence in C, with union C, and z € X, then C®) = U%ozl(C'qu)) €T, and
v(C®) = lim, o0 V(C’,S:B)), so that the function v(C®) is y-measurable.
Thus C € C, and so C is a A-system. The set of measurable rectangles is a
m-system contained in C'. It therefore follows that ¥ ® T C C. O
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We use this to define p@v. If C € ¥ ®@ T we set

1e)(O) = [ H(CW)du(o)
Theorem 30.4.3 p® v is a finite measure on X ® T, and
(n®@v)(Ax B) = u(A).v(B)
for every measurable rectangle A x B.

Proof  Certainly (u®v)(0) = 0, and if Ax B is a measurable rectangle, then
(u2v)(AxB) = u(A).v(B). In particular, (u@v)(X xY) = pu(X).v(Y) < co.
If (C)22 is an increasing sequence in ¥ ® 7', with union C, then V(Cy(f))
increases to V(C(z)) as n — oo, for each x € X, and so, by the monotone
convergence theorem,

(10)(C) = [ vCD)du(w) = lim [ V(O due) = lim (19 1)(Cr).
X n—oo X n—o0

It therefore follows from Exercise 28.4.1 that p ® v is a finite measure on

YT. O

We can also define a measure u®@v on ¥ ® T by reversing the roles of X
and V. If y € Y, let Cyy = {z € X : (x,y) € C}. Then C(, € ¥ for each
y €Y, and the function ;(C,)) is v-measurable, and we set.

(uE)(C) = / 1(Cly) di(y).

Y
Theorem 30.4.4 The measures 1 ® v and p®v are the same.

Proof  The collection {C € SR T : (u®@v)(C) = (u@v)(C)} is a A-system
containing the measurable rectangles, and is therefore equal to X ®@ 7. O

We can extend these results to three or more products. For example,
if ((X;,%, ,u,i))g’:l are three finite measure spaces, then we can construct
the measures (11 ® p2) ® ps on (X1 ® Mo) ® X3 and 1 ® (ug ® pz) on
¥ ® (X2 ® X3). Further applications of Dynkin’s 7 -A theorem show that
(T1®@%2) @ 33 =31 ® (32 ®%3) and (1 @ p2) @ pi3 = p1 @ (2 @ p3).

We can also consider products of o-finite measures. Suppose that (X, 3, u)
and (Y,T,v) are o-finite measure spaces, and that (/;)72, is a disjoint
sequence of elements of ¥ of finite measure whose union is X, and that (J;);°,
is a corresponding sequence in T'. We construct the product measure p®v on
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each set I x Jj. If A € X xT, we then define (u®@v)(A) = > u(AN(Ix % Jy)).
Again,

(1 v)(A) = /X V(A®) d(z);

but in this case the integrand and the integral can take infinite values.

We can use product measures to illustrate the notion that the integral
is the ‘area under the curve’. Suppose that f is a non-negative measurable
function on a measure space (X,X, ). We consider Borel measure A on
[0,00). Let Ay = {(x,t) € X x[0,00) : 0 <t < f(x)}; Af is the set of
points in X x [0,00) which are ‘under the curve’. If z € X, then Aifc) =0 if
f(z) = 0; otherwise

AP ={te0,00):0 <t < f(2)} = [0, f(2)).

Thus ,u(AEcm)) = f(x), and (u@v)(Af) = [y f( ). On the other hand, if
t € [0,00) then Af(t ={zx e X; f(x)>t}, so that ,u(Af()) wu(f >t) and
(n@v)(Af) ) fo (f > t)dt. This reveals a certain circularity of argument,
but also throws some hght on the definition of the integral.

We now consider functions of two variables. (The results extend easily to
functions of three or more variables.)

Theorem 30.4.5 (Tonelli’s theorem, I) Suppose that (X,%,pn) and
(Y, T,v) are measure spaces, and that f is a non-negative ¥ @ T measurable
function on X xXY.

(i) The function y — f(x,y) is T-measurable, for each z € X, the
extended-real-valued function x — [, f(z,y)dv(y) is X-measurable, and

| iy - /(/fxydu) (a).

(ii) The function x — f(x,y) is X-measurable, for each y € Y, the
extended-real-valued function y — fX f(z,y)du(x) is T-measurable, and

e - /(/fxy du( )My).

Proof (i) Let
A ={(z,y,t) e X XY x[0,00): 0 <t < f(z,y)}.
For fixed x and t,

lyeY: flzy) >t} ={yeY:(z,yt) € As},
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sothat {y € Y : f(x,y) > t} is T-measurable; hence the function y — f(z,y)
is T-measurable. Similarly,

/Y Fny) dv(y) = p @ A{(,1) - (@,9,1) € Af}),

so that the extended-real-valued function = — [y f(x,y)dv(y) is X-meas-
urable. Finally,

/)(nyd(ll@V):((H@V)@)\)(Af)
— (1® (v ® N)(Ay)

- /X (v @ N0 < f(y) < 1) du(z)

—/X (/Yf(w,y) dV(y)> dp ().

The proof of (ii) is exactly similar. O

The importance of this result is that the integral can be evaluated by
repeated integration, and also, and equally important, that we can change
the order of integration.

What about functions which may take positive and negative values, but
are (1 ® v integrable?

Theorem 30.4.6 (Fubini’s theorem, I) Suppose that (X,%,u) and
(Y, T,v) are measure spaces, and that f is a ¥ @ T measurable function
on X x Y. If f is u ® v-integrable, then the function y — f(x,y) is T-
measurable, for every x € X, and is v-integrable except on a p-null set

N. The function x — [, f(z,y) dv(y) is S-measurable and p-integrable on
X\ N, and

/X><Y fdlp®v) = /X\N (/Y fz,y) du(y)> du(z).

Conversely, if the function y — |f(x,y)| is T measurable except on a
p-null set N and fX\N(fY\f z,y)| dv(y)) du(z) < oo, then f is p ® v-
integrable, and

/Xxyfd(;@u) :/X\N< Yf(ﬂﬁ,y)du(y)) du(z).
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Further, there exists a v-null subset M of Y such that

/Xxyfd(“’@’”) —/Y\M </X f(1) dﬂ(x)> av(y).

Proof If fis u ® v-integrable, then

/ f+d(M®V)<ooand/ fTd(p®v) < oo.
XQY XQY

It therefore follows that if
Nt = (weX: [ fiay)duly) =)
Y
and N™ ={z e X: / [ (x,y)dv(y) = oo},
Y

then NT and N~ are p-null sets. Setting N = N+ U N~, the functions
[y FH(z,y)dv(y) and [, f~(z,y) dv(y) are p-integrable on X \ N, and so
therefore is [, f(x,y) dv(y). Further,

/Xxyfd(ﬂ@nf)_/)(ny+d(u®y)—/xxyf—d(u®y)
= [ (Lrrwna) au
jLw<Ajw@wwwﬁdM@
:Aw<Lﬂ%wW@>w@)

Conversely, suppose that (ii) holds. It then follows from Tonelli’s theorem
that [,y [fld(n® v) < oo, so that f is u ® v-integrable. O

Fubini’s theorem holds because the Lebesgue integral is an absolute
integral. The next example illustrates this.

Example 30.4.7 Fubini’s theorem for counting measure.

Suppose that (X, ¥, u) = (Y,T,v) = (N, P(N), ), where p is counting
measure. The P(N) @ P(N) = P(N x N), so that all functions are mea-
surable. Fubini’s theorem then states that if f is a function on N x N,
then 3, . [f(i, )| < oo if and only if > 2%, (3772, [£(4, 4)]) < oo If so, then
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Yooy f(i,7) converges for each j and Z‘;‘;l f(i,7) converges for each i, and

ij =1 \j=1 i—1 \j=1

This is Exercise 4.4.3 of Volume I.
If (X,3,u) and (Y,T,v) are complete measure spaces, it is natural to
consider the completion

(X x Y, 2QT, p&v) of (X x Y, 2T, u®v).

(Note that, unlike ¥ ® T, the o-field ¥®T depends upon u and v.) There
are corresponding Tonelli and Fubini theorems.

Theorem 30.4.8 (Tonelli’s theorem, II) Suppose that (X,3,u) and
(Y,T,v) are complete measure spaces, and that f is a non-negative LT
measurable function on X X Y.

(i) The functiony — f(x,y) is T-measurable, except on a null subset N of
X, the extended-real-valued function x — [y f(x,y) dv(y) is L-measurable
on X\ N, and

/Xxyfd(l@v) = /X\N </Y f(z,y) dv(y)) du(z).

(ii) The function x — f(x,y) is X-measurable, except on a null subset M
of Y, the extended-real-valued functiony — [ f(x,y) du(x) is T-measurable
on Y \ M, and

/Xxyfd(”@”) :/Y\M </X f(w,y)dﬂ(x)> dv(y).

Proof  There exist ¥ ® T- measurable functions g and h on X x Y such
that 0 < g < f < h and such that ¢ = f = h (1 ® v)-almost everywhere.
Thus

0—/Xxy(h—g)d(u®l/)—/x (/Y(h(%y)—g(w,y))dV(y)) du(z),

so that, except on a p-null subset N of X, [, (h(z,y) — g(x,y)) dv(y) = 0.
Thus if x € X \ N then h(z,y) = g(z,y) for v almost all y. Since (Y,T,v)
is complete, if z € X \ N then h(z,y) = f(z,y) = g(x,y) for v almost all
y; hence the function y — f(z,y) is T measurable, and [, f(z,y) dv(y) =
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[y 9(z,y) dv(y). Thus

—/X </Yg(ar,y) dV(y)> du(z)
- ([ ste.nant)) aute)
—/X\N (/Y f(z,y) dV(y)> dp().

Again, the proof of (ii) is exactly similar. O

Theorem 30.4.9 (Fubini’s theorem, II) Suppose that (X, %, u) and
(Y, T,v) are complete measure spaces, and that f is a QT measurable
function on X x Y. If f is u®v-integrable, then the function y — f(z,y)
1s T-measurable and v-integrable except on a p-null set N, the function
z— [ f(z,y)dv(y) is S-measurable and p-integrable on X \ N, and

/Xxyfd(l@u) = /X\N (/Y f(x,y) dl/(y)> du(z).

Conversely, if the function y — |f(x,y)| is T-measurable except on a

w-null set N and fX\N (Jy |f(z,y)|dv(y)) du(z) < oo, then [ is p@v-
integrable, and

/Xxyfd(;@u) :/X\N (/Y f(z,y) dl/(y)> dp(z).

Further, there exists a v-null subset M of Y such that

/Xxyfd(l@u) = /Y\M </X f(z,y) du(x)) dv(y).

Proof  The proof again follows by sandwiching f between two X ® T-
measurable functions. The details are left to the reader. O

In particular, these last two theorems apply to Lebesgue measurable
functions in RY.

A word of caution about the naming of these results. Many authors simply
use ‘Fubini’s theorem’ to refer to any of the theorems that we have called
Fubini’s theorem or Tonelli’s theorem, while some authors also attribute
some of the results to E.W. Hobson.
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Exercises

30.4.1 Suppose that X is an uncountable set with the discrete metric. Show
that the diagonal A = {(z,z) : x € X} is not in P(X) ® P(X).

30.4.2 Give the details of the proof of Theorem 30.4.9.

30.4.3 Suppose that 0 < a < b. Show that the function f(z,y) = e ™V is
integrable on [0, 00) X [a,b]. Use Fubini’s theorem to calculate

oo ,—azr —bx
e — €
—dux.
0 A

30.4.4 Let f(0,0) = 0 and let f(a: y) = xy/(x? +y ) if (x,y) # (0,0).
Show that the integrals f f x,y) d\(z) and f f(z,y) d\(y) exist
and are equal for all z,y € [ AL Is f mtegrable on [—1,1] x [-1,1]?

30.4.5 Give an example of a Lebesgue measurable function f on the unit
square [0, 1] [0 1] for which fo x,y) d\(x) exists and equals 1 for
all y and fo x,y) d\(y) exists and equals 0 for all x. Why does this
not contradict Fubini’s theorem?

30.4.6 Let f(z,y) = (22 —y?)/(2?+y?)?, for (z,y) € (0,1) x (0,1). Calculate

/01 (/Olf(x,y)dx> dy and /01 </01f(x,y)dy> d.

What does this tell you about the integrability of f?

30.5 Borel measures on R, I

There are many other measures defined on the Borel sets B of R than
Lebesgue measure. We begin by considering finite measures. Let MT(R) be
the set of finite Borel measures defined on the Borel sets B of R.

Proposition 30.5.1 Suppose that p € MT(R). Let F,(t) = p((—o0,t]).
Then F), is a non-negative right-continuous increasing function on R,
F,(t) =0 ast— —oo and F,(t) = p(R) as t — +oo.

Proof  Certainly F), is non-negative and increasing. If ¢, ¢t as n — oo
then (—o0,t,] N\, (—00,t], so that F),(t,) \, Fu(t), by downwards continuity;
thus F), is right continuous. Similarly, (—oo,—n] \, 0 as n — oo, so that
F,(t) =+ 0ast — —o0, and (—oo,n] /' R ast — 400, so that F,(t) = u(R)
as t — oo, by upwards continuity. O

The function F), is called the cumulative distribution function of p.
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Theorem 30.5.2 Let F(R) denote the set of non-negative bounded
increasing right-continuous functions f on R for which f(t) — 0 as t —
—o0. Then the mapping pn — F), is a bijection of M*(R) onto F(R).

Proof  First we show that the mapping is injective. Suppose that F), = F,.
The collection of sets II of the form U7_;(a;,b;] is a m-system, and p(A) =
v(A) for each A € II. Let A be the collection of Borel sets B for which
w(B) =v(B). Then A is a A-system containing II, and so, by Dynkin’s 7-\
theorem, A contains o(II), which is the Borel o-field. Thus u = v.

In order to show that the mapping is surjective, we use the Caratheodory
extension theorem. Suppose that F' € F(R). Let S be the semi-ring of
sets of the form (a,b], together with the empty set. Let m(()) = 0 and let
m((a,b]) = F(b) — F(a). We show that m is a pre-measure on S. Suppose
that (a,b] is the disjoint union of the sequence ((a;, b;])72;. Then

> ml(aj, bj]) =Y (F(bj) — Flay)) < F(b) — F(a) = m((a,b]),
j=1 j=1

and so Y52, m((a, b]) < mi((a, B).

We must prove the reverse inequality. Suppose that € > 0. Since F' is
right continuous, there exists a < a’ < b such that F(a’) — F(a) < €/2
and for each j € N there exists b > b; such that F(b}) < F(bj) +¢/2/71.
The open intervals (a;,b}) cover the compact set [a’, b], and so there exists J
such that [a/,b] C U}]:1(aj7 b;). But this implies that Z}Izl(F(b;) —F(a;)) >
F(b) — F(d'). Hence

oo

Zm aj,b5]) = D_(F(bj) = Flag) = 3 (F() = Fla)) = ¢/2

J
> Y (F () - Flag) — /2 = (F®) ~ Fla) /2
> (Fb) — F(a)) —e =m((a,b]) —e.

Since € is arbitrary, the result follows. By the the Caratheodory extension
theorem, there exists a measure p on a o-field containing o(,S) which extends
m. But ¢(5) is the Borel o-field, and so F is the image of the restriction of
i to o(S). 0

Suppose that F' € F(R) and pp is the corresponding Borel measure. If
f € L'Y(ur), the integral fRfd,uF is frequently written as fX fdF; it is
called the Stieltjes integral of f with respect to F.
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We can also consider the set R(R) of o-finite measures on R; here p(R)
may be infinite, and it may be the case that u(—oo0,t] = oo for all t € R.
The cumulative distribution function is therefore unsuitable. Instead, we
consider functions for which f(0) = 0. If x is a o-finite measure on R, let

w(0,t]  ift >0,
—u(t,0] ift <0,

so that p((a,b]) = J,(b) — Ju(a).

Theorem 30.5.3 Let J(R) denote the set of non-negative increasing
right-continuous functions f on R for which f(0) = 0. The mapping p — J,
is a bijection of R(R) onto J(R).

Proof  This follows from the previous theorem, for example, by first con-
sidering the measure py, defined by setting ux(A) = p(AN(—k,k]), and then
letting k£ tend to infinity. The details are left to the reader. O

Another important case concerns o-finite measures defined on the semi-
infinite open interval (0,00). If 1 is such a measure and 0 < t < oo, let
Au(t) = p(t,00): Ay is the tail distribution function on (0,00). This relates
to the tail distribution of a non-negative measurable function f on a measure
space (X, %, p):

Ap(t) = p(f > 1) = (fep)(t,00) = Ap u(t)-

We are usually only concerned with measures for which \,(t) < oo for t > 0
(although, if 1 is not a finite measure, then A\, (t) — oo as t \, 0). We denote
the set of such measures by R, (0, 0).

Proposition 30.5.4 If u € R.(0,00) then X\, is a decreasing right-
continuous function on (0,00) for which A\,(t) = 0 as t — oo.

Proof  Just like the proof of Proposition 30.5.1. O

Theorem 30.5.5 Let A(R) denote the set of decreasing right-continuous
functions A on (0,00) for which f(t) — 0 ast — oo. The mapping p — A,
is a bijection of R.(0,00) onto A(R).

Proof  Once again, this is left as an exercise for the reader. O

We shall study Borel measures on R and their cumulative distribution
functions further, in Section 32.4.
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Exercises

We can also construct the Borel measure Ap corresponding to a func-
tion F' in F(R), by following the proof of the existence of Lebesgue
measure.

If I = (a,b) is an open interval, set {p(I) = F(b—) — F(a), with
similar definitions for semi-infinite and infinite open intervals.

Use this to define [r(O), for open sets O.

If K is a compact subset of R, set sp(K) =I(R) — (R \ K).

If A is a subset of R, define the outer measure (Ap)*(A) and inner
measure (Ar).(A) as

(Ar)*(A) =inf{lp(U) : U open, A C U},
(Ar)«(A) = sup{sp(K) : K compact , K C A}.

Show that (Ap)«(A) < (Ap)*(A).

Say that A is Ap-measurable if equality holds, and then define Ap(A)
to be the common value. Show that the set of Ap-measurable sets is
a o-field X r containing the Borel o-field.

Show that Ap is a finite measure on Xp.

Show that F'is the cumulative distribution function of A\pg.



31

Signed measures and complex measures

31.1 Signed measures

So far we have been concerned with measures which take non-negative val-
ues. We now drop this requirement. A signed measure o on a measurable
space (X,Y) is a real-valued function on ¥ which is o-additive: if (4,)5
is a sequence of disjoint elements of 3, then

o0
U2 1 An) E ol
n=1

An important feature of this definition is that infinite values are not allowed.
A finite measure is a signed measure; in this setting, we call such a measure
a posilive measure.

Proposition 31.1.1  Suppose that o is a signed measure on a measurable
space (X, Y).

(i) o) =

(it) If (An)S2, is a sequence of disjoint elements of X, then > >, 0(Ay)
converges absolutely.

(111) If (An)SS, is an increasing sequence in ¥ with union A then o(A) =
lim;, 00 0(4y).

() If (Bp)>2, is a decreasing sequence in ¥ with intersection B then
o(B) = limy, o 0(By).

(v) o(X) ={0(A): A€ X} is a bounded subset of R.

Proof

(i) Take A, =0 for n € N. Then ) ° | 0(A,) converges, so that o(f)) = 0.
(ii) If 7 is any permutation of N then Y 7, 0(Az)) converges, so that the
result follows from Theorem 4.5.2 of Volume I.

884
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(iii) Let Cq = Ay and let C), = A,, \ A,,—1 for n > 1. Then A is the disjoint
union of the sequence (Cy,)52, so that

n

a(A) =) o(Cy) :JLn;oZa(cj) = lim o(An).
n=1 j=1

(iv) Since (X \ By)22; increases to X \ B,

n=1
o(B)=0(X)—0(X\B)=0(X) — nhﬁn;o o(X \ Byp)
= lim (o(X) —o(X \ By)) = lim o(B,).

n—oo n—oo

(v) We need a lemma.

Lemma 31.1.2 Let
H={HeX:{o(C):CeXx,CCH} is unbounded}.

If H € H, then there exists H € H and C € ¥ such that H is the disjoint
union H' U C and |o(C)| > 1.

Proof  There exists D € ¥ such that D C H and |o(D)| > |o(H)| + 1.
Then |o(H\ D) > 1. If D € H, take H = D and C = H \ D. Otherwise,
H \ D must be in H; take H' = H\ D and C = D. O

Suppose that X € H. Let Ag = X. Applying the lemma repeatedly, there
exists a decreasing sequence (A,)5°; in H, such that if C,, = 4,1 \ 4,
then |o(Cy)| > 1. But (C},)5; is a sequence of disjoint elements of ¥, and
so 2, 0(Cy) converges. This gives a contradiction. Thus X ¢ 7, and so
o(3) is bounded. O

The set car (X, X) of signed measures on a measure space (X, Y) contains
the finite measures, and is a linear subspace of the vector space space of all
real-valued functions on Y. Thus if 7 and v are positive measures then 7w —v
is a signed measure. We can decompose a signed measure o as the difference
of two positive measures, in a canonical way.

Theorem 31.1.3 If o is a signed measure on a measurable space (X,X),
then there exist disjoint P and N in 3, with X = PUN, such that o(A) > 0
for A C P and o(A) < 0 for A C N. Let ot(A) = o(AN P) and let
0 (A) = —a(ANN). Then o* and o~ are positive measures on X, and
oc=0t—0o".

Further, the decomposition is essentially unique; if X = P U N’, where
P’ and N’ are disjoint elements of ¥ for which w(A) = c(ANP") >0 and
v(A)=—c(ANN')>0 for Ae X, thenm =01 andv=0".
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Proof  Say that A is strictly non-negative if o(B) > 0 for all B C A. First
we show that if A € ¥ then there exists strictly non-negative C C A with
o(C) > o(A). Suppose not. If o(A) < 0 then we can take C = (). Suppose
that o(A) > 0. Let lp = inf{o(B) : B C A}: —00 < lp < 0. Choose B; C A
such that o(By) < lp/2, and let A1 = A\ By. Then o(A;) > o(A), and
if i = inf{o(B) : B C A;} then ly/2 < l; < 0. Repeating the process,
we obtain a decreasing sequence (A,) such that o(A,) is increasing, and
l, = inf{o(B) : B C A,} — 0. Then o(Ny(Ay)) > o(A) and Ny, (4,) is
strictly non-negative.
It follows that

M =sup{o(A) : A € ¥} =sup{o(A) : A strictly non-negative}.

There exist strictly non-negative P, such that o(P,) > M —1/n. Then P =
Up Py, is strictly non-negative, and o(P) = M. It follows that if AN P = ()
then o(A) <0, so that we can take N = X \ P.

It is then immediate that ot and o~ are positive measures on (X,Y),

and that c = ot — 0.

Finally, suppose that P/, N’,  and v satisfy the conditions of the theorem,
and that A € . If BC AN P’ then o(B) > 0, so that ot (ANP') =0(AN
P") = w(A). Similarly, if B C ANN’ then o(B) < 0, so that T (ANN’) = 0.
Consequently,

ot (A)=c(ANP)=7(ANP") =7(A),
so that 7 = o . Similarly, v = o~ 0

Jr

The decomposition ¢ = 07 — o~ of this theorem is called the Jordan

decomposition of . We set |o| = o™ + 0. |o| is a positive measure.

Proposition 31.1.4 Ifo€car(X,X) and A€ X then |o(A)| <|o|(A) and

o|(A) = sup{|o(B)| + |¢(C)| : B,C € £,BNC =0,BUC = A}.
Proof  First,

|o(A)] = |o(AN P) + 0(ANN)| < |o(ANP)| + |o(ANN)|
=|ol(ANP) +|o|(ANN) = |o[(A).

Secondly,

lo|(A) =c(ANP)+a(ANN)

<sup{lo(B)|+ |o(C)|: B,C € X, BNC =0,BUC = A},
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while if B,C € ¥, BNC =( and BUC = A, then

[0(B)| + o (C)| < |o](B) + [o](C) = [o](A). =
Corollary 31.1.5 If (A,)5, is a sequence of disjoint elements of ¥ with
union A then Y 2 |o(A,)] < |o|(A).

Proof  For
[e.e]
> lo(An |<Z|0| = lo|(A).
n=1

Theorem 31.1.6 If o € car(X,), let ||, = |o|(X). Then ||.|., is
a norm on the vector space car(X,X) of signed measures on (X,X) under
which car (X,X) is complete.

Proof Let 0 = m — v be the Jordan decomposition of o. If A > 0 then
Ao = At — Av is the Jordan decomposition of Ao, so that ||[Ac| = Al|o]|.
If A < 0 then Ao = |Alv — |A|7 is the Jordan decomposition of Ao, so that
Ac]l = A (X) + [A[7(X) = Al [|o]].

If 01, 09 are signed measures then
lo1 + o2l = |01 + 02| (X)
= sup{|(o1 + 02)(A)[ + [(o1 + o2)(X \ A)[ : A € &}
< sup{|(o1(A)] + |o2(A)] + [(o1 (X \ A)[ + |o2(X \ )] : A e 5}
< sup{|(o1(A)[ + [(o1 (X \ )] : A e 5}
+sup{loa(A)] +[o2(X \ A)[ : A € X}
= llo1llcq + llo2lleq -
Thus .||, is a norm on car (X, X).
Suppose that (o1,)52, is a Cauchy sequence in car (X, X). If A € ¥ then
75(A) = o(A)] <105 = oHl(A) = o = ol

so that (oj(A))z2, is a Cauchy sequence in R, which converges to o(A),
say. We shall show that o is a signed measure and that o — ¢ in norm as
k — oo.

Suppose that (A,)7°  is a sequence of disjoint elements of ¥ with union
A, and that ¢ > 0. There exists K € N such that ||o; — o, < €/2 for
j,k > K. By Corollary 31.1.5,

o0

D 10i(An) = o (An)] < loj — ok |(A) < |l — oxll,q < €/2,

n=1
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for j > K.
Letting j — oo, it follows that ) 7, [0(A,) — ok (An)|] < €/2, and
similarly |0(A) — ox(A)| < €/2. Thus

(Z U(An)> —o(4)
n=1

- ‘ (Z(U(An) - UK(An))> —(o(4) — UK(A))‘

n=1

IN

(Z(!a(An) - oK(An)y)> +]0(A) — ox(A)| < e

n=1

Since € is arbitrary, it follows that o is g-additive.
Finally, if A € ¥ then

|0(A) = or(A)[ + [o(X \ A) —op(X\ A)] <e
for k > K, so that ||o — o, < €for k> K; o), = 0 as k — oo. O

We can use integrable functions to define signed measures.

Theorem 31.1.7 Suppose that f € LY(X, %, ). If A€ X, let f.du(A) =
fAfd,u. Then f.du is a signed measure, and the mapping f — f.du is an

isometric linear mapping of L'(X,X, 1) onto a closed subspace of the space
caR(X,X) of signed measures on (X,X).

Proof  Suppose that (B,)5 is an increasing sequence in ¥, with union
B. Then |fIp,| < |f| for each n € N, and fIp, — fIp pointwise as n — oco.
By the theorem of dominated convergence,

Fdp(By) = /B fdu > [ Bf du= r.du(B)

so that f.du is a signed measure.

Clearly f.dy = f*.du — f~.du, so that

If-dplleg = |17 -dp o + 117 -lh],

— [ s [ = [ 1sidn =161,

Thus the mapping is an isometry. Since L'(X, ¥, 1) is complete, the image
is closed. O

We return to this topic in Section 32.1.
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31.2 Complex measures

We can also consider measures which take complex values. Suppose that
(X, X) is a measurable space. A complex measure o is a complex-valued func-

tion on ¥ which is o-additive: if (A,)72, is a sequence of disjoint elements
of 3, then

[e.9]
o(UpliAn) = Z o(An).

n=1
If o is a complex-valued measure, then the real and imaginary parts of o
are signed measures. Thus the vector space cac(X,X) of signed measures is
the direct sum car (X, Y) @ i.car (X, X)), and we can deduce properties of o
from this.

We can give cac(X,X) a complex norm ||.|[ ), under which it is a

Banach space.

Theorem 31.2.1 Ifo € cac(X,X) and A € 3, let
lo|(A) = sup{z lo(A;)] : Aj € £,{A1,..., A} a partition of A}.

Then |o| is a positive measure on (X,X). Let ||o||.oc) = |o[(X). Then
[-lea(cy is @ norm on cac(X,X), under which cac(X,X) is complete. The
restriction of ||.|| .4y to car(X,X) is the norm ||.|[, of Theorem 31.1.6.

ca(

Proof  Suppose that (B,)5 is a sequence of disjoint elements of ¥ with
union B, and that {Ay,..., Ax} is a partition of B by sets in X. Then

k k 0
S lal) < z (z ot man)

Il
M
S
:L
)
U:J

o0
<> lol(Bm
m=1

taking the supremum over partitions of B, it follows that |o|(B)< > >,

|o|(Brm).-
Conversely, suppose that € > 0. For each m € N there exists a partition
(Atm, ... Ak, m} of By, by sets in ¥ such that

K

Z Ajm)| > |0(|Bm) — €/2™.
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If n € Nthen {4, : 1 <j <kp,1l<m<npu{X-U._By}isa
partition of B, so that

o1(B) =Y {lo(Ajm)| 1 <j <kl <m < n}+|o(X = Uy Byl
> ZIUI(Bm -
m=1

Since this holds for all n € N, |o[(B) > ">, |0|(Bp) — €. Since this holds
for all e > 0, |o|(B) > >.°_, |o|(By), and so |o| is a measure.

We leave it as an exercise for the reader to show that thatl].| ;) is a
norm on cac (X, ).

Suppose that o € car (X, ). It follows from the definitions that [|o||,, <
o/l ea(c)- Let o = m —v be the Jordan decomposition of o, with correspond-
ing dissection X = PUN. If {Ay,...,Ax} is a partition of X by sets in
2,

k k
> lo(4y) Z (450 P) = a(A; N N)) = <lo]|ca
j=1

Taking the supremuin, HO-Hca(C) < ||0-Hca‘ Thus ||0-Hca(C) = ||o-||ca
If 0 = 01 + i09, with o1, 09 signed measures, then

||o-||ca(C) < H0-1||ca(C) + ||0-2Hca(C) = ||o-1||ca + Ho-2||ca <2 Ho-Hca(C

so that, considered as a real normed space, (cac(X,X), [|.[|q(c)) is isomor-
phic to (car (X, 2), .|| )@ (car (X, %), ||.||.,), and is therefore complete. O

The quantity [[o||.,c) are called the total variation of o. From now on,
we shall denote it by ||.||.,. Theorem 31.2.1 shows that this should cause no
confusion.

We also have a complex version of Theorem 31.1.7.

Theorem 31.2.2  Suppose that f € L5(X, X, p). If A€ S, let f.du(A) =
fA fdu. Then f.du is a complex measure, and the mapping f — f.du is an
isometric linear mapping of L};(X, Y, p) onto a closed subspace of the space
cac(X,X) of complex measures on (X, X).

Proof It follows by considering real and imaginary parts that f.du is a
complex measure. If Aq,..., A, are disjoint elements of > then
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du(A;)] = _
IR ;|AjfdM|§;Aj|f|du§A|f|du il

and so || f.dpll,q < [ f]];-
Suppose that € > 0. By Corollary 29.5.6, there exists a simple function

g=>_7_1¢jla, such that [|f — g[|; <e/2. Then

|fdu(Aj)[ =) | [ fdul

> \/

j=1 Y4
>3 [ laldn =Y [ 1~ gldn
j=174 j=174

> llglly = [1F = glly = [[flly = 211f = gl = 11l =&

so that || f.dul|., > I|f]l;- Thus the mapping is an isometry, and again the

ca —
image is closed. O

dul = | [ (f —g)dul
gdp ;/A 9)dp

J

Exercise

31.2.1 Show that ||.[|4(c) is a norm on cac(X,X).

31.3 Functions of bounded variation

We now consider a signed measure o on the Borel subsets of R, with Jordan
decomposition o = m — v. We define the cumulative distribution function of
o in exactly the same way as for positive measures: if ¢ € R then Fj,(t) =
o((—o0,t]). Since F, = F; — F,, F, is a bounded right-continuous function
on R, F,(t) -+ 0 as t — —oo and F,(t) — o(R) as t — +oo.

How do we recognize the cumulative distribution function of a signed
Borel measure on R? If [ is a closed interval in R, we denote the set of all
finite strictly increasing sequences T = (tg < t1 < -+ < t) in I by T(I).
Suppose that f is a real-valued function on R. If T'= (tg < t; < -+ < ty) €
T(I), we set

k
vi(f) =Y () = F(tj—1))+

Jj=1
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I

vy (f) (f(t;) — f(tj-1))-
k
and vr(f) =Y |f(t;) — f(t;-1)].

Clearly vr(f) = v (f) + vy (f) and f(tx) — f(to) = v} (f) — vy (f). We set

V(1) = sup vp(f),

TeT (1)

v (1) = sup v (f)
TeT(I)

and v(f,1) = sup vr(f).
TeT ()

The quantity v+ (f, ) is the positive variation of f on I, v=(f,I) is the
negative variation of f on I, and v(f,I) is the total variation of f on I.
We write v;[(t) for v (f, (—o0,t); v (t) and vg(t) are defined similarly. A
real-valued function f is of bounded variation if v(f,R) is finite.

Here are some basic properties of the variations of a function.

Theorem 31.3.1 Suppose that f,qg are real-valued functions on R, and
that I is a closed interval in R.

(i) o(f, 1) = v* (£, 1) + 0= (. 1).

(i1) If a < b < ¢ then vt (f,|a,c]) = vt (f,|a,b]) +vT(f,[b,c]), and similar
equalities hold for v=(f,la,c]) and v~ (f,[a,c]).

(iii) v (f +g,1) < v (f. 1) + v (g, D), v (f +g,1) < v (£, 1) +v(g,])
and v(f +g,1) < o(f, 1)+ v(g, ).

(iv) U+(—f,I) = U_(f,I), U_(—f,I) = U+(f,I) and U(_fal) :U(faI)

() If X > 0 then vT(\f,I) = M (f,I), v (\f,I) = X (f,I) and
v(Af, I) = M(f,I).

(vi) If I = [a,b] and v(f,I) < oo then f(b) — f(a) = vt (f,I) — v (f,I).

Proof  These results follow from the fact that adding extra points to T' €
T (I) does not decrease any of v (f,I), v=(f,I) or v(f,I).
For (i),

VLD A v (f,1) = sup (vi(f) +up(f) = sup vr(f) = o(f, 1)

TeT () TeT()

(ii) and (iii) are proved similarly, and (iv) and (v) follow from the definitions.
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(vi) Given € > 0, there exists 7' € 7 (I) such that

'U+(f,I)—UiL_(f)| <6/2 and U(f,I)—UT(f)‘ < 6/2a

so that
"U+(f,I) - Ui(faj) - (f(b) - f(a))‘
=" (f. ) —v (f,1) = (v (f) vz (M)l < e
Since € is arbitrary, (vi) holds. O

Corollary 31.3.2  Suppose that f is a function of bounded variation. Then
v, vy and vy are increasing functions on R which tend to 0 as t — —o0.
Further f(t) tends to a limit f(—o0) ast — —o0, and to a limit f(4+00) as
t — +o0, and

f(t) = f(=o0) +vf(t)f — v} (t) fort € R.

The set of points of discontinuity of f is countable, and each discontinuity
18 a jump discontinuity.

Proof  The functions v;[, vy and vy are increasing, by (ii). Given ¢ > 0
there exists T = (o < --- < tx) € T(R) such that vp(f) > v(f,R) —e. If
t < to then

Uf(t) + v(fv [tvt(]]) + UT(f) < vf(t) + v(fv [tvt(]]) + U(fa [thtk]) = Uf(tk)
év(faR) <vT(f)+€7

so that vg(t) — 0 as t — —oo. Consequently v;{(t) — 0 and vy (t) = 0 as
t — —o0.
If s <t then

F(O) = £(s) = W} () = v} (1) — (v () = 07 () = 0 s s, — —oc,

so that f(¢) tends to a limit f(—o0) as t — —oo. Similarly, f(¢) tends to a
limit f(+o00) as t — +oo. Further

Ft) = f(s)+ (v (t) —v™ f(1) = (vf (s) — vy (s))
S f(=00) + (W (1) — v £(1)) as 5 — —o0,
so that f(t) = (f(—oo+ v} () — vy (¢).
The final result follows from the fact that v} and v, are increasing, and

so their sets of points of discontinuity are countable, and each discontinuity
is a jump discontinuity. O



894 Signed measures and complex measures

We denote by bvg(R) the vector space of right-continuous functions f on
R of bounded variation for which f(t) — 0 as t - —o0.

Proposition 31.3.3 If f € bug(R) then v;{, vy and vy are in buo(R).

Proof  We need to show that each of the functions is right-continuous.
Since v;[ = S(vs + f) and vy = $(vp — f), it is enough to show that vy is
right-continuous. Suppose that ¢ € R and that € > 0. There exists 6 > 0
such that |f(s) — f(t)] < ¢/2 for t < s < t+ . Choose t < r < t+ 0.
There exists T' = (t = tg < t1 < --- < tp = r) € T([t,r]) for which
vr(f) > v(f,[t,r]) —€/2. Then

vp(ty) = vp(t) = v(f, [t,r]) — v(f, [tm)
< (vr(f) +¢€/2) - Z\f 1)

= [f(tr) = F(2)] +6/2 <e
Since vy is an increasing function, this shows that f is right-continuous. 0O

Theorem 31.3.4 (i) The function v(.,R) is a norm on bvy(R); we

denote v(f,R) by ||y,
(it) If f is an increasing function in bvg(R), then || fl|,, = f(+00) = || fll«

(iii) If f € bug(R) then || fl,, = HU;HM + va .

Proof  Since v(f,R) > || f|| o, so that v(f,R) = 0 if and only if f = 0, this
follows immediately from Theorem 31.3.1. O

Theorem 31.3.5 The mapping F : 0 — F, is a linear isometry of
(car(R, B),||-||.,) onto (bvg(R), ||.|l,), with inverse mapping p : f — iy,
where pip = [t = s - If o =7 — v is the Jordan decomposition of o then

F, = v;[ and F, = v;.

Proof 1f 0 € car(R), with Jordan decomposition ¢ = 7 — v, then
F, = F; — F, so that F, € bvy(R), by Proposition 30.5.1. If F,, = 0 then
F, = F,. It therefore follows from Theorem 30.5.2 that @ = v, so that F
is injective. If f € bug(R), then f = v —vy. Then pyp = Por = By €
cagr(R). If 0 € cag(R) then o = pp,, so that F' is bijective; the mapping
f — py is the inverse of the mapping F'. If 4 is a positive measure, then
| Full,, = m(R) = [|p]|.,- Thus if o € car(R), with Jordan decomposition
o =m —v, then

”Fd”bv - ”FW - Fu”bv < ”FFHbv + ”FVHbv - Hﬂ-”ca + ”VHca - HU”

ca
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so that F' is norm-decreasing. Similarly, if f € bvyg(R), then

|
ca

lUJU? M’U;

ca ‘

=151

sl = ||y = 1107

ca

+
bu

Jr —
Yy Yy

so that F'~! is also norm decreasing. Thus F is an isometry. Further,
HFJHbU = Ha”ca = HWHca + ”VHca = HFF”bv + ”FVHbv7
so that F, = v;f and F,, = v, by Theorem 31.3.1 (iv). 0

It is a straightforward matter to establish corresponding results for
complex Borel measures on R (Exercise 2).

Exercises

31.3.1 A partially ordered vector space (E,<) is a real vector space E
together with a partial order < on F which satisfies
eifzr <ythenz+2<y+ 2 and
o if x <y and XA > 0 then Az < Ay.
Show that ca(X, ) is a partially ordered vector space when we set
o <7 if T — o is a positive measure. Show that if o = 7 — v is the
Jordan decomposition of ¢ then

m = inf{p : p positive, u > o.}.

Show that bug(R) is a partially ordered vector space when we set
f <gif g— fis an increasing function. Show that

'U}’— = inf{g € byg : ¢ increasing, g > f}.

Show that the mapping o — F is an order-preserving mapping of
ca(R, B) onto bug(R).

31.3.2 Suppose that f € bug(R) and that f = g — h, where g and h are
increasing functions in bvg(R). Show that g > v} and h > v} . Show
that equality holds if and only if || f|[,, = ll9/ly, + 12,

31.3.3 Define the cumulative distribution function F, of a complex Borel
measure o on R, and the total variation v(f,R) of a complex-valued
function on R. Define the vector space bvy(C). If f € bug(C), let
|| fll,, = v(f,R). Show that .||, is a norm on bvy(C). Show that the
mapping 0 — [y is a linear isometry of (cac(R,B),||.[|.q(c)) onto
(B00(C), .l



32

Measures on metric spaces

Lebesgue measure A was defined on the real line R, and properties of A
are closely connected to the topology of R. In fact, almost all the measures
spaces that are met in analysis are defined on a Hausdorff topological space,
and, more particularly, on a metric space. In this chapter we consider a
metric space (X, d). The Borel o-field B is the o-field generated by the open
subsets of X (or by the closed subsets of X'). We call a measure defined on B
a Borel measure on X. Such measures necessarily have good approximation
properties.

32.1 Borel measures on metric spaces

Theorem 32.1.1 A finite Borel measure on a metric space (X,d) is
closed-regular: if B is a Borel set then

w(B) = inf{u(0) : O open, B C O}
= sup{u(C) : C closed, C C B}. (")

There exist an increasing sequence (A,)S of closed sets and a decreasing
sequence (Uy,)22, of open sets such that u(A,) — u(B) and p(Uy) — u(B)
as n — o0o.

Proof  The proof uses Dynkin’s 7-A theorem in a rather standard way. Let
G be the set of those elements of B for which (*) holds. We show that the
collection C of closed subsets of X, which is a w-system, is contained in G.
We then show that G is a A-system; consequently G = B.

First suppose that C' is a closed subset of X. Let

Cp={z € X :d(z,C) <1/n} = UcecNi/n(c).

896
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Then (C,,)2, is a decreasing sequence of open sets, whose intersection is C.
Thus p(Cy) — p(C) as n — oo, by downwards continuity, so that

u(C) = inf{u(O) : O open, C C O}.

Since, trivially, pu(C') = sup{u(A) : A closed, A C C'}, it follows that C' € G.
Certainly X € G.
Suppose that (H,)5 ; is an increasing sequence in G, with union H. For

each n € N there exist a closed set (), and an open set O,, with C,, C H,, C

O,,, for which
1(Cn) > p(Hy) —1/2" and p(On) < p(Hn) +1/2".

Let A, = U7_1C; and U, = Uy_,Op. Then (An)9 is an increasing
sequence of closed subsets of H, and (U,)22 is a decreasing sequence of
open sets containing H. Then

Jim pu(An) < p(H) = Tim p(Hy) < lim (p(A,) +1/2%) = lim u(An),
so that p(H) = limy, e p(4y).

Similarly, since U, \ H C U°_, (O, \ Hp,),

0 < p(Un) = p(H) < p(Uy \ H) < Zu Om \ Hn) < 2/2".
Thus pu(Uy) — p(H) as n — oo. Thus H € G.

Finally, suppose that G, H € G and that G C H. Suppose that € > 0.
There exist open sets U and V such that G CU, H CV, u(U) < u(G)+¢/2
and (V) < p(H)+€/2. Similarly, there exist closed sets A and B such that
ACG,BCH, uA) > uG)—e€¢/2 and u(B) > u(H) —€/2. Then V' \ A
isopen, H\ G C V' \ A and u(V\ A) < u(H \ G) + €. Similarly, B\ U is
closed, B\U C H\ G and u(B\U) > u(H\ G) —e. Thus H\ G € G, so
that G is a A-system. O

Corollary 32.1.2 Ifo is a signed Borel measure or complex Borel measure
on a metric space (X,d) and B € B then there exist an increasing sequence
(An)>2 of closed subsets of B and a decreasing sequence (Uy,)22, of open
sets containing B such that if (Cy,)22, is a sequence in B with A, C C,, C B
then o(Cy) — o(B) as n — oo, and if (D), is a sequence in B with
B C D, CU, then o(D,,) = o(B) as n — cc.

Proof  There exist an increasing sequence (A;)22; of closed subsets of
B and a decreasing sequence (U,)22; of open sets containing B such that
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lo|(Ay) = |o|(B) and |o|(Uy,) — |o|(B) as n — oco. If (C},)5% is a sequence
in ¥ with A,, C C,, C B then

0(B) = o(Cr)| = [o(B\ Cp)| < |o|(B\ Cn) < ol(B\ An) =0

as n — oo. A similar argument establishes the result for the sequence

(Dn)iio:l- Od

Exercises

32.1.1 Give a proof of Theorem 32.1.1 using the monotone class theorem.

32.1.2 Suppose that p and v are finite Borel measures on a metric space
(X,d). Show that p = v if and only if u(U) = v(U) for each open set
U.

32.1.3 Suppose that pu and v are finite Borel measures on a metric space
(X,d). Show that p = v if and only if [ fdu = [y fdv for each
bounded continuous real-valued function f on X.

32.2 Tight measures

In general, compact sets are better behaved than closed sets, and it is impor-
tant to be able to approximate sets from the inside by compact sets. A finite
Borel measure p on a metric space (X, d) is said to be tight, or regular, if
whenever B is a Borel subset of X then

w(B) = inf{u(0) : O open, B C O}
= sup{u(K) : K compact, K C B}.

Proposition 32.2.1 A finite Borel measure (1 on a metric space (X,d) is
tight if and only if there exists an increasing sequence (Ky)>2 | of compact
subsets of X such that pu(K,) — p(X) as n — oo.

Proof  The condition is necessary. Suppose that p is tight. For each n € N
there exists a compact subset L, of X such that pu(Ly,) > u(X) — 1/n. Let
K, = Uj_,L;. Then the sequence (K,);2 satisfies the condition.

Conversely, suppose that the condition is satisfied, and that B is a Borel
subset of X. Suppose that ¢ > 0. Since p is closed-regular, there exists
a closed set A such that A C B and C O, u(0) < p(B) + € and p(A) >
w(B)—¢€/2. There exists n € N such that u(K,,) > u(X)—¢€/2. Then ANK,
is a compact subset of B and

(AN Kn) = p(A) — p(A\ Kp) > p(A) — p(X \ Ky) > p(B) —e. O
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Recall that a topological space is o-compact if it is the union of a sequence
of compact subsets.

Corollary 32.2.2 A finite Borel measure i on a o-compact metric space
(X,d) is tight.

Here is a more remarkable result.

Theorem 32.2.3 (Ulam’s theorem) A finite Borel measure p on a
complete separable metric space (X,d) is tight.

Proof  Let ()72, be an enumeration of a countable dense subset of (X, d).
Foreachn € Nand k € N, let A, = UleMl/n(xj), (where M, /,,(z;) is the
closed 1/n-neighbourhood of x;). For fixed n € N, the sequence (A, )3,
is an increasing sequence of closed subsets of X whose union is X, and so
(A k) = p(X) as k — co. Thus there exists k,, such that pu(X \ A, ) =
u(X) i Ayy,) < 1/27

Let K,, = Nyy_, Apm k,,- Then K, is a closed subset of X. It is also totally
bounded, since, for each m > n, K, C A,, 1, ., and is therefore contained
in finitely many open balls of radius 2/m. Since (X,d) is complete, K, is
compact. Further,

XN\ Kp) = p(Un_ (X N\ Apg,)) < Y27 =207,

m=n

and so (K,,)>2; is an increasing sequence of compact subsets of X for which

w(Ky) — p(X). The result therefore follows from Proposition 32.2.1. O

A Polish space is a separable topological space (X, 7) for which there is a
complete metric on X which defines the topology.

Corollary 32.2.4 A finite Borel measure i on a Polish space is tight.
Proof  For tightness is a topological property. a

Thus a finite Borel measure on the space I of irrational numbers is tight.

Exercises

32.2.1 Show that a finite Borel measure on a countable metric space (X, d)
is tight.

32.2.2 Give an example of a o-compact metric space (X, d) which is not a
Polish space.

32.2.3 Give an example of a Polish space which is not o-compact.
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32.3 Radon measures
We now consider a o-finite Borel measure p on a metric space (X, d).

Proposition 32.3.1 Suppose that p is a o-finite Borel measure on a
metric space (X,d).

(i) If x € X then p({z}) < oo.
(ii) There exists an increasing sequence (Cy)5 | of closed subsets of X of
finite measure for which w(X \ C) =0, where C' = U2 ,C,,.

Proof  There exists an increasing sequence (A,,)>° ; of Borel sets of finite
measure for which U2 A, = X.

(i) z € A,, for some n € N, and p({z}) < u(A,) < co.
(ii) If B is a Borel subset of X and n € N, let pu,(B) = u(B N A,).

Then pu, is a finite Borel measure on X, and so is closed-regular. Thus there
exists a closed set D,, contained in A,, with

fin(Dn) > pin(An) — 1/27 = u(A,) — 1/2™.

Let C, = Uj_;Dj, and let €' = U32,Cy. Then (Cp)oey is an increasing
sequence of closed subsets of X of finite measure. Further, if p > m then

B((X\ C) N A) = (A \ C) < (A \ Dy) < {4y \ Dy) < 1/2°.
Since this holds for all p > m, pu((X \ C) N A,,) =0, and so
WX\ C) = Tim_u((X\C) N A,) = 0.
Corollary 32.3.2 If B is a Borel subset of X then
w(B) = sup{u(D) : D closed, D C B, (D) < oo}.

Proof
p(B) =pu(BNC) = lim p(BNCy).

Arguing as above, u(B N C,,) = sup{u(D) : D closed, D C BN C,}, and so
the result follows. O

Let us consider an example. Let R be the extended real line {—oco} URU
{oo} with its usual compact metrizable topology. If B is a Borel subset of
R, let A(B) = A(B N R), where X is Lebesgue measure on R. Then \ is a
o-finite measure on R. A\({—o00}) = 0, but if N is any open neighbourhood
of —oo, then A(N) = oo, and the compact set R has infinite measure. This
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is clearly not very satisfactory. A o-finite Borel measure on a metric space
(X,d) is locally finite if each element of X has an open neighbourhood of
finite measure.

Proposition 32.3.3 If p is a locally finite Borel measure on a metric
space (X,d) and K is a compact set of X, then u(K) < oo.

Proof  For each x € K there exists an open neighbourhood N, of x with
u(Nz) < oo. These neighbourhoods cover K, and so there exists a finite
subset F' of K such that K C UzcpN,. Thus

p(K) <> u(N) < oo.
zeF O

A o-finite measure on a metric space (X, d) is called a Radon measure if
it is locally finite, and if u(B) = sup{u(K) : K compact, K C B} for each
Borel subset B of X.

Proposition 32.3.4 A locally finite o-finite measure p on a o-compact
metric space (X,d) is a Radon measure.

Proof  There exists an increasing sequence (K,)7° ; of compact subsets of
X whose union is X. If B is a Borel subset of X, then, by Corollary 32.3.2,
w(B) = sup{u(D) : D closed, D C B}. But if D is closed, then u(D) =
limy, 00 (D N Ky,), so that p(D) = sup{u(K) : K compact, K C B}, and
the result follows from this. 0

Theorem 32.3.5 A locally finite o-finite measure | on a metric space
(X,d) is a Radon measure if and only there exists a o-compact subset' Y of

X such that p(X \'Y) =0.

Proof If the condition is satisfied, and B is a Borel subset of X, then
BNY is a Borel subset of Y, and

w(B) = pu(BNY) =sup{u(K) : K compact, K C BNY}
< sup{p(K) : K compact, K C D} < u(B);

thus all the terms are equal, and p is a Radon measure.

Conversely, suppose that p is a Radon measure. By Proposition 32.3.1.
there exists an increasing sequence (C),) of closed subsets of X of finite
measure for which pu(X \ C) = 0, where C = U2 ,C,,. Since p is a Radon
measure, for each n € N there exists a compact subset K,, of C,, for which
w(Ky) > p(Cp)—1/2". Let Y = U2 K,,. Then Y is o-compact, and arguing
as in Proposition 32.3.1, u(X \Y) = 0. 0
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Corollary 32.3.6 A locally finite o-finite Borel measure on a Polish space
is a Radon measure.

Proof  For each n € N, the closed set (), is a Polish subspace of (X, d),
and the restriction of i to the Borel subsets of C), is a finite measure, which
is tight, by Ulam’s theorem. There therefore exists a compact subset K, of
Cy, with p(K,) > p(Cy) —1/2™. Let Y = U2 | K,,. Then Y is o-compact,
and once again, u(X \'Y) = 0. O
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Differentiation

In this chapter, we compare two measures defined on the same measur-
able space, and in particular, compare a finite Borel measure on R with
Lebesgue measure. This involves further properties of integrable functions
and of monotonic functions on R.

33.1 The Lebesgue decomposition theorem

We consider a o-finite measure space (X, X, 1), and a finite measure v on X.
We use the Fréchet—Riesz representation theorem to prove a fundamental
theorem of measure theory.

Theorem 33.1.1 (The Lebesgue decomposition theorem) Suppose that
(X, X, 1) is a o-finite measure space, and that v is a finite measure on 3.
Then there exists a non-negative f € L'(u) and a set B € ¥ with u(B) =0
such that v(A) = [, fdu+v(AN B) for each A € X.

Two measures p and v on the same o-field ¥ are said to be mutually
singular if there exists A € ¥ such that u(A) = 0 and v(X \ A) = 0. (If
so, this is frequently written as pLv.) If we define vg(A) = v(AN B) for
A € X, then vp is a measure, and v = f.du + vp. The measures p and vp
are mutually singular.

Proof  Let m(A) = u(A)+v(A); 7 is a o-finite measure on X.. Suppose that
g € LE(m). Let L(g) = [ gdv. Then, by the Cauchy—Schwarz inequality,

1/2
1) < 0012 ([l ) < 00 Lol

so that L is a continuous linear functional on L?(7). By the Fréchet-Riesz
theorem (Volume II, Theorem 14.3.7), there exists an element h € L*()

903
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such that L(g) = (g, h), for each g € L?(r) ; that is, Jxg9dv = [y ghdp+
fX ghdv, so that

/Xg(l —h)dv = /Xghd,u,. (+)

Taking ¢ as an indicator function I4, we see that

V(A)—L(IA)—/Ahdﬂ—/Ahd,u,—i—/Ahdu

for each A € X.
Now let N=(h<0),G,=0<h<1-1/n),G=(0<h<1)and
B = (h >1). Then

I/(N):/th,u—}—/thl/g(),

so that v(N) = 0. But then [, hdu =0, and so p(N) = 0. Similarly,

V(B):/Bhd,u—}—/Bhdvzu(B)—i—,u(B),

so that u(B) = 0.
Let f(x) = h(x)/(1 — h(x)) for x € G, and let h(x) = 0 otherwise. Note
that if x € G,, then 0 < f(x) < 1/(1 — h(z)) < n.If A€ X, then, using (x),

1—-h
I/(AﬂGn)—/Xl hIAmG"dV_/XfIAmG"dM_/A . fd,u,.
_ nG.,

Applying the monotone convergence theorem, we see that v(A N G) =
fAmed,u:fAfd,u. Thus

V(A)—y(AﬂG)—l—u(AﬂB)—i—u(AﬂN)—/Afdp,—l—u(AﬂB).

Taking A = X, we see that [, fdu < oo, so that f € L' (p). O

This beautiful proof is due to von Neumann.

Suppose that (X, X, u) is a measure space. Our aim now is to recognize
when a complex measure v on X is of the form f.du, where f € L'(X, %, u1).
Suppose that ¢ is a real- or complex-valued function on . We say that ¢ is
absolutely continuous with respect to p if whenever € > 0 then there exists
0 > 0 such that if A € ¥ and p(A) < § then |p(A4)| < ¢ if so, we write

P << p.
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Proposition 33.1.2 If (X, X, u) is a finite or o-finite measure space, and
v 1s a complexr measure on X, then v is absolutely continuous with respect
to p if and only if whenever p(A) =0 then v(A) = 0.

Proof  Suppose that v is absolutely continuous with respect to u, and that
w(A) = 0. Then p(A) < d for all 6 > 0, so that |v(A)| < e for all € > 0, and so
v(A) = 0. For the converse, suppose first that v is a finite positive measure
and that v is not absolutely continuous with respect to . Then there exists
€ > 0 such that for each n € N there exists A,, € ¥ with p(4,) < 1/2" and
v(Ay,) > e. Then p(limsup,, ,. A,) = 0, by the first Borel-Cantelli lemma,
while v(lim sup,,_,, An) > €. Thus the condition does not hold.

Suppose next that v is a signed measure, and that v(A) = 0 whenever
1(A) = 0. Let X = PUN be the partition of X in the the Jordan decomposi-
tion of v. If u(A) = 0 then u(ANP) = 0, so that v+ (A) = v(ANP) = 0. Thus
v is absolutely continuous with respect to p; similarly, v~ is absolutely
continuous with respect to u, and so therefore is v.

Finally the result follows for complex measures by considering real and
imaginary parts. O

Theorem 33.1.3 (The Radon—Nikodym theorem) Suppose that (X, %, u)
is a o-finite measure space, and that v is a finite measure on 3. Then v

s absolutely continuous with respect to p if and only if there exists a non-
negative f € L'(u) such that v(A) = Ju fdp for each A € 3.

Proof If f € L'(u), then f.du is absolutely continuous with respect to
by Proposition 33.1.2. Conversely, suppose that v is absolutely continuous
with respect to u, and that v = f.du+ vp is the Lebesgue decomposition of
v. Since u(B) =0 v(B) =0, and so vg = 0. Thus v = f.dpu. O

The Radon—Nikodym theorem clearly extends to signed measures v, by
considering the Jordan decomposition of v, and to complex measures v, by
considering the real and imaginary parts of v. The Radon-Nikodym theo-
rem throws light on the relationship between a complex measure ¢ and the
positive measure |o].

Theorem 33.1.4 Suppose that o is a complexr measure on a measurable
space (X,3). There exists a complex measurable function ¢ on X, with |¢p| =
1, such that o(A) = [, ¢d|o]| for all A € X.

In other words, o0 = ¢.d|o|. The function ¢ is the phase function of o.

Proof The complex measure o is clearly absolutely continuous with
respect to |o|, and so by the Radon—Nykodym theorem there exists ¢ €
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L&(X, %, |o]) such that o(A) = [, ¢d|o| for all A € E. We show that

|¢| =1 almost everywhere.

First, let A, = (R¢ > 1+ 1/n). Then

|0](An) = R(o(A4n)) = / Rodlo| > (14 1/n)|o|(An),

n

so that |o|(A,) = 0. Thus if A = (R¢ > 1), then
o1(4) = lim [o|(4,) = 0.
Next, let (0,)22; be a dense sequence in [0, 27). Let
B, = (R(e"$) > 1).

Then, as above, |o|(B,) = 0. If B = (|¢| > 1), B = U2 B, and so
lo|(B) = |o|(U32By) = 0. Thus |¢| < 1 almost everywhere.

Finally, let C,, = (|¢| < 1 —1/n). Suppose that Dq,..., Dy is a partition
of C,, by sets in 3. Then

k k k
lo(Dj)l =) | [ ¢dlo]| < |9 dlo| < (1 =1/n)|o|(Cn).

Taking the supremum over all partitions, |o|(Cy) < (1 — 1/n)|c|(Cy), so
that |o|(C),) = 0. Thus |o|(|¢| < 1) = |o|(Us2,Cp) = 0; |¢| > 1 almost
everywhere. We can change ¢ on a null set so that |¢| = 1. O

Exercises

33.1.1 Use the fact that if f € L1(X, %, u) then f.du is absolutely continuous
with respect to u, and Egorov’s theorem, to give another proof of the
theorem of dominated convergence.

33.2 Sublinear mappings

We now establish a result which enables us to use approximation argu-
ments to establish results about convergence everywhere. First we need some
definitions.

Suppose that (X, X, 1) is the measure space. A mapping 7' from a normed
space (E,||-||g) into a space LO(X, X, u) is subadditive if T(f +g) < T(f)+
T(g) for f,g € E, is positive homogeneous if T(A\f) = AXT(f) for f € E and
A real and positive, and is sublinear if it is both subadditive and positive
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homogeneous. We say that T is of weak type (E,q) if there exists L < oo
such that p(|T(f)| > )} < LY|f||%/ad for all f € E, a > 0. The least
constant L for which the inequality holds for all f € FE is called the weak
type (E,q) constant. When E = LP(X', 3 1), we say that T is of weak type

(P, q)-
Weak type is important, when we consider convergence almost every-
where.

Theorem 33.2.1  Suppose that (T;),>0 is a family of linear mappings from
a normed space E into LO(X, X, 1), and that M is a non-negative sublinear
mapping of E into L°(X, %, ), of weak type (E,q) for some 0 < q < o0,
such that

(i) |T(g)] < M(g) for allg € E, v >0, and
(ii) there is a dense subspace F of E such that T,(f) — To(f) almost
everywhere, for f € F, asr — 0.

Then T,(g) — To(g) almost everywhere, as r — 0, for each g € E.

Proof  We use the first Borel-Cantelli lemma. For each n there exists f,, €
F with ||lg — fullg < 1/2". Let

Bn = (M(g = fn) > 1/n) U(T:(fn) 7 To(fn))-

Then
Ln4

#(Bn) = u(M(g = fa) >1/n) < o

Let B = limsup(B,,). Then u(B) = 0, by the first Borel-Cantelli lemma.
If x ¢ B, there exists ng such that = ¢ B,, for n > ng, so that

T-(9)(z) = T (fn)(x)| < M(g — fn)(z) < 1/n, for r > 0.
Thus if n > ng, then
T:(9)(x) — To(g)(2)] <

(
Tr(9)(x) = T () (@) + [To(fn) (@) = To(fu) ()] + |To(fn) () — To(g)(2)]
<2/n+ [T (fu) (@) = To(fo) ()| < 3/n

for small enough r, and so T;(g)(z) — Tp(x) as r — 0. O

We can consider other directed sets than [0, 00); for example N, or the set
{(h,t) : h e R4t > 0 and ||h| < t},

ordered by (h,t) < (k,s) if Ny(h) C Ng(k).
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33.3 The Lebesgue differentiation theorem

We now consider finite Borel measures on R? and functions in
LYRY, L4, \g). As usual, let N,(z) denote the open Euclidean ball {y :
ly — x| < r} of radius r with centre 2. Then \g(N,.(x)) = 90y, where Qg is
the Lebesgue measure of the unit ball in R%.

If 1 is a finite Borel measure on R?, we set

p(Ne(@)) _ p(Nr())

Ar(p)(z) = (N, (2)) T rdQy,

Proposition 33.3.1  The function A,(u) is lower semi-continuous.

Proof — Suppose that 2 € R? and that € > 0. Let r, increase to r as
n — oo. By upwards continuity, there exists n € N such that u(N,, (z)) >
w(Ny(2)) —er?Qq. If ||y — z|| < r—r, then N, (z) € N,(y), so that A,(y) >
Ay (x) —e. O

We say that p has a spherical derivative Du(x) at x if, given € > 0, there
exists ro > 0 such that if 0 < r < rg and =z € N,(y) then |A,(u)(y) —
Du(z)| < e. It is important that in this definition we consider spheres to
which x belongs, and not just spheres centred at x.

Similarly, if f € L'(R%, Ly, \g), we set

- fdX 1
_ Inw B _ / fdAg.
ANy () 1% N, (@

A, (f)(x) is the average value of f over the ball N,.(z). Again, we say that f
has a spherical derivative D f(x) at x if, given € > 0, there exists ry > 0 such
that if 0 < r < rg and = € N,(y) then |A,.(f)(y) — Df(z)| < e. Thus the
spherical derivative of the function f is the same as the spherical derivative

A (f)(z)

of the measure f.d\;.
First we consider a function f in L'(R%, L4, \g). We set

mu(f)(z) = sup (sup{A-(If)(v) : y € Ne(2)}) -
r>
Theorem 33.3.2 The function m, is a lower semi-continuous sublinear
operator of weak type (1,1).

Proof  Suppose that m,(f)(z) < co. If € > 0, there exist > 0 and y € R?
such that z € N,(y) and A,(|f|)(y) > mu(f)(x) — €. Since N, (y) is open,
there exists 0 > 0 such that Ns(z) C N,.(y). If w € Ng(zx), then m,(f)(w) >
A(1fD(y) > my(f)(x) —e. A similar argument applies if m,,(f) = oo, Thus
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my(f) is lower-semicontinuous.
The key result is the following covering lemma.

Lemma 33.3.3 (Wiener’s lemma) Suppose that G is a finite set of open
balls in R%. Then there is a finite subcollection F of disjoint balls such that

S () =2l 0) 2 52 0.

UcF UeF veG

Proof  We use a greedy algorithm. If U = N,(z) is an open ball, let U* =
N3,.(x) be the ball with the same centre as U, but with three times the
radius.

Let Uy be a ball of maximal radius in G. Let Uy be a ball of maximal
radius in G, disjoint from U;. Continue, choosing U; of maximal radius,
disjoint from Uy,...,U;_1, until the process stops, with the choice of Uj.
Let FF ={Uy,...,Ux}.

Suppose that U € G. There is a least j such that UnU; # (. Then the
radius of U is no greater than the radius of U; (otherwise we would have

chosen U to be Uj) and so U C U}. Thus Upyeq U € Upyep U™ and

A ( U U) <\ ( U U*) <) AU =31 ().

veG velr velr UeF 0

Proof of Theorem 33.5.2. Let f € LY(R?). Let E, = (my(f) > a), for
a > 0. Let K be a compact subset of E,. For each x € K, there exists
y. € R% and 7, > 0 such that = € N,_(y,) and A, (|f])(yz) > c. It follows
from the definition of m,, that N, (y,) C E,. The sets N, (y.) cover K, and
so there is a finite subcover GG. By the lemma, there is a subcollection F' of
disjoint balls such that

PIENGEESY ( U U) > 2)

UeF veG

But if U € F, aAq(U) < [, |f]dAg, so that since Uy ep U C Ea,

1 1
RYGESD O AU YES Y UL

UeF UeF
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Thus A\g(K) < 3d(fEa |fldAq)/c, and

d
M(Eqy) = sup{\y(K) : K compact, K C E,} < 3—/ |f| dAq.
« E,
Thus m,, is sublinear and of weak type (1; 1). O

Corollary 33.3.4 Let m(f) = max(my(f),|f|). Then m is a sublinear
mapping of weak type (1,1).

Proof  For (m(f) > a) C (my(f) > a)U(|f] > @), so that

aMilm(f) > @) < 3 +1) [ |fldra

R4 O
Theorem 33.3.5 (The Lebesgue differentiation theorem) Suppose that
f € LY (R Ly, \g). Then f(z) is the spherical derivative of f at x, for
almost every x € RY.

Proof We use Theorem 33.2.1. For each » > 0 and f € LY(R% L4, \g),
|A-(f)] < m(f), so that A, is a linear mapping of L'(RY, Ly, \g) into
LY(RY, L4, \g), dominated by m. Let Ag(f) = f; then Ay is also domi-
nated by m. Let I be the linear subspace of L'(R%, L4, \q) consisting of
continuous functions of compact support. F is dense in L'(R%, L4, Ay), and
A (f)(x) = f(z) as r — 0, for each 2 € R?, and so the result follows from
Theorem 33.2.1. O

Corollary 33.3.6 (The Lebesgue density theorem) If E is a measurable
subset of R then

1 M(N,(z) N E)

M(Np(z) N E) = — 1 asr — 0 for almost allx € E

Tde )\d(Nr (.’L‘))
and
1 N, E
m)\d(]\fr(w) NE)= % — 0 as v — 0 for almost all z ¢ E.
Proof  Apply the theorem to the indicator functions IpNN(0), for k& € N.

|

Next we consider a finite measure p for which p and \g are mutually
singular.

Theorem 33.3.7  Suppose that i is a finite Borel measure on R® for which
woand Ag are mutually singular. Then p has spherical derivative 0 at Ag-
almost every point of RY.
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Proof  There exists a Borel A\g-null set A for which u(R?\ A) = 0. Since
o is tight, there exists an increasing sequence (K,,)5° ; of compact subsets
of A with u(K,) > u(A)—1/4" for n € N. Let U, be the open set R?\ K,,:
then u(U,) < 1/4™.

Let

H,={(z,r) 12 €U,,0<r <min(1/2",d(z,K,,)) and A,(u)(x) > 1/2"}

and let V,, = Ugyen, Nr(z). Suppose that L is a compact subset of
V. There exists a finite subset G of H, such that L C U, .yeqNr().
By Wiener’s lemma, there exists a subset F' of G such that the sets
{N;(x) : (z,r) € F} are disjoint and

)‘d(U(:p,T)GFNT’(‘T)) > (1/3d))‘d(u(m,r)€GNT(x))'

Then
Aa(L) < Aa(UgmeaNe(@)) < 3%Xa(Ugp e rNr(2))

=37 Y Aa(Ne(x) <3727 > p(Ne(x))

(z,r)eF (z,r)EF

= 342" (U ryeaNe(2)) < 3227 u(V,) < 34277

Since Ag is tight, Ag(V;,) < 3%.27".

Let B = limsup,, ., V,. It follows from the first Borel-Cantelli lemma
that A\g(B) = 0. Consequently \j(AUB) = 0. If z ¢ AU B then there exists
N such that z € V,,, forn > N.Ifn > N, and 0 < r < $ min(1/2", d(z, K,,))
then Ao, (p)(z) < 1/2". If d(z,y) < r then N,(y) € Na.(z), so that
A (p)(y) < 2%/2". Thus p has spherical derivative 0 at . 0

Combining these two theorems, we have the following.

Theorem 33.3.8 Suppose that  is a finite Borel measure on R®. Then p
has a spherical derivative Dy at Ag-almost every point of RE. The function
Dy is Mg-integrable. Set v(A) = u(A)— [, DudNq. Then v is a Borel measure
on R%, v and \g are mutually singular, and j = Dp.d\g+ v is the Lebesque
decomposition of L.

Proof  Let u = f.d\g+ v be the Lebesgue decomposition of p. Then u has
spherical derivative f Ag-almost everywhere. O
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Exercises

33.3.1 This exercise establishes a version of Vitali’s covering theorem.
Suppose that V is a bounded open subset of R%. A Vitali covering
of V is a set V of open balls contained in V' with the property that if
F' is a finite subset of V then

Vv \ (UUGFU) = U{W eV :Wwn (UUEFU) = @}

Use Wiener’s lemma to show that there is a disjoint sequence (U, )22,
in V such that A\g(V \ (U32,U,)) =0
33.3.2 Does the result hold for any open subset of R%?

33.4 Borel measures on R, II

We now apply the Radon—Nikodym theorem to Borel measures on R. A
real- or complex-valued function f on R is absolutely continuous if whenever
€ > 0 there exists § > 0 such that if (I )] 1= ((aj,bj))é?zl is a sequence

of disjoint intervals of total length ijl (I;) = Z?Zl(bj — a;) less than 0
then Z?:l |f(bj) — f(a;)| < e. An absolutely continuous function is clearly

uniformly continuous.

Theorem 33.4.1 A positive, signed or complex Borel measure v on R
is absolutely continuous with respect to Lebesque measure X if and only if
its cumulative distribution function F, is an absolutely continuous function
on R.

Proof It is clearly enough to consider the case where v is a positive mea-
sure. Suppose first that v is absolutely continuous with respect to A. Given
€ > 0, there exists ¢ > 0 such that if A € B and A(A) < ¢ then v(A) < e.

If (1 )] L= ((aj,bj));?:l is a sequence of disjoint intervals of total length

Z;?:l I(I;) = E?Zl(bj — a;) less than § then )\(U?:l(aj, b;]) < 4, so that

k
V(U] 1 (I], Z CLJ)| <€,

and F), is an absolutely continuous function.

Suppose conversely that F), is an absolutely continuous function. We use
Proposition 33.1.2. Suppose that A is a Borel set for which A\(4) = 0, and
that € > 0. There exists > 0 for which the absolute continuity condition
is satisfied. There then exists an open set U containing A, with A\(U) < ¢.
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Suppose that U = U2, 1; = U2, (a;,b;) is a disjoint union of an infinite
sequence of open intervals. Then

v(A) < v(U) = lim v(U¥_(a;,b)))

k—o00

< lim v(UF_ (a;,b)]) = Jim_ Z(Fu(bj) —Fy(a5)) <e

(The case where U is a finite union is even easier.) Since € is arbitrary,
v(A) =0, and so v is absolutely continuous with respect to A. O

We now apply the results of the previous section to monotonic real-valued
functions on R. The results generalize in a straightforward way to functions
of bounded variation.

Theorem 33.4.2 Suppose that F' is a bounded increasing function on R
and that F(t) — 0 as t — —oo. Then F is differentiable almost everywhere.
If f is the derivative of F, then f is integrable, and f(_oqt] fdx < F(t) for
almost all t € R. Equality holds for all t € R if and only if fRfd)\ =
limy oo F(t), and if and only if F is an absolutely continuous function
on R.

Proof  Since F' is monotonic, it is continuous except on a countable set
J, and the discontinuities are all jump discontinuities. Let G(t) = F(t+),
for t € R. Then G is right-continuous, and is equal to F', except on a
subset of J; G is continuous except on J, and the discontinuities are all
jump discontinuities. G is therefore the cumulative distribution function of
a finite Borel measure p. The measure i has a spherical derivative Dy except
on a null-set N, which clearly includes J. Thus if z € N then

F(x+h)—F@x—k . p(lz—kx+h)
= 1 = _D .
B htk o ht k )

Since f is continuous at z,

Flx+4+h)—F(x—-k) F(x+h)—F(x)

Wk — N as k \ 0,
Flx+h)—F(zx—k) F(x)—F(z—k)
and hk — 7 as h N\, 0.

Thus F is differentiable at z, with derivative f = Dpu.
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By Theorem 33.3.8, f is integrable, and pu = f.d\ + v, where v and X are
mutually singular. If ¢t € J, then

FO) =u((-oot) = [ fareu(oet)z [ fan
(—o00,t] (—o0,t]

Equality holds for all ¢ if and only if ¥ = 0. This happens if and only if F' is
absolutely continuous, and if and only if

MnggFWZAjw- ]

Finally, let us consider the structure of a finite Borel measure y on R. By
the Lebesgue decomposition theorem, p = f.d\ + v, where f € L*(R, B, \),
and v and A are mutually singular. The cumulative distribution function
J (—oo.t] fdXof f.d)\ is absolutely continuous, so that F, has the same set J
of discontinuities as F),.

If x € J, let j(x) be the size of the jump at x. If A is a Borel set,
let a(A) = > {j(x) : © € AN J}. Then « is an atomic Borel measure:
a({z}) = j(z) > 0if z € J, and o(R \ J) = 0. Further, a and A are
mutually singular.

Now let m = v—q«. Then 7 is a finite measure, m and A are mutually singu-
lar; as are w and a. The cumulative distribution function F} has no jumps,
and is therefore a continuous function. Since m and A are mutually singular,
F is differentiable almost everywhere, and its derivative is 0 almost every-
where. A Borel measure on R such as 7, which has a continuous cumulative
distribution function, but for which 7 and A\ are mutually singular, is called
a continuous singular measure.

Summing up, if p is a finite Borel measure on R, then p can be written as
the sum of an absolutely continuous measure f.d\, an atomic measure «, and
a continuous singular measure 7. It is easy to see that this decomposition is
uniquely determined.



34
Applications

In this chapter, we give examples to show how the theory of measure that
we have developed is used.

34.1 Bernstein polynomials

We now use Chebyshev’s inequality to show that the polynomial functions
are dense in C[0, 1]. Suppose that f is a continuous real- or complex-valued
function on [0, 1]. The nth Bernstein polynomial B,,(f) is defined as

IR WS AWLA IR
BT =21 (n) (j.)t (-1
Note that B, (f) is a polynomial of degree n, that B,,(f)(0) = f(0) and that
Bn(f)(1) = f(1).

Theorem 34.1.1 If f is a continuous real- or complex-valued function on
[0,1] then By, (f) converges uniformly to f as n — oo.

Proof  The proof is usually given in the language of probability the-
ory, but we shall give a purely analytic account. We consider the unit
cube J, = [0,1]" with Lebesgue measure \,. Suppose that ¢ € [0,1]. For
1<j<nlet

and let f; be the indicator function of C;. Then
/ fjd)\n—/ fid\, =tfor1<j<n,
Jn Jn

and / fifjd\, =t* for 1 <i<j<n.
JTI,

915
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Let ap, = (fi + -+ + fn)/n be the average of fi,..., f,. a, takes values
0,1/n,2/n,...,1, and a,(x) = j/n if and only if x € C; for exactly j values
of i. Thus

‘an_%)_<?ﬁ“1—0“]

JC andAn47 Jf fid\,) =t, and
[ aon- S e ¥ o smon

1<2<]<n

Further,

t n—-1,
=— 4+ 2,
n n

2
tH1—t 1
U%wi/ﬁﬁw(/aMM>—( )g—.
J J n 4n

n n

so that

We now consider foa,. Suppose that ¢ > 0. Since f is uniformly continuous
on [0,1], there exists 6 > 0 such that |f(s) — f(t)| < €/2 for |s — t| < 0. Let
L = (Jay, — t| > 0) and let S = (Ja, — t| < ). By Chebyshev’s inequality
(Proposition 29.6.8),

Now

so that if 0 < ¢ <1 then

F(O) = Ba(H)(®)] = | / (F(t) = £(an(s))) dAn(s)

n

< | 1) = flan(s)) | dAn(s)

JTI,

= [ 17(0) — Flan(s))] dAn(s) + /L () = Flan(s))] dhn(s)
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since |f(t) — foan| < €/20on S and [f(t) — foay| < 2|f||,, on T. Thus
|f(t) — Bu(f)(#t)] < € if n > || f|l., /€d?, and so By, (f) converges uniformly
to f as n — oo. O

Corollary 34.1.2  Suppose that i and v are finite, or signed, or complex
Borel measures on [0, 1] for which

/ t"du(t) = / t"dv(t) forn € Z*.
[0,1] [0,1]

Then = v.

Proof  For if f € C[0, 1] then

/ fdp = lim B, (f)du = lim B, (f)dv = fdv,

[0,1] =20 J0,1] =20 J0,1] [0,1]

and so the result follows from Exercise 32.1.3. O
Exercises

There are many ways of showing that continuous functions on [0, 1] can
be approximated uniformly by polynomials. The following exercises provide
another proof.

34.1.1 Define a sequence of polynomials (p, )5, by setting po = 0 and

Pas1(t) = pult) + 1 = (pu(t))?) for n € N.

Show that if —1 < ¢ <1 then 0 < p,(t) < pny1(t) < 12
34.1.2 Use Dini’s theorem to show that p,(t) — |¢| uniformly on [—1,1].
34.1.3 Show that if g is a piecewise linear function on [0, 1] then there exists
x1....,x € [0,1] and constants co, ..., c; such that

k
g(z] = co+ Y _ ¢jlw — aj,
j=1

and deduce that g can be approximated by polynomials uniformly on
[0, 1].

34.1.4 Show that a continuous function on [0,1] can be approximated
uniformly by polynomials.
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34.2 The dual space of L%(X, 32, n), for 1 < p < oo

We now use the Radon—Nikodym theorem to determine the dual space of
L%(X, %, 1), where 1 is a finite or o-finite measure, and 1 < p < co. Recall
that if (E,|.||5) is a normed space then the dual space E’ is the space
of continuous linear functionals on E. The quantity ||¢||' = sup{|é(z)]| :
|z||z < 1} is then a complete norm on E’. Recall also that if 1 < p < oo
then p’ = p/(p — 1) is the conjugate index of p; we also set 1" = co.

Theorem 34.2.1 Suppose that (X, %, u) is a finite or o-finite measure
space and that 1 < p < co. If g € LL(X,%E,p) and f € LL(X, X, p), let
bq(f) = fX fgdu. Then the mapping ¢ : g — ¢4 is a linear isometry of
LE(X, 2, 1) onto (LG(X, 2, m), [111)-

A corresponding result holds in the real case, and the proof is essentially
the same.

Proof ~ Theorem 29.6.6 shows that fg € L&(X, X, i), so that ¢y is defined,
and that ¢ is a linear isometry of L%/(X, 2, p) into LE(X, S, w), ||.||"). We
must show that ¢ is surjective.

First we consider the case where p is a finite measure. Suppose that

Y€ (LL(X, 2, p) . If Ae X, let vy(A) =4¢(1a). Then

g ()] < 91" all, = 1] w(A) .

We show that vy, is a signed measure on Y. Suppose that (A,)72, is a
sequence of disjoint elements of ¥, with union A. If n € N then

v (A Z% ) = 1 (U A < N (U3 A ) P

Since M(UﬁznﬂAm)l/p — 0as n — o0, vy(A) = 372, vy(A4;), and so
vy is a complex measure. If (A) = 0 and B € X is a subset of A, then
vy(B) = 0, and so |vy|(A) = 0. Thus |vy| is absolutely continuous with
respect to u, by Proposition 33.1.2. By the Radon—Nikodym theorem, there
exists g € L{ (X, ¥, p) such that vy = g.dp. Thus (14) = [, gdpfor A € X,
and so ¢(f) = [y fgdp when f is a simple function.

Next we show that g € LP' (X, ¥, u). First we consider the case p = 1.
Let B = (R(g) > [$I]). 1t j(B) > 0 then R(p(I5)) > |0] - |5y, giving
a contradiction. Thus u(B) = 0. Similarly, if § € (0,2n] then pu(R(eg) >
]|y = 0. Considering a dense sequence (6,,)°, in (0,2x], it follows that

9 € LE(X,%, ), and [|g]l o < [[0I]"
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Next, suppose that 1 < p < oco. For n € N, let G, = (|g| < n), let
gn = gl and let f, = 580 gn|gn|P ~'. Then

/X flP dpt = /X gnl? dpt, s0 that [[full, = llgalZ/?

and

(fu)] = | /X Jugdul = | /X Fago dii] = /X gnl? di,

lgallZ < 11" 1 fall, = ol lgnlls”
Thus [|gnll,, < l|l]|". It then follows from the monotone convergence theorem
that [ [g[” dp < ([}, so that g € LE(X,%,p) and |gl, < [lo] If
f e L%(X,%, n), it follows, by approximating f by simple functions, that
U(f) =[x fgdp.
If p is o-finite, there exists an increasing sequence (C, )%, of sets in ¥ of
finite measure, with US2;C;, = X. The result follows easily by considering

the restriction of ¥ to the spaces L%(C’n, Y, 1), and letting n tend to infinity.
O

so that

A similar result does not hold for L (X, X, u). In general, the mapping
g — ¢g4 is a linear isometry of LL(X,%, i) onto a proper subspace of the
dual of L>®(X, %, u).

Exercises

34.2.1 Suppose that (X, ¥, u) is a finite measure space and that 1 < p < 2.
Use the fact that L?(X,¥,u) C LP(X,%,u) and that the inclu-
sion is continuous, to show that any continuous linear functional on
LP(X, %, 1) can be represented by an element of LP (X, ¥, 1), without
using the Radon—Nikodym theorem.

34.3 Convolution

We have seen in Theorem 31.2.1 that if (X,Y) is a measurable space, then
(cac(X,X),].||l,,) is a complex Banach space. We now consider the case
where (X, ) = (T, B). We write (M(T), |[.[|) for (cac(T,B), |||l .4(c)), and
LP(T) for L¥(T,B,m), for 1 < p < oo. First, we show that we can define an
associative multiplication x on M (T) which makes it into a Banach algebra:
that is to say, M(T) is an algebra, and ||uxv| < ||u|.|v], for p,v € M(T).
The essential fact that we use is that T is a compact topological group:
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the mappings ¥ : (e, e!?) — ¢/®+9) from T x T to T and j : €'® — ¢~
from T to itself are continuous. In fact, similar results hold for any locally
compact group, and in particular for the additive group of Euclidean space
(see Exercise 34.3.3).

If € (—m,7] and A is a Borel set in T, let Ty(A) = e A, and if
w € M(T), let Ty() be defined by setting Tp(u)(A) = u(Ty(A)). Then Ty
is a norm-preserving linear isomorphism of M(T) onto itself.

Suppose that p and v are complex Borel measures on T. Then the product
measure ;@ v is a Borel meaure on T x T. We define the convolution product
i * v to be the push forward measure ¥, (1 ® v):

(1 v)(A) = (1 © ) (¥ (A) = (@ V)({(e?,?) : 040 € A}).

Using the definition of the product measure, it follows that

(nxv)(A) Z/TV(Te(A))du(9)Z/TM(qu(A))dV(QS),

/ fd(usv) / ( / F(£0+9) du(0)> (@)
= [ ([ ) auo.

Proposition 34.3.1  Suppose that p,v,m€ M(T), and that o, B € C.
(z? P*V=V%*[.

(1) (pxv)*m=px(v*m).
(iii) (ap+ Pr)xm = a(p*m) + B(v*).
(i) ||pw*v| <||pl|l.l|v]], with equality if both are positive measures.

and that

Proof  (i)—(iii) follow from the definitions. If By, ..., By are disjoint Borel
sets in T x T, then

k k
3l @B < Do (B < (1 DT 5 T) = el
j=1 j=1

Hence, if A;,..., Ay are disjoint Borel sets in T then Z?:l (nxv)(A)) <
|l - |v]|, and so || v|| < ||pl| - ||~]|- If  and v are positive measures, then
the inequalities become equalities. O

Thus (M(T),||.]|) is indeed a Banach algebra, the measure algebra of T.
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Example 34.3.2 Let Jp be the atomic measure which gives mass 1 to
{e}. Then 6 % pu = Tp(1).

In particular, 6o % 1 = p; dp is the multiplicative identity of the algebra.

Example 34.3.3 Let m = \/27 be Haar measure on T. Thus m is an
invariant probability measure on T. Then m x p = p(T).m.

For if A is a Borel set in T and 0 € (—m, ] then m(Tp(A4)) = m(A), so
that

moxp= [ m(To(4) du(6) = p(T)m(4).
T

Thus spanm is an ideal in M(T), and the mapping p — m x p is a
norm-decreasing projection of M(T) onto spanm.

The measure algebra (M(T), ||.||) is very large and complicated, and its
properties are still not well understood. It does however provide a good
framework for considering the convolution of functions.

We have seen that the space L!(T) can be identified with the closed sub-
space of (M(T),||.||) consisting of measure which are absolutely continuous
with respect to m. We can say more.

Theorem 34.3.4 If f € L}(T) and p € M(T) then
f.dm*p € LY(T,B,m).

Proof We use the Radon-Nikodym theorem. If m(A) = 0 then
m(Ty(A)) = 0, so that

(f.dm*p)(A) :/r (/T » fdm) du(9) = 0.

Consequently f.dm x p is absolutely continuous with respect to m, and so
belongs to L'(T, B, m). O

We write f x u for the measure f.dm x p.
Thus L'(T) is a closed ideal in the measure algebra (M(T),|.||), and is
therefore a Banach algebra (without identity element).
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Let us consider the convolution product of two absolutely continuous
measures. Suppose that f,g € L'(T,B,m). If A € B, then, using Fubini’s
theorem,

<ﬁmn*gdmxAJ—3A?<[;M)fmn>g@”>mnw>
—/;(Afww*hmmw)g@%dmw>
= [ ([ e amo)) ano)

Thus f.dm x g.dm = h.dm, where

w%—Ajw@%anmw

We therefore define the convolution product of two elements f and g of
L'(T) by setting

(f*g z¢ /f i(¢p—0) (29 dm / f z(¢ 9 zﬂ)de

By Fubini’s theorem, the integral exists for almost all ¢, and, as we have
seen, the product is in L!(T); convolution is a bilinear operator on L!(T).
Since m(T) = 1, it follows that LI(T) C LP(T) for 1 < p < ¢ < o0,
and that the inclusion mapping is norm-decreasing. How does this relate to
convolution?

Theorem 34.3.5 Suppose that f € L'(T) and g € LP(T), where 1 < p <
oo. Then f+g € LP(T), and ||f *gll, < [|f]l; - llgll,-

Proof  Suppose that h € LP(T), where p’ = p/(p — 1) is the conjugate
index. Then

/\(f*g)h\dms/(yfy*\gy)yh\dm
T T
2 27
:% 0 <%/0 Ig(ei<¢">)|.|f(e”)ld9> |h(9)| do

LT o) :
_—0<—A|w¢%wwmwmww

21 21
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2w

1 0
<3 s lglly, - Il 1f ()] d6

= [1£lly - llgll, - [Pl < oo

Thus (f % g)h € LA(T), and [[(f % 9)hll, < Iflly-llgll, - Il Hence the
mapping h — [ |(f * g)h|dm is a continuous linear functional on L (T),
with norm at most || f[|; . [|g]|,,- It now follows from Theorem ?? that fxg €

LP(T), and [|f x gll, < [IF1ly - [lgll,,- =

We can say more.

Theorem 34.3.6 Suppose that f € LP(T) and g € L¥(T), where 1 <
p < oo, and p' = p/(p — 1) is the conjugate index. Then f*g € C(T), and

Proof  Suppose first that f is continuous and that g € L'(T). Suppose
that € > 0. Since f is uniformly continuous, there exists § > 0 such that if
le?? — e¥'| < § then |f(e'®) — f(e'®)] < €¢/(||g|l; + 1). It then follows that if
le?® — €| < § then

1

2w
|(f*9)(€?) = (f*g) ()] < 2—/ () = f( @) g ()] df < e,
T Jo

so that f % g is continuous.
Now consider the general case. It follows from Holder’s inequality that

isy) < L T i(6-6) 0y 4o <
() < 5 [ 1ot 0 < 11, ol

so that fxg € L%(T), and [[f xgll, < [Ifl,-llgll,- If € > 0, there exists
f"€ O(T) for which [|f — f'||, < €/(llgll,, +1). Then

\(f*g)(ew) — (f/*g)(eid’)\ < e for all ¢ € T,

so that ||f xg— f'*g|| < e. Thus the function f % g can be approximated
uniformly by continuous functions, and so it is continuous. O

Exercises

34.3.1 Suppose that 1 < p < oo and that p’ is the conjugate index. Let
f(e?) = |cot A]'/P and let g(e?) = | cot A|'/7', for e’ € T. Show that
f € LYT) for 1 < ¢ < p and that g € LY(T) for 1 < ¢ < p' . Show
that f x ¢ is unbounded.
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34.3.2 Construct a non-negative element f of L'(T), for which f x f is
unbounded.

34.3.3 Define the convolution product of two complex Borel measures on
RY. Use this to define the convolution of a function in L'(R%) =
LY(R%, B, \;) with a measure. Define the convolution of two func-
tions in L'(R?), and show that it is a bounded continuous function.
Problems occur when we consider functions in LP(R?), for p > 1,
since LP(RY) is not contained in L'(RY). Extend other definitions
and results of this section by considering approximations fIg, where
IR is the indicator function of {z : ||z|| < R}, and letting R — oc.

34.4 Fourier series revisited

In Volume I, we established some fundamental properties of Fourier series,
using the Riemann integral. We now have the Lebesgue integral available,
and can take the theory further. We shall only prove a few results from
an enormous subject; these are intended as an introduction, and also as
an illustration of how results from measure theory are used in practice. In
particular, we restrict attention to Fourier series, and do not consider the
Fourier transform on Euclidean space, or Fourier analysis on more general
groups.

We continue with the notation of the previous section. If p is a complex
Borel measure on T, we define its Fourier coefficients, by setting

i = /T e~ dpu(0) = (3 5 1) 0),

where n € Z and v,(e??) = €™, Since |yl = 1, |in| < |1l and so
(fin)22_ . is a bounded sequence.

Example 34.4.1

(09)n = e~ for n € Z. In particular, (50)71 =1 for all n.
(iii) (m)o =1 and (1), = 01if k£ # 0. (Recall that m is Haar measure on T.)
These results all follow immediately from the definition.

Proposition 34.4.2 If p and v are complex Borel measures on T, then

(/m)n = finln.
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Proof  For

@h= [ O )00
= ( /T e~ind du(9)> : < /T e~iné du(¢)> = [in D

Theorem 34.4.3 If i is a complex Borel measure on T for which fi, =0
for allm € Z, then p = 0.

Proof If p is a trigonometric polynomial, then prd,u = 0. Since the
trigonometric polynomials are dense in C(T), it follows that if f € C(T),
then fT fdp = 0. If U is an open subset of T, there exists an increasing
sequence (fy,)>°; of non-negative functions in C(T) which converges point-
wise to the indicator function of U. It follows from the theorem of bounded
convergence that u(U) = 0. If p = ™ — = is the Jordan decomposition of
u, then pt(U) = p~(U). Since Borel measures on T are regular, it follows
that u™ =, and so pu = 0. 0

We now consider the Fourier coefficients of integrable functions. If f €
LY(T), we set

fu= (= 5 [ 1e)e ™ as,

so that f, = (f*’Yn)(O)'

In fact, we begin by considering functions in L?(T). The proofs of Bessel’s
inequality (Volume I, Theorem 9.3.1), and of Parseval’s equation (Volume
I, Corollary 9.4.7), given in Volume I, can be applied to functions in L?(T).
Parseval’s equation has the following important consequence.

Theorem 34.4.4 The mapping F : f — (fn) is an isometric linear

isomorphism of L?(T) onto lo(Z).

o0
n=—oo

Proof  Parseval’s equation implies that F is an isometric linear isomor-
phism of L?(T) into I3(Z). On the other hand, (7,,)%_ is an orthonormal

o0
sequence in L?(T). Thus if a = (a,)3%_ ., € l2(Z) then (Z?:_n ajyj) is
n=1
a Cauchy sequence in L%(T), which, since L?(T) is complete, converges to

an element f € L%(T). Further, f, = (f,7.) = an, so that F(f) = a: F is
surjective. O

This result illustrates the importance of measure theory in constructing
complete normed spaces.
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Theorem 34.4.5 (Riemann-Lebesgue theorem) If f € LY(T), then f, —
0 as |n| — oco.

Proof If keN, let f®) = fI(f<k)- Suppose that e>0. Since
H f—f (k)Hl — 0, by the theorem of dominated convergence, there exists k
such that Hf — f(k)H1 < €/2. Since f*) is bounded, it is in L?(T), so that

F(f®) € 1y(Z). Hence there exists ng such that |(f*)),| < e/2 for n > ny.
Thus if |n| > ng then

ol < 1(F = FO)u] 4 [(FB),| < e/2+ /2 = e.
O

If f € LY(T), we set s,(f) = S."__, fiyj. Since an element of L'(T) is

j=-n
an equivalence class of functions, it is appropriate to express Dini’s test in
the following terms.

Theorem 34.4.6 (Dini’s test) Suppose that f € L*(T), that o € C and
that e* € T. Let

o)) = 5(f( ) + f(07) —a
and let 0;(f)(e*) = ¢i(f)(e*®) cot(s/2). If O,(f) € LY(T) then s,(f)(t) = «

as n — oQ0.

Proof  Note that ¢.(f) is an even function and 6,(f) is an odd function.
Recall that it follows from the form of the Dirichlet kernel that

] 1 T . 1 T
sn(f)(e") —a = o | 0:(f)(s)sinnsds + e o1(f)(s) cosnsds
= —1(0:(f))n + (@e(f))n-
The conditions ensure that ¢;(f) and 6;(f) are in L'(T), and so the result
follows from the Riemann—Lebesgue theorem. O

The proof of Riemann’s localization theorem that was given in Theorem
9.6.3 of Volume I does not extend to unbounded functions in L!(T); but we
are now in a position to give an easier proof.

Theorem 34.4.7 (Riemann’s localization theorem) Suppose that f €
LY(T) and that f(e®) =0 fora <t <b. If§ < (b—a)/2, then s,(f) — 0
uniformly on Is = {e :a+6 <t <b—J}.

Proof 1f h € LY(T), the mapping ¢t — T;(h) from [—7, 7] to LY(T) is
continuous, and so {T}(h) : t € [, 7]} is a compact subset of L!(T).



34.5 The Poisson kernel 927
It follows from this that {¢/(f) : ¢t € [—m, 7]} is a compact subset of
LY(T). Let

0 otherwise.

g(") = { cot(s/2) if6/2<|s|<m

Ifa+d<t<b-—9,then 0,(f) = ¢:(f).g, so that
K={6(f):a+0<t<b-6}

is a compact subset of L*(T).

Suppose now that e > 0. There exists a finite subset F in [a + §,b — 0]
such that {0,(f) : v € F} is an €/3-net in K and {¢,(f) : uw € F} is an
€/3-net in {¢:(f) : t € [-m,7|}. By Dini’s test, there exists ng such that
|sn(f)(e™)] < €/3 form > ng and u € F. If t € [a + 6,b — ] there exists
w € F such that [6:(f) — 6u(f)ll, < /3 and () — 6u(f)ll, < /3. Then
Isn(f)(e?) — su(f)(e™)] < 2¢/3 for n > ng, and so |s,(f)(e?)] < € for
n > ng. O

Exercises

34.4.1 Let (K,)° be the sequence of Fejér kernels. Show that if f € LP(T),
where 1 < p < oo, then K, x f — f in LP-norm, as n — oo.

34.4.2 Suppose that f is an absolutely continuous function on T. Show that
fn=0(1/n) as |n| = .

34.5 The Poisson kernel

The Poisson kernel in d-dimensional Euclidean space was defined in Vol-
ume II, Section 19.8, and was used to solve the Dirichlet problem for the
unit sphere. Here we restrict attention to the two-dimensional case. In this
case, ideas and results are more transparent, since the Poisson kernel is
the real part of a holomorphic function. We give a fairly self-contained
account.

Let m(z) = (1+2)/(1—z). m is a M6bius transformation which maps the
unit disc D onto the right-hand half-plane H, = {z : R(z) > 0}, with
m(—1) = 0, m(i) = i and m(—i) = —i. Writing 2 = o + iy = re®,
we have

(1—1—2)(1—2): 1—2z N z—Z
1-2)1-2) 1—-(24+2)+22 1—(2+2)+2Z

m(z) =

1—r? ) 2y
1— 22+ 12 1— 22 + 12
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1— 72 i 2r sin 6
— 7
1—2rcosf + r2 1—2rcosf + r2
= P(re) +iQ(re').

P(re’?) = P.(e") is the two-dimensional Poisson kernel and Q(re?) =
Q. (") is the conjugate Poisson kernel.

Proposition 34.5.1 The Poisson kernel has the following properties.
(i) Pr(e”)
(i) Pr(e ’9)

(iii) B (¢! )

(iv) 55 |7 Pr(€’

Proof (i), (ii) and (iii) follow from the formula for P. By Cauchy’s integral

Po(e7®) >0 for 0 <r < 1;
P.(e") for 0 <6 < |0 <m;
Ou
%)

LI/\ H

niformly for 0 < o0 < |0| <m, asr /1;
do = 1;

w

formula,

1 =m(0) = i/ mE) g2 27 pe) +i0.0(0) do
T,(0)

so that (iv) follows by taking the real part. O

We can also consider the Taylor series expansion of m:

1+ 2
=(14+2)(1+z+22+--")
1—2z
=1+224+222+ -
Thus
1+z2
§R<1—z> =14+ (z+2)+(Z+2)+-;
hence

Pr(eiﬁ) — 1+T(6i9_{_efiﬁ)+T2(62i9+672i9)+‘”

0o
_ § :T|n\ezn9’
—00

and the convergence is absolute and uniform in |z| <r <1, for 0 <r < 1.
Suppose that p is a complex Borel measure on T. Let

P(u)(re") = () = (P, + p) (™) = /T Po(e)) du(s).
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Theorem 34.5.2 Suppose that 1 is a positive Borel measure on T. Then

P(u) is a non-negative harmonic function on D and
1 (" i+
— ) (t)dt = p(T).
5 | ()it = ()

Proof Let z = re' and let

N N N
P(N) (Teit) _ Zr\n|eint _ Zzn + Z SN
-N 0 1

Then PN (re) — P(ret) as N — oo, and [P (re?)| < (1 4+7)/(1 — 7).
Thus by dominated convergence,

PWN) s p(ret) = / PN (ret=5)) dp(s)
— P(re' ™) dy = P(p)(re').

—Tr

But PM) % pu(z) = S0 iz + 3N i 2", and so
P(f)(z) = jma"+ > finz".
0 1

Since sup,, | f»| < || f]l;, the two power series have radii of convergence greater
than or equal to 1. Thus P(f) is harmonic on D. Finally

oo [Cwar =g [ ([ R ) a

or | o )
_/T<% /7; Pr(ei(t_s))dt> du(s) = pu(T).

We can extend this result to signed measures and complex measures.

Theorem 34.5.3 Suppose that p is a signed or complex Borel measure on
T. Then P(p) is a harmonic function on D, 5= [* | (t)|dt < |p|(T) and

) 2w

= /7 e ()] dt = |ul(T) = [|pll o as 7 A1

Proof  We prove this in the case where p is a signed measure: the complex
case is similar, but messier.

First, P.(u) = P.(u™) — P.(p™) is harmonic, and |P,.(u)| < P.(|u]), so
that [P ()l < [[1P-(luDlly = [l co-



930 Applications

Suppose that € > 0. There exist disjoint Borel sets P and N with T =
P U N such that p is positive on P and negative on N. There exist compact
sets C' and D such that C C P, D C N and p(C) > pu(P) — € and pu(D) <
u(N) + e Let d = d(C, D). Let 6 = d/3, so that the d-neighbourhoods Cjs
and Ds are disjoint.

As usual, pt(A) = p(ANP) and p (A) = —pu(AN N). Let pc(A) =
w(ANC), and let pup(A) = —u(AN D). Then ||p™ — pell,, < € so that

[ Pucrim = [ Pityam <[Pt = o), <

Thus

Z/ PT(/ﬁ)dmz/ P.(uc)dm — €
Cs Cs

= [ Ptucrim— [ Pi(uc)dm .

T\Cs

Now Py(uc)(e) = 0 uniformly on T\ Cs, and so there exists 0 < rg < 1
such that PT(MC)(eit) < efort € T\Csand r¢ < r < 1. Thus
Jr\o, Pr(pe)dm < e, and so

P.(u)dm > / P.(pc)dm — 2¢

Cs T

= llncllea = 2¢ = ||| o — 3¢

for ro < r < 1. Similarly, there exists 0 < rp < 1 such that fDé P.(pn)dm >
— ||| oy + 3€ for rp < r < 1. Consequently,

1Pl = [ Pwdm [ P dm - Py () dm
Cs Dys T\(CgUDg
> ”:u’”ca - 767

for max(rc,rp) <7 < 1. Thus ||P(p)|l; = ||l as 7 71 O



34.5 The Poisson kernel 931

We can also consider functions in L'(T). If f € L(T), we set P(f) =
P(f.dm), so that

P = P = o [ <Zrnlem<9”> f(e)dt

0o
— Z fnr|n\6in9‘
—00

Again, P(f) is a harmonic function on D. Let us first consider the case
where f is a continuous function.

Theorem 34.5.4 (Solution of the Dirichlet problem) Suppose that f €
C(T), where T={z€ C:|z| =1}. Let

. . 4 1 [7 4 4
PUPe?) = 1) = (B () = 5 [ PO (e e
7T —T
Then P(f) is a harmonic function on D, and f, — f uniformly on T.
Further, P(f) is unique: if g is a continuous function on D which is
harmonic on D and equal to f on T then g = P(f) on D.

Proof  We have just seen that P(f) is harmonic. Suppose that ¢ > 0. Since
f is uniformly continuous, there exists § > 0 such that | f(e®) — f(e/®)| < ¢/2
if |0 — ¢| < d. By Theorem 34.5.1(iii), there exists 0 < 7y < 1 such that
2(|fllo | P-(e)] < €/2 for g < 7 < 1 and § < |¢| < 7. Suppose that
e € T. Then if ro < r < 1,

[P () = f(e9)] =

[ " RSO0 (f() — F(e)) dt

2 J .
> % 7; Pr(ei('g*t))‘f(eit) _ f(ew)\ dt
= i Pr(ei(e_t))|f(eit) o f(6i9)|dt
27 6t/
i i(0—t) ity i
37 S TE DD = I

<e€/24¢€/2=¢.

This holds for all e € T, and so || P.(f) — fllo <eforrg <r < 1.
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Finally we show that P(f) is unique. The function equal to P(f)—g on D
and zero on T is continuous on D and harmonic on D, and must therefore
be zero (see Exercise 22.6.7). O

Corollary 34.5.5 The trigonometric polynomials are dense in C(T).
Proof Given f € C(T) and ¢ > 0, there exists 0 < r < 1 such that

| fr — flloo < €/2, and there exists N such that

< €/2.
00 O

N
Jr— Z fnr|n\6in9
n=—N

We can use this to give another proof that the polynomials are dense in
C[~1,1]. Suppose that g € C[—1,1]. Let f(e") = g(cosf). Then f is an
even function in C(T), so that

R R 1 (7 4 . . >
fo=1Ff-n= —/ f(etycosntdt, and f.(e?) = fo + 2an7"” cos nb.
TJo n=1

Now cosnf = T,(cos@), where T,, is a polynomial of degree n, the n-th
Chebyshev polynomial. Thus

N N
Z fnr‘"leme = fo + 2 Z fnr" cosnb
n=—N n=1

N
= fo+2 Z far" T (cos8) = p, n(cosb),

n=1

where p,. n is a polynomial of degree at most N. Then, arguing as above,
g — prn|l, < € for suitable r and N.

We now consider the spaces LP(T) = LP(T,B,m), for 1 < p < co. We
define

hp(D) = {f harmonic on D : || f|[, = Oiugl | fr]l, < oo},

for 1 <p < 0.

Theorem 34.5.6 Suppose that 1 < p < co. If f € LP(T) then P(f) €
hy(D), and [|P(f)|l,, = | fll,- Further, P.(f) = f in LP-norm asr /1.
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Proof  Suppose that p’ is the conjugate index. If f € LP, g € L” and
lgll, <1,

o [ B dt\ -

2 ),

% / ! (i ' f(ei(ts))Pr(e“)ds> g(eit)dt‘

—T 27T -

1 (/1 [T 4 4 .
e L e riea
1 ™

1 & ‘ ' |
— — i(t=5)\ (it i
T2 ), (277 /_Wwe Jg(e >|dt> P(e)ds
1— ’ i
< o | 11, - gl Pr(e™) ds < || £l

so that P(f) € hy(D), and [|P(f)|l, < [fll,- Given e > 0 there exists
g € C(T) with ||f —gll, < €/3, and there exists 0 < 7o < 1 such that
1P-(9) — 9llo < €/3forrg <r <1 Thus ||F(g9) —gll, <e/3forry <r <1
If ro < r <1 then

1f =B, < If —gl, +llg = Pe(gll, + I1B:(g = NI, <e.
Thus P-(f) — f in LP-norm as r / 1. Consequently, | f[|, < HP(f)th O
When 1 < p < 0o, we can say more.

Theorem 34.5.7 Suppose that 1 < p < oo. The mapping [ — P(f) is a
linear isometry of LP(T) onto h,(D).

Proof  Theorem 34.5.6 shows that the mapping is a linear isometry of
LP(T) into hy(D). We must show that it is surjective. Suppose that f €
hy(D). Suppose that 0 < r < s < 1. fy € C(T), and so fs ~ > 7 cnVn,
where ¢, = (fs)n Let a,, = ¢,s~ 1", Tt then follows that

oo

fr= Pr/s(fs) Z anrm")/n-

n=—oo

This holds for all 0 < r < s < 1, so that a, does not depend on s, and

o0

fr= Z anrln"yn forall 0 < r < 1.

n=—oo

If g € L¥, let ¢,(9) = [p frgdm. Then ¢, is a continuous linear functional
on LP(T), and ¢, = [frll, < [l - Let T be the vector space of trigono-

metric polynomials. If g = ZiVN gnn € T, let ¢(g) = EQ;?N angn- Then
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r(9) = Yao_nrMang, = @(g), as v A 1, and |6(9)] < [ flly, - llgll,-
Note that ¢(7v,) = a,,. Thus ¢ is a continuous linear functional on the dense
linear subspace T of L? (T), and so it extends to a continuous linear func-
tional, which we again denote by ¢, on L”/(T). By Theorem 34.5.6, there
exists h € LP such that ¢(g) = [1 hgdm. Since ¢(y,) = hy, it follows that

an = hp, and so f = P(h). O
This result does not extend to L!(T). Indeed, the following theorem holds.

Theorem 34.5.8 The mapping u — P(u) is a linear isometry of cac(T)
onto hi(D).

The proof of this theorem is beyond the scope of this book'.

Exercise

34.5.1 How would you prove Theorem 34.5.3 for complex measures?

34.5.2 Show that the Chebyshev polynomials satisfy the recurrence relation
Toi1(x) = 22T, (z) — Ty,—1(x) for n € N, and deduce that if |z| < 1
and [t| < 1 then

e 1—tx

T ()" = — &
> Tal@) 1— 2tz + 12
n=0

34.6 Boundary behaviour of harmonic functions

What can we say about the behaviour of the values of an element f(re®) of
hi(D)asr 717

Theorem 34.6.1 Suppose that p is a complex Borel measure on T with
Lebesgue decomposition p = f.dm+v. Then P(p)(re®t) — f(e') for almost
allt asr 71,

Proof By considering real and imaginary parts, and positive and negative
parts, we can suppose that p is a positive measure. If I is an open interval

in T let Ar(p) = p(I)/m(I), let
ma () (e™) = sup{Ar(u) : I an open interval, e’ € I},
and let
ms(p)(e) = sup{As(p) : I an open interval, I(I) < 26,e € I}.

L See P.L. Duren, Theory of Hp space, Dover (2000).



84.6 Boundary behaviour of harmonic functions 935

Then, as in Theorem 33.3.2, m,, is a an operator of weak type (M(T), 1),
and so therefore is my.

Let s,.(t) = P.(e). Then s, is a continuous even function on [, 7] which
is strictly decreasing on [0, 7]. Let v,.(u) = m(P, > u). Then ~,(u) = 1 for
0 <u < sp(m), v-(u)/2 is the function inverse to s, for s,(m) < u < s,(0),
and ~,(u) = 0 for u > s,(0).

Suppose that e € T, that 0 < § < 7 and that 0 < r < 1. Let J =
(t —0,t+0). Then

[ P dute = | ( / e dv> dp(u)

s,(0)
= /0 pw(J N (sp(t —u) >wv)))dv
) s,(0)
< ms(e) [ m(7 0 (= ul <3 (0)/2) o
. 5.(0) 4
<ms(u(e) [ 2P > ) du = 2ms() ).

Suppose first that f € L'(u). Then, taking § = T,
1 ™

2 ) g

P (f)(eY) ds < 3mu(f)(e").

Since the continuous functions are dense in L!(T), the result therefore
follows from Theorem 33.2.1.

Next suppose that v and m are mutually singular. By Theorem 33.3.7, v
has spherical derivative 0 almost everywhere. Suppose that v has spherical
derivative 0 at e. Suppose that ¢ > 0. There exists 0 < § < 7 such that
mgs(v) < €, and there exists 7o such that P,(e?®) < € for ro < r < 1. If
ro < r <1 then

v)(e) = re' )Y dy (s ret )Y dy(s
Rw = [ P+ [ Pt it

<3e+elv,

which establishes the result. O
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